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preface: 


The 5th edition of Volume One of Fundamentals of Statistics was 
brought out almost a year ago. Volume Two (4th edition) of the 
book has also been out of print for some months now and this has 
necessitated the publication of this newer edition. 

We should point out once again that Volume Two does no more 
than supplement the material covered in Volume One. For while 
Volume One is concerned with the general concepts and the general 
principles and techniques of statistics that are applicable to a wide 
variety of situations. Volume Two presents, by and large, some 
special techniques and also methods meant for some special fields 
of application. 

Volume Two comprises Parts Three and Four of the book. Of 
these. Part Three deals with the technique of analysis of variance, 
■the design and analysis of experiments and the design and analysis 
of sample surveys. Part Four presents methods that are required 
to handle some of the major problems arising in the fields of 
demography, psychology and education, economics and manufac- 
turing industries. 

A whole chapter (Chapter 19) has been devoted to analysis of 
variance in view of its importance as a general tool for data analysis. 
The next two chapters deal with the question of properly planning 
statistical enquiries so as to reach valid and reliable conclusions. 
Of these, Chapter 20 has to do with situations where the investigator 
can effect a good degree of control over the experimental conditions, 
while situations where his task is simply to collect data as they 
occur in nature are the subject-matter of Chapter 21. 

In the field of demography, some of the topics of prime 
importance are mortality, fertility, morbidity, population growth 
and population projection, whieh have been treated in Chapter 22. 
Scaling procedures and test theory aie the topics from the field of 
psychology and education that have received attention in this book 
(Chapter 23). Among problems in economics that have been 

vii 



Vlll 


PBBFAOB 


treated here are index numbers, time-series analysis and demand 
analysis (Chapters 24-26). In the case of large-scale manufacturing 
industries, quality control is a problem that has assumed particular 
importance in modem times. This problem has been considered 
here in its two aspects : process control and product control 
(Chapter 27). 

We have included, as appendices to the main body of the 
volume, important statistical tables and a discussion of the statistical 
system in India and also the sources, scope and limitations of Indian 
official statistics. 

Particular care has been taken in the formulation of the examples 
and exercises. Mostly based on Indian data, they are expected to 
provide the reader a better understanding of the subject-matter. 

The need for a new edition has enabled us to subject the volume 
to a rather thorough revision. We have again borne in mind not 
only the syllabi of the courses in statistics of different Indian uni- 
versities but also the requirements of the research worker, for 
whom the volume (nay, the whole book) is expected to prove a 
reliable guide. In preparing this edition, we have added some new 
material to make the volume all the more useful. The reader’s 
attention may be drawn particularly to the discussions on "analysis of 
covariance for a general complete block design (Subsection 20.13.3), 
series of experiments (Section 20.17), further mortality rates 
(Subsections 22.3.4-22.3.8), morbidity rates (Section 22.7), 
preliminary adjustment of time-series data (Section 25.2), changing 
seasonal patterns (Section 25.6), 3 a control limits and probability 
limits (Section 27.4). At the same time, some of the items 
included in earlier editions have been discussed in greater detail, 
while errors that came to, or were brought to, our notice have 
been removed and minor changes made here and there to improve 
the exposition. 

We should put on record the help and encouragement we have 
received from our teachers, friends and colleagues in preparing the 
successive editions of this volume. Dr. S. Chakraborty, Mr. A. K. 
De, Mr. G. R. Malakar and. Dr. S. P. Mukherji deserve thanks for 
making available to us some valuable data that have been used in 
Chapters 22 and 24. We are thankful also to our colleague Mr. B. 
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Das and to Rahul Mukherji, a student of ours, for their suggestions 
that have considerably enhanced the value of the volume. 

Our thanks are also due to The World Press for the utmost care 
with which they undertake the publication of our books. 
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ANALYSIS OF 
VARIANCE 


19.1 Introduction 

The total variation present in a set of observable quantities may, 
under certain circumstances, be partitioned into a number of 
components, associated with the nature of classification of the data. 
The systematic procedure for achieving this is called .the analysis of 
variance . With the help of the technique of analysis of variance, it 
will be possible for us to perform certain tests of hypotheses and to 
provide estimates for components of variation. 

Consider random samples of students of Glass IX from each of 3 
secondary schools (selected at random out of all secondary schools 
in Calcutta). A certain intelligence test is applied to the selected 
students and their performances, as determined by the test scores, 
aie noted. The total variation is measured by the sum of squares of 
deviations of scores from the mean score. In this case, there are 
two sources of variation present into which the total variation may 
be partitioned. First, the scores within a school differ and it is true 
for all the schools. Secondly, there may be an effect due to schools, 
i.e. the mean scores for the three different schools mav vary. Hence, 
in the present example, the total variation is parti, .oned into two 
components : within schools and between schools. This analysis of 
variance will serve two other purposes — we can test the hypothesis 
that the mean scores of all students of Class IX are equal for all 
Calcutta secondary schools ; we can also estimate the two variance* 
components present here ( vide Sections 19.5 to 19.7). 

19.2 Linear model 

Let y v y z , , y n be n observable quantities In all cases, we 

shall assume the observed value to be composed of two parts : 

_7i =/*<+*.•> — (19-1) 

where ^ is the true value and n the error. The true value p B - is that 
part which is due to assignable causes, and the portion that remains 
is the error, which is due to various chance causes. The true value 
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ft< is again assumed to be a linear function of Jfc unknown quantities, 
Tj, r 2 , , r ky called effects : 

a f=flii T i+ «is T t+ +&%k T ki ••• 09.2) 

where <Zf/s are known, each being usually taken to be 0 or 1. 

This set-up, which is fundamental to analysis of variance, is called 
the linear model . 

It is possible that there may be association between errors of 
successive measurements, but we shall assume that the errors efs are 
always independent random variables. These are also assumed to 
have expectation zero and to be homoscedastic. We shall call a 
model in which all the effects rfs are unknown constants, which we 
call parameters, a fixed-effects model or Model I or linear hypothesis 
model . It is often the case that one of the r/s is a constant with 
a{,= 1 for thatj and all *. Such a r f is called a general mean or an 
additive constant . A model in which all the r ; ’s are random variables, 
except possibly the additive constant, is called a random-effects 
model or Model II or variance-components model . Finally, a model in 
which at least one r, is a random variable and at least one t, is a 
constant (not an additive constant) is called a mixed model. 

There is implicit in the model an assumption that the effects are 
linearly connected. Further, for tests of significance the errors are 
assumed to be normally distributed with zero mean and a constant 
variance aj. 

19.3 A theorem of importance in Model I analysis 

We shall now state a theorem of sufficient importance in the 
discussion of analysis of variance. In various cases of the Model I 
analysis of variance, the distributions of the constituent sums of 
squares and their independence may be deduced from this theorem. 

A theorem on least squares 

Let the random variables y v y ti , y u be independently 

normally distributed with common variance a* and let 

^(^) ==tf rt T i+ a i* T i+ ••• (19.3) 

(i*® 1 . 2 n), 

where a t /s are elements of a specified matrix A and t/s sue unknown 
parameters. Let rank A=r. 
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If 5j*— min a tl r x - 

with respect to the r/s, then Sf/a 2 is a x 2 with (n— r) d.f. 

Suppose the r/s are subject to s independent conditions, viz. 

f *11 T 1 + A 12 T 2 + +A 1 *T*=£ 1 , 

ft ; „ ^21 t 1+A82 t 2+- +*2* r * s: =^2> 

. A#i T i+A,aT a -I- + h sk T k =g s . 

If 5 2 2 =min 

when minimised with respect to the r/s subject to the conditions in 
R above, then S t 2 ja % is a X 2 with (n — r-f /) </./., where / is the 

number of vectors (A*,, A,- 8 , , A,*), i=l, 2, , s 9 depending on 

the rows of the matrix A. 

It is true that (S 8 2 — Sj 2 )/* 2 is a X 2 with t d.f. It is also true that 
(St 1 —Si 1 ) /a* and 5 x 2 /a 2 are independent x 2 *s with / and (n— r) d.f., 
respectively. 

19.4 Tests of general linear hypotheses . 

A linear hypothesis H 09 corresponding to the linear model (19.3), 
specifies the values of one or more linear functions of the para- 


meters, say 



•• + llk T k =*1* 

H e : h / u T i+ / *»^«+- 

= ^a» 

. W r l + A»* T *+” 



The above m linear functions can be assumed to be independent. 
Suppose the parameters in the model (19.3) are known to satisfy 
the s linear restrictions R given in Section 19.3. These conditions 
also can be taken as independent. 

It is necessary that the vectors ( l il9 , l ik ) 9 i=l, 2, , m , 

in H 0 be linearly dependent on the vectors (a il9 a i29 , a ik ), 

i-1, 2, , «, and (h il9 A <a , , A,*), «=*1, 2, , s 9 in order 

that H 0 may be tested. 

Let, as before, rank A=r and t be the number of independent 
vectors in (h ii9 A t8 , A,*), i= 1, 2, , j, that are linearly depen- 
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dent on the rows of A. And let <-f m be the number oi independent 

vectors in (/,„ /,*, , l ik ), i=l, 2, and (A„, h ti h it ), 

*=1, 2, , s, that are linearly dependent on (a tv a it , , a (k ), 

**1,2, , n. Then, by the theorem of Section 19.3, it follow 

that which is the minimum value of 

Z(^i — 1^1— -0J*T*) S 

when tj’s are subject to the conditions R, is distributed as a <r*x* with 
(«— r+t) d.f. Similarly, o*X* il+Wo , which is the minimum value of 

. 2 i)'i — 

» 

when t/s are subject to the conditions in R and H 0 , is distributed as 
a o 2 X* with (n—r+l+m) d.f. 

Hence X*=X l j t+Wo — X** is distributed as a X* with m d.f. under 
H 0 , i.e. only if H 0 be true. Then a test for H 0 is provided by 

(1) — X s *> which is a X* with m d.f, if <r* is known, or by 

[X a a + H 0 — X^j/m 

(2) F— , which is distributed as an F with nr 

and (n— r-M) d.f., if <r 2 is not known. 

19.5 Analysis of one-way classified data 

Let there be n observations, classified into k classes, A lt A v 

At, the number of observations in the »th class being Let y tJ be 

thejth observation in the »th class, i=l, 2 k ; j—\, 2, , 

The scheme of classification is given below : 



We may consider that these k classes are the only classes in which 
we are interested. In that case, we have a fixed-effects model and 
our method of analysis will be as follows. 
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Here our linear model is 


••• 0®*^) 

where m is the fixed effect due to the ith class or the mean of the ith 
class in the population and 4/s are the errors which are supposed 
to be independently and* normally distributed with zero mean and 
variance aj. Denoting by /*, called the general effect, and 

/*(■ — fi by j9| y called the additional effect due to the ith class over the 
general effect, we can write (19.4) as 


y{j=H’+Pi+ e ij> 

where, obviously, 


... (19.4a) 


i 

The least-square estimates of /x and ft’s are obtained by 
minimising 


SSUr-i—A) 1 . 


the normal equations being 

22^7=*/*+2*ift 

« / » 

and ( z==1 » 2 , k). 

i 

Solving these equations, we have, since 2wift=0, 

the grand mean of the observations, and 

== J f io Joa ( J== ^> 2, A), 

j> l0 being the mean of the ith class. 

In the model (19.4a), each observation is represented as the sum of 

three components. Similarly, the analysis of variance partitions the 

raw sum of squares of the observations, JZ into three components 

« i 

— sum of squares due to the general effect, sum of squares due to the 
class*effects and sum of squares due to error. We may write 

J , tf a3 A +&+*;/ 

Squaring both the sides and summing over all the observations, 
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we get 

2IV=227«« , +22(><o-j'o«) , +22(^,— J'rt) 1 
‘(since the three sums of product terms on the right-hand side vanish), 
or 22V-Vo»*= 22(ytr~j>io)', 

i ) t i j 

or 22(x,—>oo)*=2«i(^io->o«)*+ 22(>fe— j’.o)*. 

i i i i i 

or total sum of squares =» sum of squares due to class-effects 

+ sum of squares due to error, 

or, in short, 

total SS^SSA+SSE. ... (19.5) 

Now, the total sum of squares is computed from n quantities 
like (jty— y w ), of which only n— 1 are independent, since 

?2(^i-^o«)= 0 - 

Hence it is said to carry n— I degrees of freedom ( d.f .)■ 

Similarly, the sum of squares due to class-effects is obtained 
by squaring k quantities like (y n — y w ), satisfying one condition : 

I n iUo-.*H>)=0- 

i 

Thus it carries Ar— 1 d.f. 

Lastly, the sum of squares due to error is calculated by squaring 
n quantities like (jty— which satisfy k conditions : 

(**=!» 2 *). 

Hence this sum of squares is based on n—k d.f. 

So the degrees of freedom are also additive : 
n_l=(jfc_ !)+(„-*). 

Dividing an SS by its d.f., we get the corresponding variance or 
mean square (MS). 

Thus SSAj (k — 1 ) = mean square due to class-effects= MSA 
and SSEl(n—k)*±me an square due to error ^MSE. 

Now, SSA and SSE add up to total iSSand the corresponding d.f* s 
(k— 1) and (n—k) add up to" total d.f. (n— 1), but the MSA and MSE 
will not add up to total MS. So, though the procedure is called 

an analysis of variance, it is actually an analysis of SS. 
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Now, by partitioning the total SS and total d.f. into two parts, 
we shall be able to test the hypothesis that the k class means are 


equal, i.e. the hypothesis H 0 : fi J =fz B = or its equivalent 

hypothesis in terms of /Vs, viz. H 0 : j9j=j9 2 = =/}*=(). 


To obtain the appropriate test we calculate the expectations of 
the MSA and MSE. 

From the model (19.4a), we have 

J'iO == /* + 0i + *IO 

and 

Then ^) a — 2X^/— 

i i < J • 3 * 

Taking expectations, we have 

=na J - 2 n,(a* /n,) = naj - fta* 

= (n— A)aJ. 

Thus £(Af^)=£[^/(n~*)]=aJ. ... (19.6) 

Again, SSA = +«<o-< f oo)*- 

< . 

Hence £(£&4)=2«,ftH£[2»<(*o-*«o)*]> since /5 j £(# i0 —# w )=O 

I i 

= + #[ 5><«io* - n«oo s ] 

i i 

— [2«( •»!/».-»• «*J /»] 

< < 

= f «iA •*+(*- 1)*;. 

Thus £(M&4)=£[.«d/(£- 1)]=<7? + (Zn,jS,*)/(A-l) 

-*!+*(&.& Pk)> - ( 19 - 7 ) 

where j3 t /?*) is a variance-like function of the pi's. This 

function takes the value zero when the null hypothesis H, : /?, = 

=Pt= 0 is true; otherwise, it is a positive quantity. Thus MSA 
gives us an unbiassed estimate of ctJ when H 0 is true ; otherwise, its 
expectation is greater than oj. On the other hand, MSE is always 
an unbiassed estimate of aj. If the null hypothesis H 0 be true, 
E(MSA)—E(MSE) . The ratio F=MSAjMSE will thus give us a 
test for the null hypothesis. So to know whether an observed F is 
significantly greater than 1 or not, we are to derive the distribution 
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of F^MSAjMSE under i/ 0 . This follows from the fact that iSSd/aJ 
and SSEJq\ are independently distributed as x*’s with (A— 1) and 
(»— k) d.f., respectively, when H 0 is true. (This result is obtainable 
by an application of the theorem of Section 19.3.) Hence 
MSA/MSE follows the F distribution with (A: — 1 ), (n—k) d.f. 

Thus the hypothesis H 0 is rejected at a specified level a if for the 
given values 


MSE a 


(k-i), {n — k , 


where F a (A — i >. c ,» — * ) i s t * lc upper a -point of the F distribution with 
(A— 1), (n—k) d.f. Otherwise H 0 is accepted. 

In the analysis of variance, the values of the SS , d.f., MS and 
F are usually exhibited in a table — called the analysis of variance 
table. 

TABLE 19.1 

Analysis of Variance for One-way Classified Data 


Source of 
variation 

<i.f. 

SS 

MS 

D 

F at level 

1% 5% 

• 1 

Between 

classes 

i 

g 

XMyto-jo.)* 

1 

=SSA 

X,n,ly,o-y») t Kk-l) 

=*MSA 

MSA 

MSE 

4* * 

1 I 

X X 

Error 

■ 

XX(y,j-y.y 

XX(y„-y,.mn-k) 


1 1 

4* 4* 

w •— » 

«» •* 


■ 

=SSE 

- MSE 


© © 
hi 

Total 

n — 1 

Xflyv-*.)* 

! 


If the previous null hypothesis H 0 is rejected, then we may test 
for the equality of two cl&ss means, say the hypothesis H 0l : 
with the help of 


t 






with (n—k) d.f. 


If n,=B g = z=n k =n 9 , then this reduces to the simple form : 


t 


VSMSEjn 0 


with *(«,-!) d.f. 


since now. 
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U l<l= V2 MSEln 0 thcn H * “ n i 6Ctcd at 
level a. That is to say, H 01 is rejected at the level a if 

I Xo~JH’o\ ><«/*. t „ rl ,xV2MS% 

Thus, to compare the class means two at a time, we are to calcu- 
late <«/*, X V2M££/n 0 , called the critical difference or the least 

significant difference ( Isd ), and if the difference between the observed 
class means, i.e. |^ i0 — J'i'ol* * s greater than the Isd , then f/ ol : 
is rejected at the 10l)a% level ; otherwise, it is accepted. f 0/2 . jk« 0 -d 
is the upper a/2-point of the t distribution with k(n 0 — 1) d.f. 

The above model was called the fixed-effects model because the k 
classes in the experiment were the only classes in which we were 
interested. But the situation may be like this : There are a large 
number of classes and we want to know from an experiment whether 
all these class-effects are equal or not. Now, due to considerations of 
cost, time or space, it is not possible to include in our experiment 
all the available classes. We can include only a sample of these 
classes, and we want to infer about all the classes, whether included 
in the experiment or not, from the results of the classes included 
in the experiment. Then the V s of the previous fixed model will 
not be fixed parameters but will be random variables, as the model 
is now a random one. In the random model we shall consider 
balanced cases, because tests for the random model are known only 
for balanced cases. A one-way classification is called balanced if the 
numbers of observations under different categories are the same. 
Higher-order classifications are balanced if the numbers of observa- 
tions in cells are equal. The analysis of variance table will remain 
the same as in the corresponding balanced case of the fixed model. 
But in this random model, if we find that effects due to different 
classes are not the same, we cannot apply the t test to find out 
which classes differ, as we have not included all the classes in the 
experiment. 

In this case, the model is 

i=l» 2, , k ; j—l) 2, r, ... (19.8) 

with the (k+rk) random variables Vs and e, f ’s being completely 
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Independent, V* being normal with mean zero and variance c|. 
Hj* are, as before, normal with mean zero and variance a}. 

The variance of an observation,^, is 

o\—o J+aJ. 

So o\ and <rj are called the components of the variance of y and the 
model a variance-components model. 

In the random-effects model the observations (j#) have the same 
expectation fi and the same variance tx*=a| + But the observa- 
tions are not statistically independent. This dependence can be 
expressed in terms of the intra-class correlation coefficient, which is 
the ordinary correlation coefficient between any two observations, 
y i} and y i} , of the same class : 

p—E(yy— p)l a * —■ E[(*i+ty)(i<+«tf')]/ a 5 —°lK a \ + a ?)- 
The appropriate hypothesis for the equality of all the class means 
in the case of the random model will be H 0 : a|=0. 

From (19.8), we have 

J>io=M+*i+«io» where 

• i 

and yw>=P+bo+e<n, where 6 0 =2*.7*> «oo=2«io/*- 

Then S^=22(>,v-^ 0 )*= 

V * > 

So, as in equation (19.6), here also we have 

2?(AfS£)= tf *. ... (19.9) 

Next, SS/f=r2(j(o-.)’oo) , = =r 2(*<-*»+«is— ‘so)*- 

Taking expectations and noting that bi's are independent of erf s, 
we have 

E(SSA ) =£[r 2(«o-'oo)*] 

=E[r2*i*— «*o]+ £ [ r 2«io — w ool» where rk=*n 

< i 

=na| — uaf /*+ {k— l)«rj 

=^b— r)<r| + (A— l)ffJ=r(A— l)<r|-f (*—!)»*• 

Hence 

E(MSA)=E[SSAl(k- l)]=o!+rvi- - (19-10) 

Thus we see that if H 0 be true, then E(MSE) —E(MSA), and hence 
a test for //# can be obtained by using the statistic F=MSA/MSE. 



ANALYSIS OF VARIANCE 


13 


It can be shown that when is true, SSAja J and SSE/a J are 
independently distributed as X r s with (A — 1) and (n— A) d.f., 
respectively. Thus F*=*MSA/MSE follows the F distribution with 
(A— 1), (a— A) d./., when H 0 is true. 

Estimates of the components of variance are obtained in the 
following manner : 

&*=MSE, 6*+rdl=MSA and so d\={MSA-MSE)!r. 

(If &l comes out negative according to this formula, then it is 
taken to be zero.) 

' We present below the E(MS ) s for the two models in the case of 
balanced one-way classified data in the same table for the purpose 
of comparison : 

TABLE 19.2 

tndeb Balanced Model I and Model II for 
One-way Classified Data 


Source of 


SS 

MS 

| E(MS) 

variation 

Model I 

Model II 

Between 

classes 

! 

A-l 

SSA 

MSA 

<r, i +r?|8 l */(*-l) 

1 


Error 

n — k 

sse 

MSE 

| 


Total 

n— 1 

— 


Computational procedure for the analysis of one-way classified 
data under fixed model : 

(1) Calculate total for each class : T 10 > T 2Qi >T k 0 , 

n t 

where T iQ = 1 ya- 

(2) - Calculate the grand total : T 00 ='£'2 l y t j='2,T i0 . 

(3) Calculate the raw total SS : 

(4) Calculate 1 1 

(5) Calculate correction factor : T oo*/»- 

(6) Total SS= 22^*— 7 , 00 */n= value obtained in step (3) — that 
in step (5). 
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(7) 554= 2 2V/** — T 00 8 /n= value obtained in step (4)— that in 
step (5). 

(8) SSE— total 55— 55d = value obtained in step (6) — that in 
* tep (7). 

It may be noted that sometimes calculations may be simplified 
by a change of base and scale of the observations. This will not 
affect the tests, though the estimates will change. The above 
procedure can be easily adapted to the balanced case of the random 
or fixed model. 

The reader is referred to Ex. 16-9 for an illustration of the 
analysis of one-way classified data. 

19.6 Analysis of two-way classified data with one observation 
per cell. 

We can plan an experiment in such a way as to study the effects 
of two factors in the same experiment. For each factor there will be 
a number of classes or levels. In the fixed-effects model, there will 
be only fixed levels of the two factors. We shall first consider the 
case of one observation per cell (or combination). 

Let the factors be A and B and the levels A x% A a , .... , A p and B lf 
B 2 , ... • , B q . Letj; fj be the observation under the ith level of A and 
the jth level of B. The observations can be represented Its follows : 

TABLE 19.3 

Table of Observations 



B i 


B, 

...B, 

Total 

Mean 

Ax 

yn 

yn 

yu 


T» 

^10 


y% i 

y%t - 

yv 

•-J* 

T„ 

y% o 

A, 

yn 

y lt ... 

y*i 

-■Af 

Tn 


A, ' 

ypi 

yp* • 

ypj 

—ypq 



Total 

T n 

i 




T m 

— 

Mean 

yn 

yn- 

-y*i 


— 

yn 
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Here the mathematical model may be written as 

Jty 3=s # A i/+*f/> ••• (19-11) 

where ey 9 s are independently normally distributed with mean zero 
and variance <r*. Corresponding to the above table of observations 
(Table 19.3), we can form a table of expected values of observations 
(Table 19.4). 

TABLE 19.4 

Table of Expectations 



Bi 

B , 


B < 

Mean 

Difference 

A, 

Mu 

MU 

••• Ml; 

-••Ml ff 

M io 

Mio— M**ai 

At 

MM 

Ml* 

— Mf; 

••■•Miff 

Mi o 

M*o — M^®* 

l 

Mu 

Mil 

— Mi; 

—Miff 

Mio 

Mi»— M=«t 

Ap 

Ppi 

M** 

” 

... flpq 

Mpo 

Mi M>-M—o f 

Mean 

Moi 

Mo* 

*' M«J 

... 

M 


Differ- 

/*«— 

M Mo*— M— 

... m, —ix..., 

—■ Mw~M 



ence 

=*jBi 


-A 





Now, we can think of fiy as composed of the following parts : 

=/*+*• sa y> ••• (19.11a) 

where p is a constant general effect, present in all the observations ; 
a ;=Mio~~/ A 

is an effect due to the ith level of the factor A, which is common to* 
all the observations belonging to this level of A ; 

is an effect due to the jih level of the factor B, which is common to 
all the observations belonging to this level of B ; and 

is called the interaction between the ith level of A and the jth level 
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of B. It is an effect peculiar to the combination [A { > Bj). It is 
not present in the tth level of A or in thejth level of B if not taken 
together. If the joint effect of A { and Bj is different from the sum of 
the effects due to A{ and Bj taken individually, we say that there is 
interaction and it is measured by y l; *. 

From the table of expected values (Table 19.4) for the fixed-effects 
model, it is clear that 

5>f=°. 2ft=°> 2y«=o, 2y.j=°- 

l i • i 

tor all $ for all » 

The observation in the (i, j )th cell may thus be expressed as — 

jtysa constant general effect (p) 

+ an effect due to the ith level of A (a { ) 

+an effect due to thejth level of B (j8y) 

+ interaction between A i and Bj ( y t j ) 

+ error (*#). 

In the case of two-way classified data with one observation per 
cell, the interaction (y <; ) cannot be estimated, and we shall assume 
for the fixed-effects model that there is no interaction, i.e. y l; ==0 
for all i and j. So the model reduces to 

yij s = z l*+ a i+ •«. (19.1 lb) 

with and *,/s being independently normally distributed 

if 

with mean fcero and variance a*. 

The least-square estimates, obtained by minimising 

220\/-a*-«.— &)*» 

are 

A=> oo, 

*1= Jit- Jot 

and f-J*’ 

In tfie model, each observation is the sum of four components, 
and the analysis of variance partitions the raw SS, 22 Ja** also into 

«r i j 

four components — SS due to general effect, SS due to factor A, SS 
due to factor B and SS due to error — as follows : 

Jtj’B'Jtt+ito-Jtt) + (M ~Jo») + (jij-Jtt-J#+Jo$)- 
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Squaring both sides and summing over i and j, we get 

>o«)* 

+ 22 ( Ju-Ju -yv+ywY 

< i 

or 22 (yif -yao)*= ?2( yio -yw) i +PJ.(yoi-yoo) 2 

I i i i 

+ 2 ^( ya-yio-yoi+yoo)*- 

In woids, 

total 55= 55 due to factor .1 f 55 due to factor B +55 due to error. 


or, in short, 

total 55=55-4 +55B (-55B. • •• (19.12) 

The corresponding partitioning of the total d.f. is as follows : 
pq-\ =(£-l) + (?-l)4 (j»-l)(?-l). 

Dividing an 55 by its d.f., we get the corresponding MS. 

By partitioning the total 55 and the total d.f. into three compo- 
nents each, we shall be able to test the following two hypotheses — 


H 01 : «,=<**= =ctp=0 

and H 01 : /3 X =/J*= 

for the equality of the effects of the different levels of A and of the 
different levels of B, respectively. To derive appropriate test for the 
hypotheses, we find the expectations of the mean squares. It can be 
shown that 

E[MSA)=o*+q'f il **l{p-\), ... (19.13) 


B(MSB) = o*+p2fifl(q-l) 

I 

and E(MSE) = <j*. 


(19.14) 

(19.15) 


If // 0 , : a A —u t = —a.p—0 is true, E(MSA)=E(MSE), and 

hence F=MSA/MSE will give the test of H al . So a test for the hypo- 
thesis of equality of the effects of the different levels of A is provided 
by this F, which follows the F distribution with (£— 1), (/>— 1)(?— 1) 
d.f. This result is obtained by an application of the theorem of 
Section 19.3. Thus the null hypothesis will be rejected at the 100a% 
level if (and only if) 


MSA „ F 
MSE^ 


(P- 1). (J-lH*-!)’ 


rs(n)— 2 



18 


FUNDAMENTALS OF STATISTICS 


Similarly, H n : j8j*=/3 f = =/3 t =0, for the equality of the 

effects of the different levels of B, is rejected at the 100«% level if 

n MSB ~ jy 

t ^WSE >ta 

These calculations are shown in the following analysis of variance 
table (Table 19.5). 

After performing the F test, we can test for the equality of the 
means of any pair of A classes or any pair of B classes with the help 
of the t test. 


TABLE 19.5 

Analysis of Variance for Two-way Classified Data 
with One Observation per Cell 


Source of 
variation 

i.f. 

ss 

MS 

D 

Fat level 

1% 5% 

Between 
the levels 
of A 

• 

p— i 


SSA M. SA l) 

MSA 

MSE 

?1 

© o 

•- o> 

Ji A 

» 

1 1 

£ £ 







Between 
the levels 
of B 

?-i 

PtUv-yw)* 

j 

- SSB 

SSBHq-1) 

=> MSB 

MSB 

MSE 

I 1 

?> ?1 

0 o 

t °* 

* ? 

1 I 

Error 

(A— 0(^-1) 

%% (jl / 
i J 

+y w )*=S SE 

SSE 

(*-!)(«->) 

= MSE 


£ 

1 1 

N* •+ 

4 « 






1 1 

Total 

to- 1 




In the above case, we assumed that we had only p levels of A and 
q levels of B. But it may be that the total number of levels of A is 
greater than p ancf that of B is greater than q. Then in the model 
a { ’s, fy’s and y,/s are not fixed parameters but are supposed to be 
random variables. Thus, in the random model we assume that 

••• (19.16) 
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and that the a/s, Ay’ s, r f *y’s and r<y*s are independently normal with 
zero means and respective variances aj, *!> *«! and a*. The two 
hypotheses that can be tested in this case of random model are 
H 01 : <rj =0 and H ot : a|=0. In this case, we need not assume 
that interaction effects are all zero as we did in the fixed model, 
though we cannot test or estimate it. The expectations of the MSs 
in the case of random model are : 

E(MSA)=**+<r a l+q *!, ... (19.17) 

E(MSB)=o* ±a a l+poi ... (19.18) 

and E(MSE)=c*+o a l. ... (19.19) 

Thus we see that the test for the effects of A classes or that for the 
effects of B classes will be the same here as in the fixed m ->del. And 
the corresponding F statistics have each the F distribution under 
the appropriate null hypothesis. 

By equating the observed MSs to their expectations, we get as 
estimates of the components of variance the following : 

I 

&l = (MSB—MSE)lp, y ... (19.20) 

&S = ( MSA — MSE )/q. j 

(If any of these formulae leads to a negative value * r the corres- 
ponding estimate, then the estimate is taken to be zero.) 

In the case of mixed model, we assume that che levels of one 
of the factors, say A , have all been included in the experiment and 
those of the other factor, in this case B , are not all included in 
the experiment. Then the a/s are fixed parameters and the /Sy’s 
are supposed to be random variables. The interaction effects also 
become random due to the sampling of the j3/s. 

We assume that 


yi 

where the errors e$s are independently distributed with mean zero 
and variance a? and also r f y’s are statistically independent of the mfy’s. 
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Subdividing my, we get the following model equation : 

Jty“M+ a i+^y+*u+*ii> ••• (19.21) 

with 2«i=0 ; 2^=0 for all j. 

The random variables bf s and crfs have zero means, but they are 
not independent. 

We define 


a\ =var(4y), o.|=^ y Jvarfa,). 

The expectations of the MSs are as follows : 

E(MSA)=*o*-\-o a \+qo\ 9 \ 

E(MSB)=o*+po\ 9 l ... (19.22) 

E(MSE)^o*+o a \. J 

These expectations lead to the following unbiassed estimates : 

&*+6 a t=MSE; &l=-(MSB-MSE)lp ifa fl J=0; 
while p and aj’s are estimated as in the fixed-effects model. 

. We assume that the bf s, ctf s and *,/s are jointly normal fbr 
performing the tests of hypotheses. 

We further make the following simplifying assumption about the 
symmetry of the covariance matrix of my : 

The variances of the elements m ,-y are all equal and, similarly, the 
P(P~~ 1)/Z covariances of m ij9 m are all equal, a| and o a | depend 
on these variances and covariances. 


This assumption of symmetry may not be always desirable, but it 
is made in order that MSAjMSE may have an F distribution. 

The test for the equality of the effects due to the p levels of A , 

i.e. for // 01 : a,=a 2 = =a,=0, is provided by F—MSA/MSE, 

which has the F-distribution with (/> — !), ( — 1 ) — 1 ) d.f. 9 when H 0 
is true. In this case, we need not assume absence of interaction. 


The test for the equaltafcri^tlaB^gects due to the levels of B, 
i.e. for H ot : * 1 = 0 . 1S J ys BjMSE , which also has 

the F distribution wmsia^l), L) d./l when J / 08 is true, 

if we assume that i.e. that there\sjtciinteraction present. 

The E(MS)s, ui|| $)<§ Ijfor two* way classified 

data with one obser 
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TABLE 19.6 

E ( MS ) s under Different Models fob Two-way 
Classified Data with One Observation fer Cell 


Source of 

*/• 

SS 


| E(MS) 

variation 


Model II 

| Mixed model 

Between 
the levels 
of J 

P- 1 

SSA 

i 

.MSA 

"•*+ /-i 

oS+Oai'+qo*’ 


Between 
the levels 
of B 

9 - 1 

SSB 

MSB 

PfV 

r* ,+ 



Error 


SSE 

MSE 


ff.'+'o** 


Total 

P 9 ~ 1 



— 

- 



(Under the mixed model, the factor A is fixed in the ^bove table.) 
Computational procedure for the analysis of two-way classified 
data with one observation per cell : 

(1) Calculate total for each of the p ^-classes : T 10> T n , 

T po . 

(2) Calculate total for each of the q B-classes : T m , T ot , , 

(3) Calculate grand total : 7' 00 = Z 2 ’io= 2 r o,= 

i j * i 

(4) Calculate raw total SS : iy*- 

< y 

(5) Calculate correction factor : T 00 *lp 

(6) Calculate 

?«' 

(7) Calculate 

(8) Total SS=J,Zy {i '-T 0( ?lpq=(*)-(5). 

i i 

(9) 

(10) SSB=±y* f -T M *lpq={ 7)-(5). 

(11) SSE=* total SS^ SSA-SSB= (8) -(9) -(10). 
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Ex. 19-1 An experiment was conducted to determine the effects 
of different dates of planting and different methods of planting on 
the yield of sugar-cane (plot size : 120' x 10'). The data below show 
the yields of sugar-cane in md. for four different dates and three 
methods of planting : 


Method 
of planting 

October 

Date of planting 

November February 

March 

I 

7*10 

3*69 

4*70 

1-90 

II 

10-29 

4-79 

458 

2-64 

III 

8-30 

3-58 

4-90 

1-80 


Carry out an analysis of variance for the above data. 

Let y,, be the yield of sugar-cane for the fth method (i=l, 2, 3) 
and thejth date (j= 1, 2, 3, 4). 

The grand total and totals for the 3 methods and the 4 dates are 
shown below : 


Method 
of planting 

1 

Date of planting 

2 3 

4 

Total 

1 

710 

3-69 

4-70 

1-90 

17-39 

2 

10-29 

4-79 

4-58 

2*65 

22-31 

3 

8-30 

# 3-58 

4-90 

1-80 

18-98 

Total 

25-69 


1418 

6-35 

58-28 


In this case, 


3555096 , 

I i 

correction factor = T-fiP- = ( — =283 -0465, 
pq 12 


5 (17-39)*+ (22-31)*+ (18 58)* 


9 4 


>286-3412, 


and 


]p*y (25-69)*+ (12-06)*+- (14-18)*+ (6-35)* 


P 


348-9382. 


















ANALTSI8 Or V ABIANC- 


23 


Therefore, 

total 355-5096— 283 0465 

=724631, 

SS due to methods =5^° — ?»t=286-3412— 283 0465 

? P9 

=3-2947, 

2^0/ T I 

SS due to dates = L. _ -^_oo. =348*9382 -283-0465 

P pq 

=65*8917, 

and SSE— total SS—SS due to methods— SS due to dates 

=72*4631-3*2947-65 8917=3 2767. 


TABLE 19.7 

Analysis of Vabianoe 
for the Data of Ex. 19*1 


Source of 
variation 

if- i 

SS 

1 

MS 

F 

F at level 
»% 5% 

Due to methods 

2 

3*2947 

1*6473 

3*02 

10*92 5*14 

Due to dates 

3 

65*8917 

21*9639 

40-22 

9*78 4*76 

Error 

i 

6 

3*2767 

0*5461 



Tot*l 

11 

72*4631 





The observed F Tor methods of planting, being smaller than 
F. 06;2 ,e> is insignificant at both the levels. But the F for dates of 
planting is greater than F. 01 . 3|6 and hence is significant at both 
the levels. This indicates that the different methods of planting 
affect the mean yield of sugar-cane in the same manner. But the 
mean yield differs with different dates of planting. 

If the four dates of planting included in the above experiment be 
the only dates in which we are interested, then the next question that 
arises is : which one of the four dates will give us the maximum 
mean yield ? To answer this question we compute the critical 
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difference at, say, the 5% level. 

t. 0K , t xV2MSEj3 

= 2-447 x V > 0-364 1 = 2-447 x 0-6034 =1-48. 

The mean yields of sugar-cane for the four dates of planting arranged 
in order of magnitude, are : 

October : 8*56, 

February : 4-73, 

November : 4 02, 

March : 2*12. 

Thus we find that October gives the maximum mean yield and 
March the minimum. February and November show no significant 
difference, but their mean yield is significantly less than that for 
October and significantly more than that for March 

19.7 Analysis of two-way classified data with m obervatftons 
per cell 

In the preceeding section, it was seen that we cannot obtain an 
estimate of, or make a test for, the interaction effect in the case of 
two-way classification with just one observation per cell. This is 
possible, however, if some or all of the cells contain more than one 
observation. For simplicity, we shall assume that there is an equal 
number f/n) of observations in each cell. The m observations in the 


(*. J ) th cell will be denoted byy, jv y m ,y (jt Thus a 

typical observation is yy k — the Ath observation for the ith level of 

A and the jth level of B (i=l, 2, , p ; j=l, 2, , q ; 1, 

2, , m). The mathematical model is given by 

— (19 23 ) 


where fijj is the true value for the (t, j)th cell and is the error. 
etji’s are assumed to be independently normally distributed with 
mean zero and variance aj. The decomposition of into different 
parts is the same as in (19.1 la). In the fixed-effects model, we again 
take 

.ft/t + y v +«/ji> ••• (19.24) 

1yh= Iyh -0- 

lit i 

for all / for all • 


where 
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The least-square estimates, obtained by minimising 

222 (jijk-n-vi—Pj-Yij)*’ 
i i * 

are 

P—y ooo> “i —yton~yooo> Pj .yooo 
and Pij^yun -J’.oo -Jo/n + ->«o«- 

The analysis of variance is based on the relation 

222( Jijk -yooo) t =mq'Z( yin-yam)* +>npl,( >o/o->ooo)* 

» i * i ; 

+ 2 2 ( >ijo ““>i 00 — >nfo +>oon ) 2 

I' i 

+!21{jUjk -yij o) 2 
i / * 

or, in words, 

toul SS=SS due to factor A+SS due to factor B+SS due to 
interaction of A and B+SS due to error 

or, in short, 

total SS=SSA +SSB +SS(AB) +SSE . 

The corresponding partitioning of the total (Lf. is as follows : 

mpq-l={p—l) + (q -\) + (p-l)(q-\)-\-pq(m-\). 

By partitioning the total SS and the total d. f. into these com- 
ponents, we shall be able to test the following three hypotheses — 

H n : a,=ot 8 = ^=a t =0, 

• Pi — Pa— = Pi—® 

and H n : y,,=0, for all * and j. 

H m is the new hypothesis that we are able to test by taking 
m(>l) observations per cell, and it expresses the independence of 
the two factors A and B. The appropriate tests are suggested by the 
following E{MS)s. It can be shown that 

E(MSA)=o*+”y- l IV, - (19-25) 

£(AySfl)=c*+-2^20A ... (19.26) 

9~ 1 i 
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E(MS(AB ) )^+ U= ^ =T) 22V ... 

and E(MSE)—o J. 

If H n 3 is true, E{MS{AB))—E{MSE), and hence 


F= 


AfS(dfi) 

-JTSS~ 


(19.27) 

(19.28) 


will give the test for H oa . This F follows the F distribution with 
(p — !)(?— 1)* pq{tn—\) d.f. when H oa is true. Thus is rejected 
at the 100ot% level if (and only if) 

„_MS(AB) ^ „ 

r MSE )(»-•>• >>«("- 1)* 

If H oi is rejected, the tests for H 01 and H n are not worth making, 
for if a particular level of A is found to be the best and if interaction 
is present, then there is no knowing that this will be the best for each 
level of B. And when H n is true and interaction is present, then 
in the presence of a particular level of B the effects of the levels of 
*4 will differ. Similarly for the factor B. So, in the case of presence 
of interaction, it is reasonable to test whether the levels of A differ 
significantly in presence of a particular level of B. This is done 
by making an analysis of variance for the one-way classified data 
obtained by taking a particular level of B, but all levels of A. 

Similarly, we test for the levels of B in the presence of a parti- 
cular level of A. 

If H oa is accepted, the tests for H U1 and H oa can be performed as 
follows : 

H n is rejected at the 100ot% level if 
j? MSA t? 


Similarly, H n is rejected at the 100a% level if 

n MSB ^ 

MSE'' <*-n. 

These calculations art! shown in the following analysis of variance 
table : 
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TABLE 19.8 

Analysis or Variance fob Two-way Classified Data 
with m Observations per Cell 


Source of 
variation 

Hi 

SS 

MS 

m 

F at 
level 
1%5% 

Between the 
levels of A 

p- i 

=SSA 

SSAHP-I) 

= MSA 

MSA 

MSE 


Between the 
levels of B 

f-1 

mp^ytjt-ym,)* 

-SSB 

SSBK,-\) 

-MSB 

MSB 

MSE 


Interaction 

AB 

(*-l)(v-l) 

i 3 

SS(AB) 

MS(AB) 


—Jojo +yon)'=SS(AB) 

-MS(AB) 

MSE 


Error 

W»-l) 

SXX(yijk ”, y*jo )* 

3 3 * 

SSE/pq(m— 1) 





=SSE 

= MSE 



Total 

tnpq— 1 

IXt&ijk-yoo*)' 

tjk 


- 


If the interaction effects are not significant, we can find the best 
4-level and the best B-level with the help of t-tests. On the other 
hand, if they are found to be significant, there will not be a single 
4-level or a single 5-level that will be the best in all situations. In 
this case, one will have to compare for each level of 3 the different 
levels of A and for each level of A the different levels c r 9. 

In the random model, we assume 

••• (19*29) 

where a ( 's, bfs, c tj ’& and f- jf *’s are independently normal, with zero 
means and respective variances a*, a|, and a J. Now our 
hypotheses are H n : oi— 0, H oi : <r| =0 and H os : cr (I |=0. The 
partitioning of total SS and total d /. is the same as in the fixed 


model. The E(MS ) s are now 

E\MSA)=o*+mo.l + mqo*, ... (19.30) 

B(M55)=oi + m a «I+»'/.ff| ) ... (19.31) 

E(MS(4B))=0*-|-ma.|, ••• (19.32) 

E{MSE)—o\. - (19.33) 
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In this case, H n will be rejected at the 100a% level if (and only if) 

MSA 


F MS(AB) 

# og will be rejected at the 100a% level if 

MSB 
MS(AB) 

and #03 will be t ejected at the 100a% level if 


x% level if 


* MS(AB 

f =~mse 


1 )( V — 1 )* !)• 


In each of the above cases, the F statistic follows the F distribution 
with appropriate d.f. under the null hypothesis. 

Here also the test for # 01 and # 0B will be performed only if # 08 is 
accepted. 

It is thus seen that while in the fixed-effects model the same error 
variance is used for all the tests, the random-effects model gives rise 
to two error variances, of which one, MSE 9 is used for # 03 while the 
other, MS(AB ), is used for both # 01 and # 02 . 


By equating the observed MSs to their expectations, we obtain 
as point estimates of the components of variance the following 
quantities : 


& a , = MSE, 

... (19.34) 

A , MS(AB)-MSE 
m 

... (19.35) 

& i_MSA-MS{AB) 

mq 

... (19 36) 

** a .MSB-MS(AB) 

mp 

... (19.37) 

Here again, if any of the estimates for a t \, 

a\ or a] turns out negative 


according to these formulas, then it should be taken equal to zero. 

Lastly, let us consider the case of the mixed model. Of the two 
factors, let us assume that A refers to the fixed effects and B to the 
random effects. Then pfs and yjy’s will be random variables, while 
a/s will be fixed parameters. We shall assume that 


where the errors *#*’s are independently distributed with aero means 
and variance crj and the ty*’s are statistically independent of the w</s. 
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Subdividing the cell means m,/s, we get the following model 
equation : 

yak =/*+<**+ bj +Cij+eijk , ... ( 19 * 38 ) 

with 2 a i =s 0> for all i- 

The random variables i/s and c,f s have zero means, but they are 
not independent. 

We define 


== . 


1 


2«i*. °\ =var(fy) 


and 


'fl — 7 j ^ 

',2 var (<.-,)• 


( 19 . 39 ) 


Then under the mixed model, we have 

E(MSA) =ct* + ma a \ + mqo J, 

^(Af5»)=aM-*M^crJ, 

£(M£(i4£))=<7?-f wa fl f, 

£(M5£)=a*. 

These expectations lead to the following unbiassed estimates (m>l) : 

MSB- MS E 


i 

j- 

i 




mp 


* 2 MS(AB)-MSE 

a ab~ 

m 

and d*=MSE, 

while p and a/s are estimated as in the fixed-effects model. 

We assume that the i/s, c,/s and e i]k 's are jointly normal ; this 
assumption is needed foi performing the following tests of hypotheses : 

The hypothesis H oz : a a * 2 b =0, relating to the absence of interaction, 
may be tested with the statistic MS{AB)/MSE 9 and it will be 
rejected if 

„MS(AB) p 

r — mse ^ r a ,p ~* 


If H 09 is not rejected, we test for i/ oa and H 01 . 

The hypothesis H 0i : a][= 0, regarding the equality of the effects 
due to the levels of the random factor B % is rejected if 


_MSB^ j? 

~~ MSE r ° l (f " 1 l* 
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Under the hypothesis H n : all a { =0, MSA and MS(AB) are 


statistically independent and have the same expectation. But 

MS(AB) 

will not have, in general, the F distribution. An approximate F-test, 
with (p— 1) and (p— l)(q— 1) d.f., may be performed for H n with 
the ratio MSA/MS{AB). Scheffe suggests an exact test in this case 
based on Hotelling’s 7 1 *-statistic. However, the approximate F-test 
for H 0 1 will be exact if we make one further simplifying assumption 


about the variances and covariances of m,y’s, viz. that all variances 
of my are equal and all covariances of my, m,y are also equal. 

Thus in the mixed model also, we have two error variances, one 
of which, MS(AB), is used for testing the hypothesis about the 
fixed-effects factor A, while the other, MSE, is used for testing the 
hypotheses about the random-effects factor B and the interaction 


AB. 


We present below the E{MS)s under different models for two- 
way classified data with m(>l) observations per cell. 


TABLE 19.9 

E(MS) s under Different Models for Two-way 
Classified Data with m Observations per Cell 


Source of 

if- 

I/O 

E(MS) 

variation 1 

Mi) 

Model I 

Model II 

Mixed model 

Between the 
levels of A 

P- 1 

MSA 

?«.* 

<r,*+«<r a j* 

+mqtr a * 

Og*+mo a ^* 

+mqo a 1 

Between the 
levels of B 

f" 1 

MSB 

iflj* 

q — 1 

op+tmtd,* 

■\rtnpof 

oS+mpof 

Interaction 


MS(AB) 




AB 


Error 

pj(w-l) 

MSE 


*** 


Total 


— 

— 


(Under the mixed model, factor A refers to the fixed effects and 
<t*’s are as defined above for the mixed model.) 
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It is seen from the above table that if the interaction effects be 
absent, then E(MS(AB))=E(MSE) under all the three models. 
Hence there are some who advocate that when the hypothesis of 
no interaction effects is accepted, the interaction and error lines be 
pooled together to form a new error. And this new (pooled) error 
is used to test for the main effects. But according to others, this is 
a questionable practice. According to this school, the pooling of 
the interaction SS with the error SS will be justified only if the 
interaction is known to be absent, and in that case the interaction 
component is not to be included in the model. According to them, 
if the interaction is wrongly assumed to be zero, then it will tend to 
swell the expectation of the pooled mean square. 

Computational procedure for the analysis of two-way classified 
data with m observations per cell : 

(1) Calculate total for each of the pq cells of the table : 

* = 1j 2, ,p ; j= 1 , 2, , q. 

(2) Calculate total for each of the p ^-classes : 

2 T |oo == 22 1 iyo, l== l> 2, , ft. 

(3) Calculate total for each of the q ^-classes : 

^0/0 = J = ^ 2 , , q. 

i 

(4) Calculate the grand total : 

2 ? ooo=22 T i o = Z^o/o = Z 
f j if 

(5) Calculate row total SS : 

i j k' 

(6) Calculate . 

2 JT <oo 2 

(.7) Calculate H 

mq 

(8) Calculate l 

mp 

(9) Calculate IZ 

m 
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( 10 ) 

(“) 

( 12 ) 

(13) 


Total (»)-(«)• 


SSA 


mq mpq 


-(7)-(6). 


SSB= 


S5(^B) 


ZV j> * 



IFm* 
. • 

m 

mq 

iIliW 

- I « t 

JW\ 

\ m 

mpq) 


•* 000 


-.SSB 


=(9)-(6)-(ll)-(12). 

(14) SSE=totzlSS-SSA-SSB-SS(AB) 
=(10;— (11) — (12)— (13). 


Ex. 19-2 An experiment was conducted to determine the effects 

of five different varieties of cowpeas ( F,, F, F s ) and three 

different spacings, viz. 4*, 8* and 12' (£*, S t and S a ) apart in a row, 
with rows 3' apart, and also to see whether the varieties behave 
differently at different spacings. 1 he data below give the yield of 
each of 4 plots taken for each variety-spacing combination : 


Variety 

Spacing 

Sx 


s. 

F, 

56 

45 

43 

46 

60 

50 

45 

48 

66 

57 

50 

50 

y. 

61 

58 

55 

56 

60 

59 

54 

54 

59 

55 

51 

52 

y. 

63 

53 

49 

48 

65 

56 

50 

50 

66 

58 

52 

55 

y. 

65 

61 

60 

63 

60 

58 

56 

60 

53 

53 

48 

55 

v* 

60 

61 

50 

— * 

53 

62 

68 

67 

60 

73 

77 

77 

65 


Carry out an analysis of variance for the above data. 

Let yijt denote the yield of the £th plot for the ith variety at 
the jth spacing (i*=»l, 2, 3, 4, 5 ; j=l, 2, 3 ; Jfc—1, 2, 3, 4). 
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The sub-totals for the five varieties, the three spacings and the 
fifteen variety-spacing combinations, and the grand total are shown 
below : 


Varieties 

Sx 

Spacing* 

Sx 


Total 

* 

190 

203 

223 

■ 

616 

Vt 

230 

227 

217 

674 

V, 

213 

221 

231 

665 

V t 

249 

234 

209 

692 

V t 

224 

257 

292 

773 

Total 

1,106 

1,142 

1,172 

3,420 


In this 

198,184, 

correction factor = (3»420) __ 194 , 940 , 
mpq 60 

? r «'_(616)<+(674)»+ ±gjl‘ _i96,029-1667, 

mq 12 

gV _ ( 1>106 ), + n> 142)» + (i >1 72)» _ 195>049 . 2j 

mp 20 

and 190)»4-(203)»+ 197,01 3-5, 

m 4 

Therefore, total 

i i * m Pq 
== 198,184- 194,940= 3,244, 


SS due to varieties =1 


2 m a 

■* DOO 


mq mpq 
= 196,029-1667- 194,940= 1,089-1667, 


SS due to spacings: 


J ToI * __Tooq' 
mp mpq 

= 195,049-2-194,940=109-2, 


rs(n) — S 
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SS due to variety x spacing interaction 


l 


ZI Ty 0 fjn 3 

JLi — J32L1— SS due to varieties— ££ due* to spacings 

n fflpQ I ' 


= (197,013-5- 194,940) -1,089-1667- 109-2 =875-1833, 
and SSE— total SS — SS due to varieties— .SS due to spacings 
— SS due to variety x spacing interaction 
=3,244 - 1 ,089- 1667-1 09-2 - 875- 1 833 = 1 , 1 70-4500. 

Assuming that the fixed-effects model holds in the present case 
we shall test the mean squares for varieties, spacings and into action 
against the error mean square. 


TABLE 19.10 

Analysis of Variance of Data on Yield of Cow-peas 


Source of 
variation 

d.f. 

SS ! 

i 

A/f 

MU 



Due to varieties 

i 

1,089* 16G7 

272*292 

10-469 

3*79 

2 *>9 

Due to spacing;* 

2 

1 09-2 

54-r> 

2-099 

5-13 

3-21 

* 

Due to interaction 

8 

87 V 11! 13 

109 398 

4*206 

2-93 

2 16 

Error 

45 

1,170 4100 

2G*010 

i 



Total 

59 

[ 

3,244 



Thus the observed F for variety-spacing interaction is significant 
at both the 1% and the 5% levels. Hence we do not test for the 
effects of varieties and spacings. (This would also be the case with 
random and mixed models.) If they are to be tested, then each 
should be tested at each level of the other. 

Under the random model, the estimates for the variance-compo- 
nents are : 


272-292-1 09-398 1 62-894 


1 RfietiPS " 


nr 


12 


Al . 54-6- 109-398 . „ ft . 

® Hptclng* on > i e. u ; 




20 

109-398 -26010 83-388 


interaction " 


= 13-574 ; 


=20 847. 


-Jl* 

•1* 
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19.8 Application of the technique of analysis of variance in the 
study of relationship 

In the analysis of variance discussed so far, the arf s in (19.2) are 
the values of “indicator variables” and are usually 1 or 0, according 
as the effect tj occurs in the tth observation or not. If the atf s sure 
values taken not by indicator variables but by independent variables 
(in which case yf s are called dependent variables), then we have a 
problem in regression analysis . If there be arf s of both types, i.e. both 
indicator variables and independent variables, then we have a 
problem in analysis of covariance . The technique of the analysis of 
variance is also applicable to these problems. In this section we shall 
consider some regression problems, and the analysis of covariance 
problems will be treated in the next chapter. 

We now consider the systematic procedure for testing the relation- 
ship between two variables. Suppose, corresponding to each level of 
the independent variable x, which is assumed to be non-stochastic, 
we have some observations on the dependent variable^ as follows : 


*1 

*2 

X P 

yn 

yn 

yp i 

J'IS 


yp 2 

-Vi», 


yp* 


Any column is an jy-array for fixed x. The first question to be 
asked about the data is : do the available observations provide 
any evidence that the two variables x and y are related in their 
movements ? To answer this question we assume that 

where pS s are the column effects and e*/s are independently normally 
distributed, each with mean zero and variance crj. If the values of y 

do not depend on the values ofx, then we expect 

which is the null hypothesis for testing the absence of relationship. 

This case is the same as that of one-way classified data (fixed- 
effects model), which has been discussed in Section 19.5. So we can 
write down the analysis of variance table as follows : 
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TABLE 19.11 

Analysis of Variance fob Testing the Relationship 
BETWEEN Two VARIABLES 


Source of 
variation 


SS 

MS | 

F 

Between arrays 

Within arrays 

B 

ff(yij-y»)'°°ssw 

SSB/(p-i)~MSB * 

1 

SSWI(n-p)=MSW j 

! 

MSB 

MSW 

Total 

a— 1 

ffiyv-y*)* 

— 


The null hypothesis of absence of any relationship between * 
and y will be rejected at the level a if the value of F obtained in the 
above table exceeds F a . («-*)• In the above test, we have made 

no assumption about the form of relationship — whether linear or 
non-linear. We have tested for the presence of any relationship and 
the rejection of the null hypothesis would suggest that there is some 
• relationship. 

After the relationship is established, the next step will be to find 
the appropriate regression function. And at first we try* to find out 
whether the simplest function, linear regression, fits the observed 
data. So the null hypothesis is now H 0 : a+px i9 with the same 

observational equations as in the previous case : 

a and ]3 being parameters. 

We shall make use of the theorem of Section 19.3 for testing i/ 0 . 

S^rrrmin pi) 1 , when minimised with respect to /a/s 

= £ and k ( n ~P) d'f- 

* 5 a a s=min Pi) 2 > when minimised w.r.t. s subject to 

the conditions 

=min when minimised w.r.t. a and j8 

i / 

and it has (n- 2) i.f. 












Analysis of variance 


37 


The least-square estimates are : 
£ 


(#<-*) 

-•*-* f4 - i W-' - ( ) 


where 

Now, 


( 


V=22(j<,-^oo) 2 - *)* 
* i < 

is, under //„, a a*X 2 with (n— 2) d./., and 

V = 22(^-^ 0 } 8 

i i 


is a o*X B with ( n—p ) d.f. 

Then 5, B -5 1 ==22(> ( ,--Voo) 8 -Z2(jiy-^o) 8 -* t 2«,(^-*) !! 
i i i / * 

= 2 «.U o - J ' oo ) 8 -^^-*) 2 
( < 

is a a 2 x £ witn (/>— 2) </./. under # 0 , and 

2 ln-p 


““ 22 U /-.* o ) 8 >- 2 

* J 

is an F with (p—2), (n—p) d.f under H 0 and is used to test H 0 . 

The hypothesis of linearity of regression is rejected at the level oc 
if for our data the F as obtained above exceeds F a . (»-*)• 

We can see the entire picture in this case if we pat tition the total 


SS as follows : 

22 Cw,-jvo.)*= [220*, -.*•)*] + Vrijm-yJ'- ^ 8 2 n <(*»— *)*] 

• j » i • 1 

+[i*2«i(*r -*)*]. 

I 

or total SS=SSW+SS(DLR)+SS{LR), - (19-41) 

where SS(DLR ) =SS due to deviation from linear regression 
and SS(LR ) = SS due to linear regression. 


Then 


p Sf-Sf n-fi_SS(DLR) n-p 
p - 2 Sh'*' 'p - 2 


_MS(DLR) 

MSW 

is the statistic used to test for the linearity of regression. If the MS 
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due to deviation from linear regression is significantly different from 
(i e. greater than) the MS due to error, then we have reason to doubt 
the linearity of regression. 

If we denote 4+/3x 4 by Y(, where & and $ are the least-square 
estimates of « and then it is easy to verify that 

i 

= £»»( Yi-Jm)* 

and SS(DLR) = J*,( jr*-* 0 )*- **£»,(*<-*/ 

The analysis of variance table for testing the linearity of regression is 
given below : 

TABLE 19.12 

Analysis of Variance for Testing Linearity of Regression 


Source of variation 

*/. 

ss 

MS 

F 

Due to linear 

regression 

H 

Y *V,-y*)'=SS(LR) 

MS(LR) 


Due to deviation from 
linear regression 

.. . 

fl 

Y,)'~SS(DLR) 

MS(DLR) 

F MS(DLR) 
MSW 

Between arrays 



MSB 


Within arrays 



MSW 


Total 

«-i 

??(*, ->«.)* 1 

• 9 1 

: 

— 


If the F at the previous stage is significant, then the hypothesis 
H 0 : fi|=sa+/9x| fails to account for the relationship between x and y. 
We may then try various hypotheses regarding the form of the 
relationship. In this way, we may examine successively whether 
a polynomial in x of degree k, P*(x), will be able to explain the 
relationship, for *=*2, 3, etc., but k < ( p— 1), where p is the number 
of ^-arrays. 


*This is a sub-total line. 

















ANALYSIS OF VARIANCE 


39 


We give below the test procedure for testing the null hypothesis 

Ho ’• #*!=“ + 01*1+01*1*+ ■+ Pk**t 

that the relationship between x and y can be explained by a poly- 
nominal of degree k. 

Let & and j3 ; , for j= 1, 2, , k, be the least-square estimates of 

a and jfy’s. Also, let 

h(*i) -*+ / W+ +$ k 4- 

Then the total iStfcan be partitioned as follows : 

220'ir-j'oo)*= 'L'Z[jij-yi«+jia-Pk (*<) + A (*i) — jv 0 o] 2 

i t » i 

— jio ) a + Pk (\-)] 2 + Z».[A (*i)— ^o«]* 

=SSW+SS{DR)+SSR, say, ... (19.42) 

where SSR is the SS due to polynomial regression of degree k and 
SS(DR) 'u *be SS due to deviation from regression. We have an 
analysis of variance similar to that of Table 19.12. 


TABLli 19.13 

Analysis of Variance for Testing 
Ho : m=a+p l Xi+fai*~, 


Source of variation 

'd.f. 

SS 


F 

Due 10 regression 
Pk'x) 

k 

-yny^SSR 

1 1 

MSR 


Due to deviation 
from regression 

p-k - 1 

%n,\yi'>-h(*,)]'-SS{DR). 

i 

MS, OR) 

B MS(DR) 
MSW 

Between arrays 

p - 1 

S«,Ovi !, »y-ssB 

MSB 


Within arrays 

n-p 

* i 

MSW 


Total 

r 1. 

XX(>'/y 

t ; 

! 


The test for H„ : m — a {-/Si*,- +Pk*? is K iven by 


F which is an F with ( p—k~ 1). («— p) d.f. 
iWu rV 

Ho is rejected at the level a if F> F a . 
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Tats for multiple linear regression model 

Let us suppose that we have a set of k independent variables, 
and the dependent variable y. As the model, we take 

y,=a +&*„•+&*„•+ +Pk*n+e, (19.43) 

(* = ^ n)i 

where e/s are independently normal, each with mean 0 and variance 
a*?. We are interested in the null hypothesis H 0 : all ft=0, which 
means that there is no dependence of y on the k fixed variates x l9 

x 2 9 x k . For simplifying the determination of the least-square 

estimates of the constants a and ft’s, we can write the above model 
equation in the form 


yi=a'+ ftx'j { -+• ftx 2 i + + Pk *k i + e it • • • (19 .43a) 

where x) { =x j{ - ft . 

Now, by an application of the theorem of Section 19.3, we have 
•V^min — ftfc*if) 2 w.r.t. a' and ft’s 

= 2(^-J 4 ) 2 — which has (n— A— 1) rf./., 

• >» i 

it 

where Xj)y { and ft is the least-square estimate of ft, 

i=i 

and ^ssmin SO 1 ,— a'— Pix\— — Ptx'u)*, when minimised 

w.r.t. a' and ft’s, subject to the condition // a 
= 20 , i- 3)\ which has (n- 1) d.f 

Thus 

V-V=Wi (having A rf./.) 

=55 due to multiple linear regression 
—SSR, say, 

and 5|*=55 due to error 

—SSE, say. 


Hence if for our data 


SSR Ik _ r 

F 55£/(n-A-l) > • 


we reject f/ # at the level a. 
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TABLE 19.14 

A ALY8I8 of Variance for Testing for the Multiple 
Linear Regression 


Source of variation 

D 

SS 

' 

| MS 

F 

Due to multiple linear 
regression 

Error 

k 

n—k— 1 


MSR 

MSE 

F MSR 
" MSE 

Total 

l 

! 

n— 1 

yx-jD* 


— 


A slightly different problem in connection with multiple linear 
regression is the following : 

Given a set of (p+q) independent variables, one may want to 
know whcthti a particular group of q independent variables has any 
effect on the prediction of the dependent variable, after already 
having fitted the other p independent variables. And, without any 
loss of generality, the former group of q variables may be taken to be 
the last q of the [p+q) variables. Then the hypothesis is 

Ho : Pp+i — Pp+2 — —Pp+q 

the linear model being 

yi^a+p l x u +p 2 X%i+ +Pp x pi \~Pp+i x p+ui+ 

+ Pp + q x p + q,i + *i> ( 19 - 44 ) 

where are independently normally distributed, each with mean 0 
and variance a}. 

Under H 0 , the above model reduces to 

yi*=ci+PiX l i+ptfc t i+ +Pp x pi+ e i' ••• ( 19 - 45 ) 

Also, 

has (n-p-q- 1) d.f., 

l-i m\ 

where / > y=Z(*y~ 

V-Zto-JP-iW has (n—p—l) d j. 


and 
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Then 

V- V= SV,— i bfP ) lias q d.f. 

jmi 

Here bf s are the least-square estimates of j8/s for the model ( 19 . 44 ), 
and bj**s are the least-square estimates of jfy’s for the icstricted 
model ( 19 . 45 ). 

Hence // 0 is rejected at the level a if for the data 


n ffi ~ - C 0; ,, 


1 1 

The analysis of variance table is as follows : 


TABLE 19.15 

Analysis of Variance for Testing the Effect of 
Introduction of New Variables in the Regression Equation 


Source of variation 

dj. 

| ss 

MS 

i 

b 

Due to multiple linear regre- 
ssion oty on x u x% 9 x /t 

P 

fy,*p, 

MSR„ 

i 

Due to multiple linear regre- 

ssion ofy on xp+u , *p+q> 

after fitting x lt x % f x fl 

i 

q 

"fbPj-WPj 

1 

| MSRql p 

p A£SR^. p 

MSE 

Due to multiple linear regre- 
ssion ofy on x it x it , x f , +q 

p+i 

"fV. 



Error 

n-p-q - 1 

n p+q 

.s (x-yy-itjPj 

i-i l 

MSE 


Total 

« — 1 

Xbi-?)' 

- 



The hypothesis that will be considered next under the multiple 
linear regression model is the following : 


• ftj — r, 

for any particular,;, c being any given value, including 0. 
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For this, we refer to the normal equations for estimating the £/s, 
which can be written in the matrix notation as 


A*=P, 


(19.46) 


where 






with /*/== 


... (19.48) 


l-A^P, ... (19.47) 

which shows that fij is a linear function ofj>„ji 8 , ,j>„ and hence 

is normally distributed, with 

*(&)=£, 1 

var (&)=-<•, y > • - (19.48) 

and cov(ji„ #j y ,)=i, y «*, J 

where -■= A" 1 . 

Thus the statistic for testing H {) : -6 is 

V Cj-MSE 

which is distributed as a t with (« — k— 1) d. -US/s being the error 
MS of the analysis of variance table. 

Next, consider the hypothesis 


* ft* =0i'* 

The test of this hypothesis is also given by the /-statistic with 
(s— A - 1 ) </./., where 

- 2 Cjj. + Cj,j,)MSE 

19.9 Effects of violations of the assumptions made In the 
analysis of variance 

In this section, we shall make certain comments on the effects 
of violations of the underlying assumptions of (i) normality of 
the errors and also of the random effects, (ii) independence and 
(iii) homoscedasticity of the errors. 
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In Model I, the normality assumption is needed only for hypo* 
thesis-testing and interval estimation. Thus all (point) estimates and 
their estimated variances remain valid even under non-normality. 
Heteroscedasticity and correlation of errors do not bias the estimators. 
For other models too, the estimators of variance-components remain 
unbiassed even with non-normal random effects. 

Robustness against non-normality of the tests on means and the 
lack of it in the case of tests on variances lead us to expect that tests 
and confidence intervals in the case of Model I will be robust to non- 
normality, while those in other models, which are mainly concerned 
with variances, will not be robust. 

Investigations have shown that the effects of heteroscedasticity, 
which are large in the case of Model I, can be reduced by using 
experiments with equal cell-frequcncies. 

The effects of the stochastic dependence among the errors may 
completely vitiate the tests. As a remedy, the use of randomisation 
should be taken into consideration while allocating the treatments to 
different experimental units. 

Transformations of the observations are often used to reduce 
non-normality or heteioscedasticity. 

The study of the robustness of the analysis of vaiiance methods 
has led to the search for distribution-free methods for analysis of 
variance. Such distribution-free methods exist and are completely 
robust for any continuous distribution and compare favourably with 
the classical normal-theory procedures. 

Questions and exercises 

19.1 What is a ‘linear model* ? Clearly bring out the diffeiences 
among ‘fixed’, ‘mixed’ and ‘random’ models. 

19.2 What is meant by the term ‘linear hypothesis’ ? How is 
such a hypothesis tested ? 

19.3 Show that for a two-way classified data with one observa- 
tion per cell and satisfying model (19.11b) the following is true : 

i i - * 
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Use the above relation to obtain the least-square estimates of the 
parameters in (19.1 lb). Use this to obtain also SSE , SSA and SSB, 

19.4 State how the formulation of the model and that of the 
null hypothesis depend on whether an effect is a fixed or a random 
effect. 

19.5 Discuss the problem of selecting valid error in relation to a 
two-way layout with m(> 1) observations per cell, under the various 
models. 

19.6 In what respects do analysis of variance, regression analysis 
and analysis of covariance differ ? 

19.7 Use the technique of analysis of variance for testing (i) the 
linearity of regression and (ii) that a group of q independent 
variables, out of a totality of ( p -f -q) independent variables, have no 
effect on the prediction of y. 

19.8 How would you interpret an observed F which is less than 
one ? Why are negative estimates of variance-components replaced 
by zeroes ? 

19.9 Show that for the random model (19 8), the following is a 
consistent estimate of the intra-class correlation coefficient p=af/a* : 

MSA- MS E 
MSA + (\-\)MSE' 

19.10 What are the assumptions that are made in the analysis of 
variance ? State how violations of these assumptions affect the 
analysis. 

19.11 Below are given the yields in gm. per plot (plot size=: T ^ ffV 
acre) for three varieties of seed cotton : 


Variety 1 

Variety 2 

Variety 3 

77 

109 

46 

/ 0 

106 

70 

63 

137 

71 

84 

79 

65 

95 

134 

61 

81 

78 

40 

88 

126 

47 

101 

00 

• 

73 


(a) Write out the analysis of variance table. 
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(b) Test if the varieties differ significantly among themselves. 

(c) If the result of (b) is affitmative, determine which varieties 
diffei in the case of fixed model. 

(d) If the result of (b) is affirmative, obtain an estimate of 
the variability of the varietal effects in the case of random model. 

Partial am. F=- 1 7- 1 1 „ 
19.12 Information relating to weight at birth (in lb ) of boys 


at a number of primary schools 

is given below. 

Analyse the data. 

School 

A 

R 

C 

D 

E 

F 

Number of boys 

112 

60 

128 

97 

62 

78 

Mean weight per bo) 
Standard deviation (the 
divisor used is sample 

6-132 

6 2<>1 

6-345 

6 112 

6-320 

5 927 

size and not d.f.) 

0-763 

0 812 

0 752 

0-733 

Partial 

0-835 

ans. F= 

0-743 
=3 06. 


19.13 The determination of visual acuity at thiee diffeient 
distances (say A, B and C) was the subject of a lecent experiment. 
Foui different subjects chosen at random horn a large group were 
used foi this purpose. The data iccorded weie as follows : 


Subject 

A 

Distance 

B 

C 


1 

12 

Id 

30 


2 

') 

10 

18 


3 

7 

28 

33 


4 

10 

26 

51 


(a) Analyse the above two-way c lassificd data. 

(b) Test for the effects ol subjects and distances at the 5% 
level of significance. 

(c) Estimate the variability clue to subjects. 

(d) Determine which distances diffei , if any. Is it possible to 
do the same with the subjects ? 

* Partial ans . F (for subjects) = 3-55 ; 

F (for distances) « 12*93* 
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19.14 The following data show the birth-weights of babies born, 
classified according to the age of mother and the order of gravida, 
there being three observations per cell. 


Birth-wbights (in lb.) of Babies Born in a 
Nursing Home at Howrah 


\Agc of 

mother 
Orders, 
of gravida^\ 

15—20 

20—25 

1 5-30 

. 30—35 

| 35 and over 

1 

5-1, 5-0, 4-8 

5 0,5-1, 5-3 

5*1, 51, 4*9 

4*9, 4*9, 5*0 


2 

mm 

5 3, 5*3, 5*5 

5-3, 5-2, 5-2 

5*2, 5*0, 5*5 

51, 5*3, 5 0 

3 

5*8, 5*7, 5*9 


5-8, 5*9, 5*9 

5-8, 5-5, 5-5 

5*9, 5*4, 5*5 

4 

6*0, 6*0, 5 9 

6*2, 6*5. 6 0 

6 0, 6 1,6 0 

6 0, 5-8, 5*5 

5-8, 5-6, 5*5 

5 and over 

6*0, 6 0, 6 0 

6-0, 6- 1,6-3 

5-9, 6 0, 5-8 

5 9,6-0.5-5 

5-5, 6 0, 6-2 


Test whether the age of mother and order of gravida significantly 
affect the birth-weight. 

Partial ans. F (for age of mother) = 96*41 3 ; 

F (for order of gravida) =9*335. 

SUGGESTED READING 

[1] Anderson, R. L. and Bancroft, T. A. Statistical Theory in 
Research (Chs. 13-15, 21-23). McGraw-Hill, 195?. 

[2] Bowker, A. H. and Lieberman, G. J. Engineering Statistics (Ch. 
10). Asia Publishing House, 1962. 

[3] Goon, A. M., Gupta, M. K. and Dasgupta, B. An Outline of 
Statistical Theory , Volume 2 (Ch. 7). World Press, 1973. 

[4] Goulden, C. H. Methods of Statistical Analysis (Ch. 5). Asia 
Publishing House, 1959. 

[5] Guenther, W. C. The Analysis of Variance . Prentice-Hall, 1964. 

[6] Hald, A. Statistical Theory with Engineering Applications (Ch. 16). 
John Wiley, 1952. 

[7] Kendall, M. G, and Stuart, A. The Advanced Theory of Statistics , 
Volume 3 (Chs. 35-37). Charles Griffin, 1966. 

[8] Rao, C. R. Advanced Statistical Methods in Biometric Research 
(Ch. 2, 3). John Wiley, 1952. 

































48 


FUNDAMENTALS OF STATISTICS 


[9] Rao, G. R. Linear Statistical Inference and Its Applications (Ch. 4). 
John Wiley, 1965, and Wiley Eastern. 

[10] Schefie, H. The Analysis of Variance (Ghs. 3, 4, 7, 8). John 
'* Wiley, 1961. 

[11] Steel, R. G. D. and Torrie, J. H. Principles and Procedures of 
Statistics (Ghs. 7-9, 14, 15). McGraw-Hill, 1960. 



20 


DESIGNS OF 
EXPERIMENTS 


The theoretical aspects of the analysis of variance technique were 
discussed in Chapter 19. A number of commonly used experimental 
designs will be considered in this chapter. We first consider the 
terminology used in experimentation and the basic principles of 
experimental designs. 

20.1 Terminology in experimental designs 

Before discussing the principles of designs, it is proper to explain 
the terminology used in this context. The terms commonly used are 
experiment* treatment , experimental unit , experimental error and precision . 

Experimen 4 fo a means of getting an answer to the question that the 
experimenter has in mind. This may be to decide which of several 
pain-relieving drugs that are available in the market is the most 
effective or whether they are equally effective. An experiment may 
be planned to compare the Chinese method of cultivation with the 
standard method used in India. In planning an experiment, we 
clearly state our objectives and formulate the hypotheses we want 
to test. 

Treatment — The different procedures under comparison in an 
experiment are the different treatments. E.g., in an agricultural 
experiment, the different varieties of a crop or the different manures 
will be the treatments. In a dietary or medical experiment, the 
different diets or medicines, etc., are the treatments. 

Experimental unit — In carrying out an experiment, we should be 
clear as to what constitutes the experimental unit. An experimental 
unit is the material to which is applied the treatment and on which 
the variable under study is measured. In an agricultural field 
experiment, the plot of land, and not the individual plant, will be the 
experimental unit ; in a feeding experiment of cows, the whole cow is 
the experimental unit ; in human experiments in which the treatment 
affects the individual, the individual will be the experimental unit. 

Experimental error — A fundamental phenomenon in replicated 
experiments is the variation in the measurements made on different 
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experimental units even when they get the same treatment. A part of 
this variation is systematic and can be explained, whereas the remainder 
is to be taken to be of the random type. The unexplained random part 
' of the variation is termed the experimental error. This is a technical 
term and does not mean a mistake, but includes all types of extraneous 
variation due to (i) inherent variability in the experimental units, 
(ii) errors associated with the measurements made and (iii) lack of 
representativeness of the sample to the population under study. 

The experimental error provides a basis for the confidence to be 
placed in the inference about the population. So it is important 
to estimate and control the experimental error. An estimate of the 
experimental error can only be obtained by replication , and it is 
controlled by the principle of local control, to be explained shortly. 

The precision of an experiment is measured by the reciprocal of 
the variance of a mean : 

As a, the replication number, increases, precision also increases. 
Another means of increasing precision is to control a* ; the smaller 
the value of «*, the greater the precision. 

29.2 Principles of design 

Designing an experiment means deciding how the observations or 
measurements should be taken to answer a particular question in 
a valid, efficient and economical way. The design and the final 
analysis go together ; they are inseparable in the sense that if an 
experiment is properly designed, then there will exist an appropriate 
way of analysing the data. From an ill-designed experiment no 
conclusion can be drawn. 

Though most of the recent advances in the efficient design and 
analysis of experiments arose in an effort to meet the needs of agricul- 
tural research, they are also generally applicable to other branches of 
research. Modem experiments are designed so that we can get the 
data for verifying the hypotheses in as economical a way as possible. 
The application ofthe technique of analysis of variance is appropriate 
only when the data conform to the basic set-up of the analysis of 
variance. The analysis of the data will be meaningless if the assump- 
tions in die analysis of variance are not fulfilled. So the layout and 
the method of analysis are co-ordinated in the design of experiments. 
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Even now it is not uncommon to encounter a research worker who 
collects his data in any way he can and then comes to a statistician 
for help in establishing his conjectures. The desirable course for him 
would be to consult a statistician before planning the experiment, 
and thus deciding the manner in which the data should be collected 
for the specific purpose and the form the analysis would take. 

As an extreme example, consider the following experiment for 
comparing the effectiveness of two different tranquillizers that are 
available in the market. Tranquillizer X is applied to a group of 
female patients of hospital A and tranquillizer T is applied to a 
group of male patients of hospital B. It is found from the data 
collected that the average effect for tranquillizer X is superior to that 
of tranquillizer Y. The hospital authorities may say that this differ- 
ence reflects the sex-difference, while the druggists may say that this 
difference is due to differences in the tranquillizers. A statistician 
will, however, politely say that the effects of the tranquillizers and 
sex-differences are completely entangled or mixed up and one can- 
not be separated from the other. If the experimenter insists on a 
decision, the statistician will have to say that no conclusion can be- 
drawn from this experiment. 

The application of designs has reduced, if not completely elimi- 
nated, the cases where an experiment is conducted and data collected 
without first conceiving a method of statistical analysis. 

I 


REPLICATION 



Fig. 20.1 Fisher’s diagram. 
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The three basic principles of experimental design, namely, the 
indispensability of replication and that of randomisation and the desirabi- 
lity of local control, were developed by R. A. Fisher. Fisher illustrated 
the function of the principles, from which modem experimental 
designs have been evolved, in the above diagram (Fig. 20.1). 
Randomisation 

The principle of randomisation, as advocated by Fisher, is 
essential for a valid estimate of the experimental error and also to 
minimise bias in the results. We mentioned that one of the assump- 
tions in the model of the analysis of variance is the independence of 
errors. If we consider agricultural experiments, it is a fact that soil 
fertility is not distributed at random and nearby plots happen to 
be correlated. Randomisation is a simple device to achieve this 
independence of errors. 

In the words of Cochran and Cox, <c Randomisation is analogous 
to insurance in that it is a precaution against disturbances that may 
or may not occur, and that may or may not be serious if they do 
occur.” 

However, randomisation by itself is not sufficient for the validity 
of the experiment. Consider an experiment for comparing two diets 
for children and suppose there are only two children available for the 
experiment. If the two children are different in initial conditions, 
say in the type of family, initial weight, etc., then even if the two 
diets be equally effective, the one applied to the superior child will 
give a better result in spite of random allocation of the diets to the 
children. So randomisation forms only a basis of a valid experiment. 
In order to ensure validity, it is necessary to have more than one child 
of each type and then to make the allocation of diets at random. 
Thus randomisation plus replication will be necessary for the validity 
of the experiment. 

It must be explicitly understood that separate randomisation for 
every replication and experiment is necessary. 

Replication * 

The second essential feature of an experiment is replication. A 
treatment is repeated a number of times in order to obtain a more 
reliable estimate than is possible from a single observation. In the 
previous example, if we have more than two children, we can plan 
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the experiment so that no particular diet is favoured or disfavoured 
in the experiment, i.e. each diet is applied approximately equally 
often to all types oi experimental units. 

Since the error of the experiment arises from the differences 
between experimental units of the same treatment, that are not due 
to differences between the replicates, there is no other way but 
replication to get an estimate of the error of the experiment. It is 
apparent from Fisher’s diagram that the function of replication is 
two-fold : (a) along with randomisation, it provides an estimate of 
the error to which comparisons are subjected, and (b) along with 
local control, it reduces the experimental error. 

The most effective way to increase the precision of an experiment 
is to increase the number of replications. In field experiments, preci- 
sion can be increased by an increase of plot size. However, it has 
been found that, for the same amount of land, increased replication 
of small plots is more effective than using larger plots less frequently. 
Of course, replication beyond a limit may be impractical. Since 



decrease in a, is proportional to the square-root of the number of 
replications — this is true if the variations due to replicates have 
been removed from error. The number of replications in a parti- 
cular case depends on the variability of the material, cost of taking 
observations, etc. A rule-of-thumb is to get about 10 d.f. for the 
experimental error ; and generally one should not use less than 
4 replications. 

Replication broadens the scope of the experiment by including 
different types of experimental units. Replication in space and time 
is also necessary in order to sample different soil and climatic 
conditions. 

Local control 

The third principle, a desirable one, is called local or error 
control. As already mentioned, replication is used with local control 
to reduce the experimental error. In a replicated experiment, the 
randomisation may be restricted in such a manner that a portion of 
the total variation may be eliminated from the error, the variation 
that is irrelevant in making comparisons. 
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In the simplest case, the experimental units are divided into 
homogeneous groups or blocks. The variation among these blocks 
is eliminated from the error and thereby* efficiency is increased. We 
'shall see afterwards that the random allocation of treatments to the 
experimental units may be restricted in different ways in order to 
control experimental error. 

Another means of controlling error is the use of confounded 
designs when the number of treatment combinations is very large, 
as in some factorial experiments. The use of one or more auxiliary 
variables for an analysis of covariance will also reduce experimental 
error. These we shall discuss in later sections. 

The choice of the size and shape of experimental units and of 
blocks has also some effect on the error of the experiment. 

Besides the above three principles, there are some other general 
principles in designing an experiment. Familiarity with the treat- 
ments and experimental material is an asset. Selection of the 
experimental site should be carefully done. Within-block variability 
should be reduced. 

21.3 Choice of size and shape of plots and blocks 

In field experiments, the size and shape of plots as -well as those 
of blocks influence the experimental error. The total available 
experimental area remaining fixed, an increase in the size of plots 
will automatically decrease the number of plots and indirectly 
increase the block size while reducing the number of blocks. In 
order to reduce the flow of experimental material from one plot to 
another, it is customary to leave out strips of land between consecu- 
tive plots and also between blocks — these non-experimental areas 
are known as guard areas. So, as the number of plots increases, the 
number of guard areas, and hence the amount of non-experimental 
area, also increases. This fact should be kept in view while deciding 
on the size of plots. 

An important investigation on the effect of size and shape of plot 
and block was conducted by H. F. Smith. He conducted uniformity 
trial experiments with the same crop, and then harvesting the crop 
in units, he found that the variance per unit area for plots of 
area x units was approximately given by where b is a 
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soil characteristic. i»l means that the units making th( plot of size 
x units are not correlated and then V„ — Vx/x, so that an in 

plot size increases the precision of the experiment. isO me ans that 
the units of the plot are perfectly correlated and then V M =Vi, 
so that there is no gain in precision by increasing plot size. Usually, 
0<b< 1 and an increase in plot size increases the precision of the 
experiment, provided we use the same number of plots. 

Long and narrow plots have been found to be relatively more 
precise. 

The size and shape of a block will ordinarily be determined by 
the size and shape of plots and the number of plots in a block. 
It is desirable from the point of view of error control to have small 
variation among the plots within a block and large variation 
among the blocks. When definite fertility contours are present, the 
maximum precision will be obtained by arranging the plots in a 
block with their long sides parallel to the direction of the fertility 
gradient and by taking blocks one after another in the direction of 
the gradient. 



In the absence of any knowledge of fertility contours, it is 
better to use square plots and, generally speaking, it is best to 
have small blocks ; otherwise, the plots within a block will not be 
homogeneous. 

In the following sections, we shall me the principles stated in the 
previous section in designing an experiment and then shall use the 
technique of the analysis of variance for analysing the data. We 
shall consider only the Model I analysis. 
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30.4 Completely randomised design (CRD) 

The simplest design using the two essential principles of replication 
and randomisation is the CRD . Suppose that we have t treatments 
(or t levels of a factor) under comparison and the ith treatment is to 


be replicated r { times, for i=l, 2, , U Then the total number of 

i 

experimental units necessary for this experiment is n==2»v In the 

CRD, we allocate the t treatments completely at random to the n 
units subject to the condition that the tth treatment appears in r t 

units, for i=» 1, 2, t. A particular case of this is equal replication 

for different treatments, where r 1 =r i = =r,=r, so that n=tf. 

Layout 

The term layout refers to the placement of treatments to the 
experimental units according to the conditions of the design. 

Randomisation may be carried out by using a random number 
table. Let us obtain the layout for a CRD with three treatments, 
the number of replications used being 5, 4 and 3, respectively. We 
number the experimental units, in any convenient way, from 1 to 
12 (the total number of experimental units). We then get a random 
permutation of the experimental units. To the first 5 of the units 
in the random permutation we apply treatment 1 , to the next 4 units 
treatment 2 is applied, and treatment 3 is applied to the remaining 
3 experimental units. *An alternative method of getting the layout 
of a CRD, when the total number of experimental units is small 
is the method suggested by Steel and Torrie [13]. In the present 
example, this will mean that we draw twelve 3-digited numbers 
from a random sampling number table and then rank them. We 
break ties by using additional digits. These ranks give a random 
permutation of the plots 1 to 12. We allot, as before, treatment 1 to 
the first five plots, treatment 2 to the next four plots and treatment 
3 to the remaining three plots in this random order of the plots. 
Analysis 

We use the following model : 

observation from the j'th replicate of the tth treatment 

• m . | (effect due to the , f random error 
-general e«fe.t+j. th)reatmeIlt 


or, symbolically, 


^o=/»+ r,+e h , 


( 20 . 1 ) 
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where p and r/s are a set of constants with 2) r, tj= 0, and r l; ’s are 

< 

independently normally distributed with mean zero and variance a). 

We are interested in testing H 0 : T x =r t = =r, against the 

alternatives that r’s are not all equal. The analysis in the present 
case is the same as that of one-way classified data considered in 
Section 19.5. The analysis of variance table is given below : 


TABLE 20.1 

Analysis of Variance Table for a CRD 


Source of 
variation 

d.f. 

SS 

MS 

F 

Treatments 

Error 

<- 1 

n—t 

ir,{y»-y*)'=SST 

1 

tt(y»-y»)'=ssE 
• > 

MST 

MSE 

p MST 

MSE 

i I 

Total | 4—1 

XZ(.y v -y-y 
\ > > 

— 


We reject H 0 at the level a if 


MST 

MSE 


> : <«-t>. (■-»>; otherwise //, 


is accepted. When H e is rejected, we may be interested in finding 
out which of the treatment effects differ significantly. This can be 
done by using f-tests and comparing all possible pairs ti, t ( „ This 
procedure can be simplified by computing the critical difference 
when the number of replications is the same for each treatment. 


Advantages and disadvantages 

The CRD is useful in small preliminary experiments and also in 
certain types of animal or laboratory experiments where the experi- 
mental units are homogeneous. There is complete flexibility in the 
number of treatments and -the number of their replications, which 
may vary from treatment to treatment. This feature also simplifies 
the analysis when data on some experimental units or on an entire 
treatment are missing. The CRD provides maximum d.f. for the 
estimation of experimental error. (The precision of small experi- 
ments increases with error d.f.) 

The main objection against the CRD is that the principle of local 
control has not been used in this design. Owing to this, the experi- 
mental error is inflated by the presence of the entire variation among 
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experimental units except the part which is attributable to treatments. 
We can, as we shall see in the next section, group the experimental 
units in a manner that will take out a part of the variance among 
these groups from the experimental error and thereby will reduce the 
experimental error. The CRD is seldom used in field experiments 
because the plots are not homogeneous. The CRD may be used in 
a chemical or a baking experiment where the experimental units are 
the parts of the thoroughly mixed chemical or powder. 

28.5 Randomised block design (RBD) 

The CRD will seldom be used if the experimental units are not 
alike. For in that case the variation among the units will vitiate 
the test of significance of the treatment effects. The simplest design 
which enables us to take care of the variability among the units 
is the RBD. This is also the simplest design using all the three 
principles enunciated by Fisher. 

Suppose we want to compare the effects of t treatments, each 
treatment being replicated an equal number of times, say r times. 
Then we need n—rt experimental units, and these units are not 
perhaps homogeneous. The RBD consists of two steps. The first step 
is to divide the units into r more or less homogeneous groups. In 
each group or block we take as many units as there Ste treatments. 
Thus the number of blocks is the same as the common replication 
number (r). Hie same technique should be applied to the units of 
a block. Variation in technique, if any, should be made between 
the blocks. In agricultural field experiments sometimes a fertility 
gradient is present. In such a situation, it is advisable to place the 
blocks across the gradient in order to get homogeneous material for 
a block and to obtain major differences between blocks. Familiarity 
with the nature of the experimental units is necessary for an effective 
blocking of the material. 

The second step is to assign the treatments at random to the 
units of a block. This randomisation has to be done afresh for each 
block. This is the difference of RBD from CRD. In an RBD 
randomisation is restricted within a homogeneous block. 

With this design each treatment will have the same number of 
replications. If we want additional replications for some treatments, 
each of these may be applied to more than one unit in a block. 
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Layout 

Let us obtain the layout of an RBD with 5 treatments, each 
Teplicated 3 times. So we need 15 units, which are to be grouped 
into 3 blocks of 5 plots each. We conveniently number the treat- 
ments and also the units in a block. Then, following any method of 
drawing a random sample (as used for the layout of CRD), we get 
a random permutation of the digits from 1 to 5,«ay 4, 3, 1, 5, 2, for 
the units of block I. Then we apply treatment number 1 to unit 4, 
treatment number 2 to unit 3 and so on, finally treatment number 
5 to unit 2, of block I. We find another random permutation for 
block II and so on for the other block. 

'Analysis 

The analysis of this design is the same as that of two-way classi- 
fied data with one observation per cell. We use the following model : 
observation for the ith treatment from the jth block 

_ . _«•_„* , f/th block . fith treatment . f random error 

= general effect+j^ +f effect +{ CO mponent 

or, symbolically, 

yii=P+Pj+ T i f «i,j (20.2) 

where ft, fi/s and ty’s are constants with 2ft— 2 T i == ®» an( f e^’s are 

independently normal with mean zero and variance o*. The hypo- 
thesis of interest is 

: T i ==T s = -r, 

the alternatives being that t’s are not all equal. The analysis is the 
same as that of two-way classified data with one observation per cell 
considered in Section 19.6. The analysis of variance table will be as 
follows : 

TABLE 20.2 

Analysis of Vabiancb Table fob an RBD 


Source of 
variation 

d.f. 

ss 

MS 

F 

Blocks 

r— 1 

J 

MSB 


Treatments 

t-i 

rX(*»-?H)‘=SST 

i 

MST 

F-MST/MSE 

Error 

(r-l)(t-l) 

XXilii -Sit-J y+ymi'-SSE 

* 3 

MSE 


Total 

ft— 1 

>»)• 

l 
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H 0 is rejected at the level a if 


MST 

MSE 


>^«S (r -t )(«-!)• 


Otherwise, H 0 is accepted. Obtaining the critical difference at the 
level a when the number of replications is the same for each treat- 
ment, we can test for the significance of the difference between any 
two treatment meaqs when H 0 is rejected. 

Extra replications for a treatment in an RBD will mean that their 
number is some multiple of r and that the treatment occurs equally 
often in the different blocks. The standard error of the difference of 


two such treatment means will be <**/-+- as in a CRD, and not 

» r i r s 

as in the case of an equal-replication RBD. 

A hypothesis can be framed for block effects 'and can be tested. 
But, generally, it is of no interest. If the block effects are significant, 
then the experimenter may be supposed to have removed the varia- 
tion among units. Very large block differences may also be due to 
heteroscedasticity of error and may often be taken care of by a 
transformation of the variable. Non-significant block effects may 
mean that either the experimenter was not successful in eliminating 
variation among units and thereby reducing experimental error or 
that the units were hoiqogeneous. 


Advantages and disadvantages 

The RBD has many advantages over other designs. It is quite 
flexible. It is applicable to a moderate number of treatments. If 
extra replication is necessary for some treatments, these may be 
applied to more than one unit (but to the same number of units) per 
block. Since variability among replicates can be eliminated from 
experimental error, it is not necessary to use continuous blocks. It 
also enables us to use different techniques to different blocks, though 
the technique should be the same within a block. The analysis is 
straightforward ant^ remains so if due to ficcident data on an entire 
block or treatment be missing. If data from individual units be 
missing, then we can use Yates' missingrplot technique ( vide Section 
26.14) to estimate the values and perform the test. By grouping the 
units, we obtain greater precision than is obtainable with the CRD. 
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This is the most popular design with experimenters in view of its 
simplicity, flexibility and validity. No other design has been used 
so frequently as the RBD- If satisfactory results can be obtained 
with this design, then we shall not use other complicated designs. 

The chief disadvantage is that if the blocks are not internally 
homogeneous, then a large error term will result. As usually occurs 
in field experiments, with the increase in the number of treatments, 
the block size increases and so one has a lesser control over error, for 
the block will include material of a more heterogeneous nature. In 
such cases, special types of incomplete block designs are used to 
reduce the block size. 

20.6 Latin square design (LSD) 

The principle of ‘local control’ was used in the RBD by grouping 
the units in one way, i.e. according to blocks. This grouping can be 
carried jne step forward and we can group the units in two ways, 
each way corresponding to a source of variation among the units, 
and get the LSD . This design is used with advantage in agricultural 
field experiments where the fertility contours are not always known. 
Then the LSD eliminates the initial variability among the units in 
two orthogonal directions The LSD has also been used successfully 
in industry and in the laboratory. 

In this design, the number of treatments equals the common 
replication number of a treatment. So letting m stand for the number 
of treatments as well as the number of replications for each treat- 
ment, the total number of experimental units needed for this design 
is mXm. These m* units are arranged in m rows (one source of 
variation) and m columns (second source of variation). Then the m 
treatments are alloted to these m 2 units at random, subject to the 
condition that each treatment occurs once and only once in each 
row and in each column. 

This arrngement of units and allocation of treatments to units 
makes the m rows similar to m complete blocks of an RBD (the 
same is true also of the m columns). 

The LSD is actually an incomplete three-way layout, where all 
the three factors, rows, columns and treatments, are at the same 
number of levels (m). For a complete three-way layout with each 
factor at m levels, we need m* experimental units. But in the LSD 
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we take observations on only m* of these in' units according to the 
plan stated above. 

As an example, let us consider a 4 x 4 Latin square for comparing 
fpur varieties of a crop. We take a rectangular field divided into 
4x4asl6 plots, arranged in fopr rows and four columns. We 
represent the varieties by A, B, C and D. Then the following is a 
particular 4x4 Latin square : 


Columns 

D C B A 
C B A D 
B A D C 
A D C B 


Layout 

In connection with the random choice of a Latin square, we first 
define the following : 

The totality of LSDs obtained from a single LSD by permuting 
the rows, columns and letters (treatments) is called a transformation 

set . An mXiR Latin square with the m letters A, B, C, in the 

natural order occurring in the first row and in the first column is 
called a standard square (square in the canonical form). Thus the 
standard square corresponding to the square cited above is 


A B C D 
B C D A 
C D A B 
D A B C 


From a standard mxm Latin square, we may obtain m!(m— l)f 
different LSDs by permuting all the m columns and the («— 1) rows 
except the first row. Hence there are in all m!(m— 1)1 different LSD* 
with the same standard square. Thus the total number of different 
LSDs in a transformation set is m!(m— 1)1 times the number of 
standard LSDs in the set. 

As in all other designs, the necessity of randomisation applies to 
the LSD also. In order to give all m x m LSDs equal probability of 
being selected, we select with equal probability one standard square 
from all the standard mXm LSDs and then randomise the columns 
and rows, the first row. More detailed instructions and 

tables of standard LSDs are given in the introduction to Tables XV 
and XVI of Fisher and Yates' Statistical Tables for Biological, 
Agricultural, and Medical Research. 
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Two mxm Latin squares are said to be orthogonal if, when these 
are superimposed, every one of the m* pairs of numbers occurs once 
and once only. A set of m x m Latin squares is called orthogonal if 
every pair of them is orthogonal. 

Analysis 

We shall denote by ji jk the observation on the treatment 
combination where the factor A is at the ith level (ith row), B is at 
the jth level (jth column) and C is at the Ath level (ith treatment). 
The triplets (i,j, k) take only m* of the possible m* values that are' 
dictated by the particular LSD used. If we denote this set of m* 
possible values by D, then (i, j, k ) takes values from D, or, symboli- 
cally (i, j, k)eD . Then our linear model is 

yi1t—fs+ai+Pj+rt+e t jt, ( i,j , k)tD 

with =0, 

i i * 

and the m‘ random variables ti jk are assumed to be independently 
normal with mean zero and variance o*. a, j3 and r stand for the 
effects due to the factors A, B and C. 

The hypothesis of interest here is about zero effects of the treat- 
ments (levels of factor C), H t : all r*= 0. 

The least-square estimates of the effects, obtained by minimiain g 
2 (jV/* —p— «(—/?/— t*)* subject to the conditions in the model, 

U.i, k)*D 

are (s—j>ooo> Joos* an ^ —Soot Jooo- 


TABLE 20.3 

Analysis or Variance Table fob as mxm LSD 


Source of 
variation 

d.f. 

SS 

MS 

F 

Rows 

Columns 

Treatments 

Error 

Wl— 1 

TO— 1 

TO— 1 

(m-l)(m-2) 

wj ( ^ioo —j9oo) te *SSR 
i 

m^(jf^s— j9m)*—SSC 

X&vk- Jits— JW+2.l^of) 9 ^SSE 

MSB 

MSC 

MST 

MSB 

W MST 

MSE 

Total 

TO*— 1 

X(jijk—ym ) 9 

— 


( 20 . 3 ) 


X in SSE and total SS is over (i,j, k) • D, 
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H t is rejected at the level a if 
MST p 

MSg ■** r « » » 

/-otherwise, H 0 is accepted. 

The estimate of the standard error of each treatment mean 

is while that for the difference of two treatment means 

V m 

is The critical difference at level a for testing the differences 

j{\ l jfOip 

between treatment means taken two at atime is <«, (m _ 1)(0l _ S) /y — . 

Ex. 20*1 The following is a 5x5 Latin square for data taken 
from a manurial experiment with sugarcane. The five treatments 
were as follows : 

A : no manure, 

B : an inorganic manure, 

C, D and E : three levels of farm-yard manure. 


TABLE 20.4 

Plan and Yield of Sugarcane (in Suitable Units) pee Plot 


Row 


Column 


I 

II 

III 

IV 

V 

T 

A 

E 

D 

C 

B 

1 

52*5 

46*3 

44-1 

48 1 

40*9 

II 

D 

B 

A 

E 

C 

44-2 

42*9 

51*3 

49*3 

32*6 

III 

B 

A 

C 

D 

E 

49-1 

47-3 

38*1 


47-2 

IV 

C 

D 

E ! 

B 

A 

43-2 

42-5 

67-2 

55-1 

45-3 

H 



B 

A 

D 

Efl 



46-7 

460 

43-2 


Analyse the above data to find out if there are any treatment effects. 

The five row totals are : 231*9, 220*3, 222*7, 253*3 and 226*1 ; 
the five column totals are : 236*0, 222*2, 247*4, 239*5 and 209*2 ; 
the five treatment totals are : 242*4, 234*7, 205*2, 215*0 and 257*0. 
The grand total is 1,154*3. 
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The correction factor = ^1^^1^=53,296-3333. 

Total 55= (52-5)»+ (46*3)*+ + (46-0)*+ (43-2)* 

-53,296 3333 

=54,273-51 - 53, 296 3333-977- 1767. 

Row 55= ( 231 ’ 9 )* + (220-3)*+ (222-7)*+ (253-3)*+ (226-1) * 

-53,296-3333 

_ 267187-09 _ 53 296 3333 = 53,437-4180 - 53,296 3333 
= 141-0847. 

Column yy- ( 236 -°)*+ (222-2)*+ (247-4)*+ (239-5)*+ (209-2 ,» 
-53,296-3333 

=^^^-53^96-3333=53, 480-0980-53,296-3333 
= 183-7647. 

Treatment yy- ( 242 ' 4 )*+ (234-7)»+ (205-2)*+ (215-0)*+ (257-0)* 
-53,296-3333 

= 268222 89_ 53 296 . 3333==53>644 . 5780 53j296 . 3333 
5 

= 348-2447. 

Error 5*5= Total SS — Row SS — Column SS — Treatment SS 
=304-0826. 


TABLE 20.5 

Analysis of Variance Table for the iSD 


Source of 
variation 

if 

SS 

MS j 

i 

F 

i 

Rows 

4 

141-0047 

35 2712 


Columns 

4 

183*7647 

45*9412 


Treatments 

4 

348*2447 

87*0612 

3-436 

Error 

12 

304-0826 

25-3402 


Total 

24 

977-1767 

— 


As F*ti ;4ai s»5-41 and F. 0ft;lill =3-26, the hypothesis of no treat- 
ment effect is accepted at the 1 % level but is rejected at the 5% level. 


ys(n) — 5 
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Advantages and disadvantages 

The effect of grouping the units in two ways- according to rows 
and according to columns — is to eliminate from the error two major 
sources of variation that are not relevant to the comparisons (among 
the different treatments) we are interested in. Thus the LSD is an 
improvement over the RBD in controlling error by planned grouping, 
just as the RBD is an improvement over the CRD. 

As has already been observed, the LSD is an incomplete 3-way 
layout. The advantage over the corresponding complete 3-way 
layout is that only 1 \m of the m 8 observations are needed. 

In field experiments the plots are laid out in a square. But there 
may be cases when the LSD may be used even with the plots in a 
continuous line, e.g. when the fertility gradient is also along the line. 

A serious limitation of the LSD is that the number of replicates 
must be the same as the number of treatments. As a result, squares 
larger than 12 x 12 are seldom used, for then the size of the square 
becomes too large and thus the square does not remain homogeneous. 
On the other hand, small squares provide only a few d.f. for the 
error, and so we must use a number of such squares (i.e. replicate 
the LSD). The most commonly used sizes are 5 x 5 to 8 x 8. 

Another disadvantage is that the analysis depends heavily on the 
assumption that there are no interactions present. 

Also, the analysis is .not so simple when there are missing 
observations. 

20.7 Graeco-Latin square 

This is another name for a pair of orthogonal Latin squares 
superimposed on one another, the treatments being represented fc by 
Greek letters in one square and Latin letters in the other. In this 
arrangement, every Greek letter (Latin letter) occurs once in each 
row and once in each column and once with each Latin letter 
(Greek letter). 

An example of a 3 x 3 Graeco-Latin square is the following : 

Ay B B C a 
B m C y Aq 
Cg A m B i 
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To obtain a random square, arrange the rows and columns at 
random. Then assign the Latin letters and the Greek letters at 
random. 

AnmXm Graeco-Latin square is actually an incomplete 4-way 
layout with all the four factors at the same level (m), and observations 
are taken on only m* of the possible m* treatment combinations. 

The analysis of variance table will have five components : rows, 
columns, Latin letters, Greek letters and error. The d.f.s of the first 
four components will be (m — 1) each, while that of error will be 
(m — l)(m— 3). The SSs are obtained and the analysis is performed 
in the usual way. 

This design has not been used often. It has the same disadvan- 
tage as the LSD in case interactions are present. However, Graeco- 
Latin squares find an application in the construction of certain other 
designs. 

20.8 Crossover design 

A design that resembles the LSD but is suitable in dairy husbandry 
and biological assay when the number of treatments is small is the 
cross-over design (also known as the change-over design). The simplest 
case is of two treatments, A and B. The number of replicates must 
be a multiple of two. The experimental units are grouped into 
pairs. Sometimes one member of each pair is superior to the other 
and this superiority is about the same for all pairs. Let us call the 
units in a pair ‘good’ and ‘poor*. Then the treatment A is applied 
to the ‘good’ members of half of the pairs selected at random from 
all pairs and A is applied to the ‘poor’ members of the remaining 
half of the pairs. Thus each treatment is exposed to the same type 
of units equally frequently. 

As an example of the cross-over design, we may cite the following : 

Pair 

Row 1 2 3 4 5 6 

Good A B A B B A 

Poor B A B A A B 

Randomisation has led to the allotment of treatment A to the 
good units of pairs 1, 3 and 6. The analysis of variance table is as 
follows : 
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TABLE 20.6 

Analysis of Variance for Cross-over Design 


Source of variation 
* 
jt 

if- 

& 

Art 

h 

Pairs (columns) 

5 


MSC 


Good vs. poor (rows) 

1 

tR,*l6-G*l\2-SSR 

j 

MSR 


Treatments 

■a 

k 

MST 

MST 1 MSE 

Error 

■ 

by subtraction » SSE 

MSE 


Total 

11 

2_7*-G*/12 



C„ Rj, T k and G are the tth column total, jth row total, fcth treat- 
ment total and grand total, respectively. SSE is obtained by sub- 
traction. The hypothesis of equality of treatment effects is rejected 
at the level a if 


MST 

MSE 


>F a 


1.4 


otherwise, it is accepted. 

This design may be used with any number of treatments, subject 
to the condition that the number of replicates must be a multiple of 
the number of treatments. 

The cross-over design* may be used with advantage for lai ge 
animals (man, cow, etc.), where each animal gives a replicate 
(column) and the two treatments are applied after some time-lag so 
that there are no carry-over effects of the application of the first 
treatment. To half of the animals selected at random, treatment A 
is applied first and B is applied after noting the result of A and after 
some time-lag. To the remaining half, B is applied first and then 
treatment A. 


29 . 9 . Factorial experiments 

Experiments where the effects of more than one factor, say 
variety, manure, etc. % are considered together are called factorial 
experiments, while experiments with one factor, say only variety or 
manure, may be called simple experiments. Consider a simple case 
of factorial experiment. The yield of a crop depends on the parti- 
cular variety of crop being used and also on the particular manure 
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applied. We may have two simple experiments, one for the varieties 
and one for the manures. The first experiment will give information 
on whether the different varieties of the crop are equally effective or 
there are some varieties which will give higher yields than the rest. 
Similar type of information may be obtained from the second simple 
experiment abo.ut the manures. Though the experiment with varieties 
will be performed in the presence of a particular manure (not all the 
manures) and the experiment with manure will be performed with 
a particular variety (not all the varieties), they will not give us any 
information about the dependence or independence of the effects of 
the varieties on those of the manures. The only way to know about 
the behaviour of the different varieties in the presence of different 
manures (or vice versa) is to have all possible combinations of the 
varieties and manures in the same experiment, i.e. to conduct a 
factorial experiment with the two factors, variety and manure. 

If there are p different varieties, then we shall say that there are 
p levels of the factor ‘variety’. Similarly, the second factor ‘manure’ 
may have q levels, i.e. there may be q different manures or different 
doses of the same manure. Then this factorial experiment will be 
called a px ^-experiment. As a different example, the two factors 
may be two different manures, say nitrogen and phosphate, and at p 
and q different doses, respectively. Then this will also give a p x q- 
experiment. We shall consider only the simplest cases, viz. cases of n 
factors each at 2 levels, or what are known as 2"-experiments, where 
n is any positive integer greater than or equal to 2. 

20.9.1 A 2*-experiment 

Let us consider two factors, A and B, each at 2 levels. Following 
Yates, we denote by a or i one of two levels at which the correspon- 
ding factor (denoted by capital letter) occurs, and for definiteness 
we shall call this the second level. The first level of A or B will be 
signified by the absence of the corresponding letter in the treatment 
combination. Now with 2 factors, each at 2 levels, there will be 
2 x2=4 treatment combinations. They are enumerated below : 

( 1 ) : A and B both at first leVeb, 
a: A at second level and B at first level, 
b ; A at first level and B at second level, 
mb : A and & both at second levels. 
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These four treatment combinations may be compared using a 
CRD or an RBD or an LSD. For a 2 f -experiment in r randomised 
blocks, the analysis will be the same as stated in Section 20.5, with 
the number of treatment combinations f=* 4. And the analysis of 
a 2 > -experiment in a Latin square design will be the same as in 
Section 20.i, with m=4. In a factorial experiment one is more 
interested in the separate tests about main effects and interactions, 
which are performed by splitting the treatment SS carrying 3 d.f. 
into 3 orthogonal components, each carrying a single d.f. and each 
associated either with a main effect or an interaction. 

Main effect and interaction effect 

The symbols [a] and (a) will be used to denote the total and 
mean (respectively) of all the observations receiving the treatment 
combination a . The letters A , B and AB , when they refer to numbers, 
will be used to stand for main effects due to factors A and B and the 
interaction of the two factors. 

Consider the effect of A . We may say that the effect of changing 
factor A from its first level to a in the presence of the first level of 
factor B is given by (a) — (1), and the effect of changing factor A from 
its first level to a in the presence of the second level of factor B is 
given by (ai) — (4). These two effects are known as the "simple effects 
of the factor A . If the factors A and B are independent in their 
effects, then we expect the above two simple effects to be equal, and 
an average of these two simple effects is defined as the main effect due 
to A . Thus the main effect of the factor A is 

*-*{(«*)-(*)+(«)-( !)}• 

This is simplified by writing it in the following from : 

d=4(a-l)(6+l), ... (20 4) 

where the right-hand side is to be expanded algebraically and then 
the treatment combinations are to be replaced by corresponding 
treatment means. Fijpm the first form of the main effect, we find 
that A is a linear function of the four treatment means with the sum 
of the coefficients of the linear function equal to zero (|— !+■ 

1=0). Such* a linear function of the treatment means with 
sum of coefficients equal to zero is called a contrast (or a comparison) 
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of the treatment means. Thus the main effect of A (also the main 
effects of B and interaction AB) is a contrast of the treatment means. 
Here and in what follows we consider only the case of treatments 
having equal replication numbers. 

If the two factors are not independent, then the above two simple 
effects of A will not be the same. And one half of the difference of 
the first simple effect from the second is taken to be a measure of 
this dependence or interaction . Thus the two-factor interaction (or the 
first-order interaction) between the factors A and B is 

AB=t{(ab)-(b)-(a) + ( 1)}, 
the simplified version of this being, 

,45=*(a-l)(*-l), ... (20.5) 

where the expression on the right-hand side is to be expanded 
algebraically and then the treatment combinations are to be replaced 
by the corresponding treatment means. 

It is easy to verify that AB is a contrast of the treatment means. 
The coefficients of the contrasts A and AB satisfy another relation, 
viz. the sum of products of the corresponding coefficients of the 
contrasts A and AB is equal to zero ; i.e. !•$ + (— j)( — i) + (i)( — i) 
+ (— 1)(^)=0. Such a pair of contrasts are said to be orthogonal 
contrasts . 

Next, we define the two simple effects of the factor B and then 
give the definition of the main effect of B and the interaction BA. 

The effect of changing factor B from its first level to b in presence 
of the first level of factor A is given by (£) — (1), and the effect 
of changing factor B from its first level to b in presence of the second 
level of factor A is given by (ab) — (a). Then the main effect of the 
factor B is 

B=i{(^)-(a) + (*)-(l)} 

or . B~l(a + l)(b-l), ... (20.6) 

and the interaction of the factor B with the factor A is 

BA=l{(ab)-(a)-(b) + {l)} 

or B4=i(a-1)(4-1), ... (20.7) 

where in the second forms of B t and BA, the right-hand side is to be 
expanded algebraically and then the treatment combinations are to 



72 


FUKDAMBKlAU or STATISTICS 


be replaced by the corresponding treatment means. Now interaction 
BA is the same as interaction AB, so that the interaction does not 
depend on the order of the factors. And it is also easy to verify that 
the main effect of factor B is a contrast of treatment means and is 
orthogonal to each of A and AB. ■ 

The above three orthogonal contrasts defining the main effects 
and interaction can be easily obtained from the following table, 
which gives the signs with which to combine the treatment means 
and also the divisor. The first line gives the general mean 

M=\{(ab) +(«)+(*)+(l)}. ... (20.8) 

TABLE 20.7 

Table of Signs and Divisors Giving M, A, B and AB 
in Terms of Treatment Means 


Effect 

Treatment mean 
(!) («.) <*) lab) 

Divisor 

M 

+ 

+ 

+ 

+ 

4 

A 

- 

+ 


+ 

2 

B 


- 

+ 

+ 

2 

AB 

+ 


- 

4- 

2 


The rule to write down the signs of the main effect of a factor is the 
following : Give to each of the treatment means a plus sign where 
the corresponding factor is at the second level and a minus sign 
where it is at the first level. Or, for the system of notation that we 
have adopted, give a plus sign to the treatment combinations 
containing the corresponding small letter and a minus sign where the 
corresponding small letter is absent. The signs of a two-factor inter- 
action are obtained by combining the corresponding signs of the 
two main effects. (Two opposite signs will give a minus sign, two 
identical signs will give a plus sign in the interaction.) 

SS due to factorial effects and tests of factorial effects 

The factorial effects, main and interaction, 'are orthogonal 
contrasts. We can obtain the SS due to these factorial effects by 
multiplying the squares of the factorial effects by a suitable 
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quantity. These SSs, each having a single d.f., will add up to the 
SS due to treatments carrying 3 d.f. 

It is convenient to obtain the factorial effects and their SSs from 
the treatment totals rather than from the treatment means. We 
define the factorial effect totals as follows : 

rd]=[«A]-[*]+[«]-[i], i 

[*]=[ai]+[i]-M-[lJ, \ ... (20.9) 

[d«]-[a*]-[*]-W+[l]. J 

Then the SS due to any main effect or the interaction effect is 
obtained by multiplying the square of the effect total with the 
reciprocal of 4 r, where r is the common replication number Thus 

SS due to main effect of A=[A] t jir, with 1 d.f. ; ) 

SS due to main effect of 2?=[£]*/4r, with 1 d.f. ; > ... (20.10) 
SS due to interaction AB—[AB] % /4t, with 1 d.f. J 

The general rule for obtaining the SS (carrying 1 d.f.) due to 
a contrast among t treatment totals (TVs) is as follows : 

i 

Let z—'JJ.i Tf, with 2r,/ ( =0 and r, being the replication number 
)■! 1 

for the ith treatment. Then the SS due to the contrast z is given by 

«*«-*•/( Jr, V). (20.11) 

It is then-a simple matter to express the factorial effect totals or 
the SSs in terms of the factorial effects, main or interaction, remem- 
bering that a factorial effect total is 2r times the corresponding 
factorial effect. Thus the factorial effects are as follows : 

main effect of A = [A]l2r, \ 

main effect of 5= [B]/2r, > ... (20.12) 

interaction AB=[AB]l2r, J 

and the SS due to a factorial effect is rx (factorial effect)*. 

The test for the significance of any factorial effect, main effect or 
interaction, may now be obtained by computing 
MS due to factorial effect 

if ■— 

MSE * 

where MSE is the error MS of the analysis of variance table of 
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the corresponding design. This F follows the ^-distribution with 
1, 3(r— 1) d.f. Hence the hypothesis of absence of a factorial effect 
is rejected at the level a if for our data 

F>F* 5 1, 3(f-l) > 

otherwise, the hypothesis is accepted. 3(r— 1) is the eiror d.f. for a 
2*-experiment conducted in an RBD with r blocks. 


TABLE 20.8 

Analysis of Variance Table for a 2 2 -Experiment 
in r Randomised Blocks 


Source of 
variation 

*/. 

SS 

MS 

F 

Blocks 

r— 1 

SS (Blocks) 

MS (Blocks) 


Main effect A 

1 

MV* 

MSA 

i 

MSA! MSE 

,7 B 

1 

MY* 


MSB/ MSE 

Interaction AB 

1 

&*W* 


MS(AB)IMSE 

Error 

3(r-l) 

by subtraction 

MBiM 


Total 

4r— 1 



— ' 


The above tests of significance may be simplified by computing 
the estimate of the standard error of a factorial effect total or 
factorial effect. 


Standard error of a factorial effect total=\/4roj ) 

[ ... (20.13) 

and standard error of a factorial effect mean = \/o?/r, J 

since each factorial effect total is nothing but a linear function of 4r 
independent observations with coefficients ± 1 and common variance 
oj. Thus, 

the estimate of standard error of a factorial effect total * Vir.MSE 
and the estimate of standard error of a factorial effect a* y/MSE/r, 

where MSE is the error of the analysis of variance table. 

Then a factorial effect total must numerically exceed 
t«/s»*r~i)"^4rAf£2? for significance at the level a, whereas a factorial 
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effect must exceed numerically t* tttZ{f MSEjr for significance 
at the level a. 

Tates 9 method of computing factorial effect totals 

Yates gives a systematic method of obtaining the various effect" 
totals for any 2 " -experiment without writing down the algebraic 
expressions. We shall describe it for the 2 a -experiment, but it can be 
easily extended to the case of any 2 "-experiment. 

The steps are as follows : 

(i) First, write down the 4 treatment combinations systemati- 
cally in the first column, starting with the treatment combination 
(1) and then introducing the letters a, b in turn. After introducing 
a letter, write down its combination with all the previous treatment 
combinations and then introduce a new letter. Repeat it until 
all the letters (a letters in the case of a 2 "-experiment) have been 
exhausted. 

(ii) Next, write down the treatment total from all the 
replicates in the second column against the appropriate treatment 
combination. 

(iii) The first two columns we get from the observed data. 
For obtaining column 3, we break the even number of values in the 
second column into consecutive pairs (1,2; 3, 4 ; etc). Then in 
the first half of the third column we write down the sums of the 
values in these pairs in order and in the second half of the third 
column we write down in order the differences of the \ Mues in the 
pairs in the second column (the first member subtracted from the 
second member of a pair). 

(iv) We next break the values in the third column into 
consecutive pairs and put the sums and differences of the members 
of these pairs in order in the fourth column. 

For a 2 l -experiment the fourth column values give the factorial 
effect totals corresponding to the treatment combinations occurring 
in the corresponding position of the first column. 

For a 2"-experiment we are to repeat n times the operations of 
columns 3 and 4 and then the values in the (x+2)nd column will be 
the factorial effect totals, the first entry in the last column being 
always the grand total. 
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TABLE 20.9 

Yams’ Method foe a 2*-Expbriment 


Treatment 

combination 

f> 

Total 

(2) 

(3) 

(4) 

(i) 

[1] 

[i]+M 

total 

a 

M 

[»]+[«*] 

[•]-[!]+[«*]— W-M 

b 

M 

w-m 

m+M-ro-M-m 

ab 

[«*] 

[«*]-[*] 



Ex. 20*2 A 2 l -experiment in six randomised blocks was conducted 
in order to obtain an idea of the interaction : spacing x number of 
seedlings per hole, along with the effects of different types of spacing 
and different numbers of seedlings per hole, while adopting the 
Japanese method of cultivation. 

The levels of the two factors are : 


f 8” spacings in between, 
l 10* spacings in between, 


f 3 seedlings per hole, 
and N : 1 

[ 4 seedlings per hole. 

The field plan and yield of dry A man paddy (in kg.) are given 
below : 


Block 1 


(») 

s 

ns 

n 

117 

106 

109 

114 


Block 4 


Block 2 


ns 

a) 

s 

n 

114 

120 

117 

114 


Block 5 


Block 9 


(i) 

n 

s 

ns 

111 

117 

114 

106 


Block 6 


ns 

h 

$ 


1 

ns 

s 

a) 

n 

96 

121 

112 


■ 

75 

97 

73 

38 


H 


ns 

s 

58 


105 

117 


Analyse the data to find^out if there are any significant treatment 
effects— main or interaction. 

We apply Yates 1 method to find the total effects. 
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TABLE 20.10 

Yates’ Method toe the Above 2*>EzrBBiHBirr 


Treatment 

combination 

in 

Total yield 
from all blocks 
(2) 

(3) 

(4) 

Main and interac- 
tion effects 

0) 

610 

1172 

2442— grand total 


n 

562 

1270 

— 104— [„V] 

— 8-667—JV 

s 

663 

—48 

98- [5] 

8-167—S 

ns 

607 

-56 

-8- [.MS] 

—0 667= AS 


We next perform the randomised block analysis. 

The six block totals are : 446, 465, 448, 439, 283 and 361 . 

The treatment totals are : [1]=610, [n]=562, |x]=663 and 

[iw]=607. 

Raw total 55=259,024 ; 

Correction factor = ( 2 ^) > = 5 _ 9 ^ 6 ^ =2 48, 473-5 ; 


Total 55=259,024 -248,473-5= 10,550-5 ; 

Block 55= (446) *' f '"-j‘ + ^ 361)> -248,473-5 
4 

1018976 


- 248,473- 5 = 254,744 - 248,47 3-5 ' 


=6,270-5 ; 


Treatment 55= @ 1 *5*+:: • " it/ 6 ? 7 )* - 248,473-5 

b 

= 248,473-5 = 249,327 - 248,473-5 


=853-5 ; 

Error 55=10,550-5-6,270 5-853 5 = 3,426-5. 
Also, SS due to 1 A r =Lzi^D_= 450-667 ; 

SS due to 5=- ( ||)-=400 167 ; 

55 due to JV5=t^|)- , » 2-667. 
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TABLE 20.11 

Analysis of Variance Table foe the 2 i -Expkriment 


v Soiirce of 
variation 


SS 

MS 

F 


Blocks 


6,270-5 

1,254-1 



A* 


450-667 

450-667 

1 973 


S 


400-167 

400 167 

1-752 

*o S ;i.u=4-54 

NS 


2-667 

2-667 

<1 


Error 


3,426-5 

228-433 



Total 

23 

10,550-5 

— 


There are no significant main or interaction effects present in the 
above experiment, as in each of the cases the computed value of F is 
less than the corresponding theoretical value at the 5% level. 


20.9.2 A 2 3 -experiment 

We now consider the case of three factors A , B and C, each at 
2 levels, where a, b and c will denote the second levels ofjjie factors, 
respectively. The 2x2x2=8 treatment combinations written in 
the systematic order are :♦ (1), a , b , ab, c , ac , be , abc. 

The 8 treatment combinations may be compared in any of the 
designs — CRD , RBD or LSD. The analysis will be the same as in 
the corresponding design, the number of treatments being /=8 in 
CRD and RBD and m=8 in LSD, The treatment SS has 7 d>f. We 
next divide it into 7 orthogonal contrasts of the 8 treatment means 
(or totals) with the help of the main effects and interactions. In 
a three-factor experiment there are three main effects— A, B, C ; 
three first-Qrder interactions— AB, AC , BC ; and one second-order 
(or three-factor) interaction — ABC . 

Main effects and interactions 

The factor A has the following 4 simple effects : 

The effect of changing factor A from its first to its second level 
in the presence of the first levels of factors B and C is given by 
(fl)-(l) ; the effect of changing factor A from its first to its second 






DKSIGNS OT BXFBBIMBNT8 


79 


level in the presence of the second level of B and the first level 
of C is given by (ab) — (b) ; the effect of changing factor A from its 
first to its second level in the presence of the first level of B and the 
second level of C is (ac) — (c) ; the effect of changing factor A from 
its first to its second level in the presence of the second levels of 
factors B and C is (abc)-(bc). 

Similarly for the factors B and C. 

As in a 2*-experiment, here also the main effect of A is defined to 
be the average of the above four simple effects : 

A=H(abc) - (be) + (ac)- (c) + (ab) - (b) + (a) - (1)} 
or 4=*(a-l)(&+l)(c+l), ... (20.14) 

where the right-hand side is to be expanded algebraically and 
treatment combinations are to be replaced by treatment means. 

The interaction of A with B is next obtained seperatrly at the 
two levels of C ; 

AB (when. C is at the first level) =^{(a6) — (b) — (a) + (l)} 
and AB (when C is at the second level) = |{(a£c) — (be) — (ac) + (c)}. 

From the average of these two we get the AB interaction* and 
half the difference of the first from the second gives the interaction 
of AB with C or the ABC interaction. 

Thus 

AB=X(abc) - (be) - (ac) + (c) + (ab) - (b) - (a) + ( 1 )} 
and ABC=i{(abc) - (be) - (ac) + (c) - (ab) + (b) + (a) - (1)} 

or, equivalently, 

AB=l(a— l)(ft-l)(c+l) ... (20.15) 

and ABC=!(a-l)(6-l)(f-l), ... (20.16) 

where the right-hand sides are to be expanded algebraically and 
treatment combinations are to be replaced by treatment means. 
From the, four simple effects of A, we may also obtain AC and ACB 
interactions by first obtaining AC (when B is at first level) and AC 
(when B is at its second level). Here also ABC is the same three- 
factor interaction for all permutations of the letters. The main 
effects of B and C and the interaction BC may be derived starting 
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from the simple effects of B and simple effects of C. These 7 effects 
due to the main effects and the interactions an mutually orthogonal 
contrasts of the treatment means. We can verify this from the 
'following table of signs : 


TABLE 20.12 

Table of Signs and Divisobs Giving M, A, B, C, 
AB, AC, BC and ABC in Tbbms of Tbbatmbnt Mbanb 


Effect 

(i) 

(«) 

w 

Treatment mean 

(«») W («) 

(*) 

(«*) 

Divifor 

M 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

8 

A 

- 

+ 

- 

+ 

- 

+ 

- 

+ 

4 

B 

— 

- 

+ 

+ 

- 

- 

+ 

+ 

4 

C 

— 

- 


- 

+ 

+ 

+ 

+ 

4 

AB 

+ 

- 

- 

+ 

+ 

- 

- 

+ 

4 

AC 

+ 

- 

+ 

- 

- 

+ 

- 

+ 

4 

BC 

+ 

+ 

- 

- 

- 

- 

+ 

+ 

4 

ABC 

— 

+ 

+ 

- 

+ 

— 

— 

+ 

4 












The rules of obtaining the signs of effects and two-factor inter- 
actions are the same as those stated for Table 20*7 for a 2*-experi- 
ment. The signs of ABC may be obtained by combining the signs of 
AB and C (or of AC and B or of BC and A). 

SS due to factorial effects and tests of significance of factorial effects 

We define factorial effect totals as in the 2 > -experiment by 
combining the 8 treatment totals with the signs given in the above 
table. Thus 

[A]=[abc] - [be] + [ac] - [c] + [ai] - [i] + [a] - [1], 

and similarly the other effect totals are obtained. 

The SS due to % factorial effect is obtained by multiplying the 
square of the corresponding effect total by the reciprocal of 8r, where 
r is the common replication number. Thus, 

SS due to main effect A**[A]*l8r, with 1 d.f 
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The test for the significance of any factorial effect, main effect or 
interaction may now be obtained by computing 

P__MS due to factorial effect 
MSE ’ 

where MSE is the error MS of the analysis of variance table of 
the corresponding design. This F follows the F distribution with 
1, 7(r — 1 ) d.f. Hence the hypothesis of the absence of the factorial 
effect is rejected at the level a if for our data 

F > F* ; 1, 7{ r - i) i 

otherwise, the hypothesis is accepted. 7(r— 1) is the error d f. for a 
2 3 -experiment conducted in r randomised blocks. 


TABLE 20.13 

Analysis of Variance Table for a 2 3 -Experiment 
in r Randomised Blocks 


Source of variation 

</•/• 

SS 

MS 

F 

Blocks 

r— 1 

SS (Blocks) 

MS (Blocks) 


Main effect A 

1 

MP/8r 

MSA 

MS A 1 MSE 

,, B 



MSB 

MSB 1 MSE 

„ c 


[C]*l6r 

MSC 

M SCf MSE 

T'wo-factor interaction 

AR 

I 

[AB] 2 l&r 

MS(AB) 

M<i(AB)IMSE 

a AC 

1 

[ ACy/8r 

MS (AC) 

MS(AC)IMSE 

t * DC 

1 

lBC]Wt 

MS [BC) 

MS(BC)IMSE 

Three-factor interaction 
ABC 

■ 

1 

[ABC]* fa 

MS(ABC) 

MS(ABC)/MSE 

Error 

-1) 

SSE 

MSE 


Total 

8r— 1 


— 


The above seven F tests may be replaced be computing the estimate 
of the standard error of a factorial effect total in the 2 3 -experiment, 
which is y/8r.AiSE , and then the factorial effect total must numeri- 
cally exceed / a/2i 7(r ~ A) \/8r.MSE for its significance at the level a. 

rs(n)— 6 
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Tates 9 method of computing factorial effect totals for a 2 '-experiment 

We follow the instructions given in the case ot a 2*-experiment 
and obtain one more column, as in Table 20.14. 


TABLE 20.14 

Yatbs' Method fob a 2*-Expxbimjbnt 


Treatment 

combination 

U) 

Total 

(2) 

(3) 

(4) 

(5) 

0) 

[1] 

w+w 

M+M+m+M 

[be] + [abc] + [c] + [ac] + [b] 
-K*i]+[l]-fM “grand total 

a 

M 

[*]+[•*] 

[bc]+[abc]+[c] f [ac] 


b 

[*] 

M+M 



ab 

[«6] 

[fc] + [alf] 

[abc] — [he] + [af] — [f] 


c 

M 

w-m 

M+M-tfl-M 


ac 

M 

M-W 

[if] + [aif] — r«] — [af ] 

[aif] — [if] + [af] — [f] — [ai] 

be 

[*»] 

M-M 

[ai]-[i]-[a] + [l] 

[if]+[aif]-[fp-[af]-[i] 

-t«4]+[l]+W-[«C] 

abc 

[«4«] 

[ate] -[he] 

‘[abc]-[bc]-[ac]+[c] 

[aif] — [if] — [af] + [f] — [ai] 
+[i]+[a]-[l]=[/tflq 


Orthogonality of a design and confounding 

We have already defined orthogonal contrasts. Now we consider 
their practical utility. Suppose we have a random sample of n 

independent observations x l9 x 2 , , x n from a normal population 

with variance o'. If we consider two contrasts that are orthogonal, 

and 

* i 

with £A|=0, 2Fi~0 and 
then we have 

cov(.d, B)=o*'2,^tU{—0> 


. (20.17) 


... (20.17a) 
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This means that if we use A and B to estimate two different 
effects, then the errors in the two estimates will not be related as 
A and B will be distributed independently. These estimates also are 
then said to be orthogonal. Yates defines orthogonality of a design as 
the property which ensures that the different effects will be capable 
of separate estimation and testing without any entanglement. If our 
data arise from an orthogonal design, then we are not involved in 
any difficulties in making independent estimation and tests of effects. 

The CRD , RBD and LSD give us orthogonal designs. But the 
difficulty in conducting a factorial experiment in an RBD or LSD 
is that, as the number of factors and/or that of levels of the factors 
increase, the number of treatment combinations to be compared 
increases too. This in turn necessitates the use of large-sized blocks 
or squares to accommodate all the treatment combinations. E.g., in 
a 2 5 -experinitnt there should be 32 plots in a block. But it has 
been found that the experimental error increases with an increase 
in the size of a block or square, for then it becomes less effective in 
controlling the heterogeneity of the units. A remedy has been found 
out : this is to divide a replicate (a complete block) into a number of 
equal blocks (incomplete blocks) and then to allocate the treatment 
combinations to these blocks so that only the unimportant treatment 
comparisons get mixed up or entangled with the block comparisons. 
These treatment comparisons are then said to be confounded or mixed 
up with block effects ; these effects cannot lie separately tested or 
estimated. But the remaining treatment effects, which are not con- 
founded with the block effects, are still capable of separate estimation 
and testing. Since in a confounded design we lose information 
on some of the treatment comparisons, these should be the least 
important comparisons and usually they are the highest-order 
interactions. It is easy to interpret simple interactions — first-order 
or second-order. But as the order increases, the intepretation 
becomes difficult, and high-order interactions are also of little or no 
importance to the experimenter. 

Confounding in experimental designs is then a term to denote an 
arrangement of the treatment combinations in the blocks in which 
less important treatment effects are purposively confounded with 
the blocks. Thu non-orthogonality is not a defect of the design ; it is 
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deliberately introduced in order to get better estimates and tests on 
the important treatment comparisons. 

We shall consider in detail the simplest case of confounding in a 
2* -experiment, where each replicate will be divided into two equal- 
sized blocks and the highest-ordcr interaction will be confounded. 
In a 2" -experiment it is possible to reduce the block size by using 
2* blocks ( k being a positive integer) in a replicate If k > 1, then 
more than one treatment comparison will be confounded. Actually, 
a 2 "-experiment in 2* blocks (or blocks of 2"“* plots each) confounds 
(2 4 — 1 ) treatment comparisons. 

Confounding in a 2*-experiment 

There are 2 3 or 8 treatment combinations under comparison in 
such an experiment, and suppose we decide to use blocks of 4 plots 
each. Then we need two blocks to give a complete replicate.. We are 
to divide the 8 treatment combinations into two groups of four treat- 
ments each and allot the two groups to the two blocks at random. 
Referring to Table 20. 12, we find that the interaction ABC depends on 

(abc) (a) + (b) + (r) — (1 ) — (tf£) - {ac) — (bc). 

Let us apply the four treatments with plus signs in ABC in one block 
and the remaining four with minus signs in ABC in the other block. 
Thus abc, a , b , c go to block 1, whereas (1), ah, ac, be go to block 2, 
say. Then the contrast measur ing the interaction ABC also contains 
block effects— effect of block 1 minus effect of block 2. So we say 
that ABC is mixed up or confounded with block effects and as such 
we lose information on ABC . On the other hand, the other six con- 
trasts of the treatments, viz. A , B, C\ AB , AC and BC , will have each 
two treatments from block 1 (block 2) with plus signs and two treat- 
ments with minus signs. And so they will contain no block effects 
and, being orthogonal to ABC> will also be orthogonal to blocks. 
Thus, in the above allocation of 8 treatments to the two blocks, no 
difficulties arise in the estimation or testing of the main and first- 
order interaction effedts. 

The above procedure is quite general, and in a 2 "-experiment 
we can confound a single </./. due to any effect by selecting the 
appropriate interaction and applying the treatment combination 
with plus signs in that interaction effect in one block and the 
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treatment combinations with minus signs in the other block. This 
will ensure the confounding of that interaction with blocks and the 
orthogonality of the remaining effects to blocks. 

Confounding may be of two types — complete and partial. In 
complete confounding , we confound the same interaction in all the 
replications and so lose information on that from all the replications, 
whereas the unconfounded effects are orthogonal to the blocks of 
the replicates and can be obtained and tested as in a complete block 
design. But for the effect which is completely confounded, we do 
not have a separate component in the analysis of variance table ; 
it appears along with the block component. 

Thus the allocation of the treatments to the two blocks of each 
replicate (before randomisation) of a 2 8 -experiment in r replicates 
with ABC completely confounded will be as follows : 


Replicate 

Block 1 Block 2 


a 


ab 

b 


ac 

c 


be 

abc 


(1) 


The first two columns of the analysis of variance table will be as 
follows : 


Source 

d f. 

Blocks 

2r-l 

A 

1 

B 

1 

C 


AB 

l 

AC 

1 

BC 

1 

Error 

«r-l) 

Total 

8r— 1 
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All SSs arc computed in the usual way and tests for A, B, C, AB 9 
AC and BC are obtained with the help of MSE. Note that there is 
no separate entry for ABC> which has been completely confounded 
with the blocks. This component is contained in the (2r— 1) d.f. 
due to blocks. We may use Yates’ method for obtaining the total 
effects corresponding to the main effects and first-order interaction 
effects. Then, of course, we do not use the value of ABC given by 
that method. 


Ex. 20*3 For a factorial experiment with three factors, JV, P and 
K each at two levels, the design and yield per plot are given below. 
Analyse the experiment. 


Replicate 1 


Replicate 2 



Block 3 


Block 4 


Replicate 3 


Replicate 4 « 



Block 7 


Block 8 


This is a 2*-experiment conducted in four replicates and each 
replicate has been divided into blocks of four plots each. Thus this 
is an example of a confounded 2 3 -experiment. By referring to Table 
20.12, we find that interaction NPK has been completely confounded 
with blocks. 

We apply Yates’ method for obtaining the six unconfounded 
treatment effects and then to find their SSs. The value for NPK will 
not be used, as it is completely confounded, and hence will occur 
along with the block component. 
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TABLE 20.15 

Yates’ Method fob a 2 3 -Expebiment 
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TABLE 20.16 

Analysis of Vabianoe Table fob a 2 8 -Experiment 
with NPK Completely Confounded 


Source of 
variation 

d.j. 

ss 

MS 

F 


Blocks 

N 

7 

1 

678-4667 

124 0312 

96 9238 

124*0312 

5 421 


P 

1 

30*0312 

30*0312 

1-313 

*oi . i.is 8*29 

K 

1 

300312 

30*0312 

1 313 

*0. ; 1,18 —4**41 

NP 

1 

34 0312 

34 0312 

1*487 

NK 

1 

0*0312 

0*0312 

<1 


PK 

1 

26*2812 

26-2812 

1*149 


Error 

18 

411*8125 

22*8784 

1 


Total 

31 

1,334*7167 

i 

— 



From the above analysis of variance table, we find that only the 
main effect of JV is significant at the 5% level Other treatment 
effects are not significant at the 5% level. 

We next compare the unconfounded and completely confounded 
2"-experiments by defining the information of an effect contained in 
the experiment as the reciprocal of the variance of its estimator. 

In the case of an unconfounded design, the replicate is itself a 
block and in this case we shall denote the error variance by a 2 . In a 
completely confounded design, a block is a half-replicate, two blocks 
make up a replicate, in this case we denote the error variance by 
o m *. Thus a* and a 1/8 2 are the error variances for a complete block 
design (unconfounded; and an incomplete block design (a block 
containing only half the treatment combinations, as is the case in 
a complete confounding), respectively. And it is expected that 
since the smaller blocks will have greater control over error 
than the complete blocks which are large. 

The variance of the estimator of an effect, main or interaction, 
in a 2 "-experiment in r replicates without confounding is o 2 /r. 2"* f . 
Whereas the variance of the estimator of each unconfound-d effect in 
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a 2 "-experiment in r replicates, completely confounding the highest- 
order interaction, is a m 2 lr .2"~ 2 . Thus the information about each 
effect in an unconfounded design is r.2 n ~ 2 /o 2 , whereas the information 
about each unconfounded effect in a completly confounded design is 
r.2"- 2 /or 1/2 2 . Since, as has already been observed, o 1/2 2 will be smaller 
than a 2 , the completely confounded design contains more information 
about the unconfounded effects than the unconfounded design does. 
But the former design contains zero information about the effect 
that has been completely confounded, whereas we get information 
amounting to r.2 n_2 /o 2 about this from the unconfounded design. 

Sometimes it may be that we are not sure whether the highest- 
order interaction is really absent or unimportant. In such cases we 
shall be unwilling to sacrifice the entire information on this. We 
shall, instead, distribute the loss among more than one interaction 
and shall get some information on each of them. This is achieved 
by a partially confounded design, which we shall discuss now. 

Partial confounding in a 2 3 -experiment 

We illustrate this technique with a 2 3 -experiment, though we 
shall rarely have any occasion to use a confounded design for such 
a small experiment. Here we have four interactions, viz. AB , AC, 
BC and ABC. We take four replications and two blocks of size four 
in each replicate. We allot the 8 treatments to the blocks of a 
replicate so that AB is confounded in replicate 1, AC in replicate 2, 
BC in replicate 3 and ABC in replicat'* 4. The tr» 'out, before 
randomisation, will look like the following : 


Block i Block 2 Block 3 Block 4 



Replicate 1 Replicate 2 

AB confounded AC confounded 


Block 5 Block b Block 7 Block 8 



Replicate 3 Replicate 4 

BC confounded ABC confounded 
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The above design is an example of a partially confounded 2 Experi- 
ment with all the interactions partially confounded. 

In the above design the main effects A, B f C are not confounded 
"'in any replicate, so they are estimated from all 4 replicates. The 
experiment contains 8/<r m a information about each of the main 
effects. But each interaction is confounded in one replicate and left 
unconfounded in three others. Thus we can estimate this interaction 
from those replicates where it is not confounded ; e.g., AB will be 
estimated from replicates 2, 3 and 4. So only three replicates contain 
information about the confounded interactions, and the amount of 
information for them is 6 /a 1/a a . Thus the relative information of each 
partially confounded interaction with respect to the unconfounded 
main effects is # 6/8 or 3/4, which is the the same as the proportion of 
replicates giving information about the confounded interaction. 

The table below summarises the amount of information contained 
in various types of 2 8 -experiment in four replications 


TABLE 20.17 

Amount of Information in Different 2 3 -Experiments 



Amount of information 

Effect 

Unconfounded 

design 

ABC completely 
confounded 

ABy ACy BC and ABC 
partially confounded 

A 



> 


8/^1/ s* 

B 





8/ai/i* 

C 





8/fri/i* 

AB 


> 8/a 1 each 


► 8/ai/i* each 

Slant* 

AC 





S/ant* 

BC 





Slant* 

ABC 




Zero 

Slant* 


Since usually < a , the confounded experiments will contain 

more information on unconfounded effects than the unconfounded 
experiments will. In a partially confounded design, we get some 
information on confounded effects, though the information is less 
than that for an unconfounded effect. 
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The first two columns of the analysis of variance table in the case 
of a partially confounded 2 8 -experiment, partially confounding all 
the interactions using four replicates, will be as follows : 


Source 

d.j. 

Blocks 

7 

A 

1 

n 

1 

C 

1 

AB 

1 

AC 

1 

BC 

l 

ABC 

1 

Error 

17 

Total 

31 


The Block SS is computed from the 8 block totals and grand 
total, SSs due to the main effects A , B , C, which are not confounded 
with blocks, are computed using data from all foi^r replicates, where- 
as the SS due to any confounded interaction is obtained from those 
replicates where that particular interaction is not confounded. 

We may obtain a table of the following type to get the different 
total effects — main and interaction. 


TABLE 20.18 

Table for Obtaining Effects in a Partially 
Confounded Design 


(1) 

Treatment 

combination 

(2) 

Total from 
all replicates 

(3) 

Total from 
replicates 
where AB 
is not 

confounded 

(4) 

Total from 
replicates 
where AC 
is not 

confounded 

(?) | 
Total from 

replicates 

where BC 

is not 

confounded 

— m 

Total from 
replicates 
where ABC 
is not 

confounded 

(i) 

A 

b 

ab 

c 

AC 

be 

abe 

1 
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[A], [5] and [C] are obtained from column 2 of the above table, 

[AB] is obtained from column 3, 

[AC] is obtained from column 4, 

[JBC] is obtained from column 5, 

and [d£C] is obtained from column 6. 

If there are in all 4r replicates and the interactions are partially 
confounded only in r of the replicates each, the SSs will be as follows : 
SS due to A = \A] 2 j32r, 

SS due to B = [By/32r } 

SS due to C=[C] 2 /32r, 

SS due to AB~[AB] 2 j2Ar, 

SS due to AC==[AC] 2 l2^r, 

SS due to BC=[BC] 2 /24r, 
and SS due to ABC=[AB(;] z l24r. 

Each of the above SSs carries 1 d.J 

Ex. 20-4 The plan and yield per plot (in a suitable unit) of a 
2 s field experiment on wheat are given below, the treatments being 
all combinations of two levels of dung (0, d), two levels of potash 
(0, k) and two levels of superphosphate (0, p). Analyse the data. 


Replicate 1 


Block 1 


Block 2 



Replicate 3 


Block 5 

Block 6 



Replicate 2 



Since each replicate has been divided into 2 blocks, one effect has 
been confounded in each replicate. Replicate 1 confounds KD f 
replicate 2 confounds PD, replicate 3 confounds PK, and PKD has 
been confounded in replicate 4. 







DESIGNS OF EXPERIMENTS 


93 


The 8 block totals are : 171, 204, 199, 186, 204, 191, 173 and 187. 
Grand total =1,5 15. 

Block ?r - (»71)»-K2°4)»+ + (173)*+( 187> 2 (1515)* 

4 32 

_288049 2295225 
4" 32 

=72,012-25-71, 725-78125 = 286-46875 ; 

Raw 55=73,141 ; 

Total 55=73,141 — 71,725-78125 = 1,415-21875. 

Next, to obtain the treatment 55, we form the following table : 


TABLE 20.19 

Table fob Obtaining the Main Epflcts and Interactions 


(1) 

Treatment 

combination 

(2) 

Total from 
all replicates 

(3) 

Total from 
replicates 

1, 2 and 3 

W 

Total from 
replicates 
1.2 and 4 

(5) 

Total from 
replicates 

1 , 3 and 4 

(6) 

Total from 
replicates 

2, 3 and 4 

in 

203 

156 

147 

145 

161 

p 

207 

155 

155 

149 

162 

k 

187 

148 

144 

137 

132 

pk 

173 

139 

119 

129 

132 

d 

182 

138 

140 

139 

129 


212 

162 

155 

162 

157 

kd 

158 

116 

119 

117 

122 

pkd 

193 

141 

141 

152 | 

145 


The total effects due to P, K and D are obtained from column (2) 
of Table 20.19 : 


[P] - - [ 1 ] + \P\ -[* J ■ 4- [pk ] - [d] 4- [pd] ~[kd\+ [ Pkd ] 
=—203+207— 187 4 173-182+212- 158+ 193 
= —730+785=55, 

[if] = - [1 ] - [ fi ]+ [*]+[/>*] - M - [ Pd ] 4 [kd] 4 [pkd] 
= -203-207 4187 + 173-182-2124158+193 
= —804+ 71 1 = —93, 

[D] [1] - [*] - [k]—[pk] + [d] + [pd] + [kd] + [pkd] 

= -203-207-187-173+182+212+158+193. 
= _770+ 745= -25. 













94 


FUNDAMENTALS OF STATISTICS, 


The total effect due to PK is obtained from column (4) of Table 

20.19 as 

=■147—155—144+119+140—155—119+141 
=547 —573= —26. 

The total effect due to PD is obtained from column (5) of Table 

20.19 as [PD]=[l]-[/>]+[A:l-[^]-[ < /] + [^]-tJtd] + [Mrf] 

= 145-149+137-129-139+162-117+152 
= 596- 534=62. 

The total effect due to KD is obtained from column (6) of Table 

20.19 as [JSTZ)]=[l]+[>>J-[A]-[M]-[rf]-[/.rf]+[iW]+[^rf] 

= 161 + 162—132—132—129—157 + 122 + 145 
=590-550=40. 

The total effect due to PKD is obtained from column (3) of Table 

20.19 as [PJTD]=-[l]+[rt+[*]-[^] + [rf]- [pd\-[kd\+[pkd\ 

= - 156+ 155 + 148-139+ 138- 162- 116+ 141 
= -573+582=9. 

Next, we compute the Treatment SS : 

SS due to P=^‘=Lg)* == 3 025 =94 53125> 

SS due to A-=Ig 2 =(gl*= 8 -g?= = 270-28125, 

55 due to = ( ^ S = 6 3 2 5 =19 53125, 

SS due to PA"=E^i 2 =^| 6 r = 676 =28*16667, 

SS due to Pi)=I^*=^ l = 3 |**= 160*16667, 

SS due to ffZ)=i^ , =l|°if=I|°9=66-66667, 

SS due to PKD = I ff j ffi* =^=^=3-37500, 

24 24 24 

Treatment SS*=mifx of SSa due to P, K, D, PK, KD, PD and PKD 
=642-71876. 

SS due to error = to fal SS — block SS— treatment SS 

= 1,415*21875— 286-46875— 642*71876 
= 1,415*21875 -929*18751 =486*03124. 
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TABLE 20.20 

Analysis of Variance Table for the Partially 
Confounded 2 8 -Experiment 


Source of 
variation 


as 

MS 

F 


Blocks 

7 

286*46875 

j i 

40*92411 



P 

1 

94-53125 

94-53125 

3-306 


K 

1 

270-28125 

270-28125 

9-454 


D 

1 

19-53125 

19-53125 

< 1 

^-Ol; 1.17=8-40 

PK 

1 

28-16667 

28-16667 

< 1 

^•05 5 1,17 

KD 

1 

66*66667 

66-66667 

2-332 


PD 

1 

160-16667 

16016667 

5-607 


PKD 

1 

3-37500 

3-37500 

< 1 


Error 

17 

48603124 

28-59007 



Total 

a 

31 

1,415-21875 

~ 


From the above table it is seen that, among the interactions, only 
interaction PD is significant at the 5% level. The main effect K is 
also significant at the 1 % level. 


20.10 A 2 "-experiment in 2* blocks per replicate 

We have considered the case of confounding a 2 "-experiment in 
2 blocks (of equal sizes) per replicate. This necessitated the con- 
founding of a factorial effect carrying 1 </./. in a replicate and this 
effect is usually the highest-order interaction. If we confound the 
same effect in all replicates, then we have complete confounding of 
that effect ; otherwise, we have partial confounding. 

Now a 2 "-experiment may also be conducted in 2* blocks 

(£=2, 3, and blocks of equal sizes) per replicate. Then each 

block will receive 2"“* treatment combinations. In each replicate 
there will be 2* block totals, giving rise to (2* — 1 ) orthogonal block 
contrasts. These (2* — 1) orthogonal block contrasts in a replicate 
will be identical with (2* — 1 ) orthogonal treatment contrasts. That 
is why we say that a 2 "-experiment in 2* blocks in a replicate 
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confounds (2* — l) factorial effects with blocks. The particular set of 
(2* — 1) </./. that is confounded in a replicate depends on the layout 
of that replicate. Depending on whether we have the same layout 
4n each replicate or different layouts for different replicates, we 
have complete or partial confounding, respectively. Of the (2 A — 1) 
factorial effects that are confounded in a replicate, we may select k 
factorial effects as we please subject to the restriction that none of 
these should be a generalised interaction of the others included in this 
set of k effects. The generalised interaction of two effects is the 
effect that is obtained by combining the letters of the two effects and 
neglecting a letter* if it occurs twice. Thus the generalised inter- 
action of ABCD and BDEF is ACEF and is obtained as follows : 

ABCDBDEF==AB 2 CD t EF=r=ACEF. 

It can be shown that if in a replicate two interactions (say, ABCD 
and BDEF) are confounded, then their generalised interaction (in 
this case, ACEF) is also automatically confounded. So in deciding 
which set of (2* — 1) factorial effects should be confounded in a 
replicate, we select k factorial effects (without including any genera- 
lised interaction in these k effects) and then the remaining (2* — 1 —k) 
factorial effects, which are the generalised intei actions of the k effects 
selected, will be automatically confounded in that repli'fcate. After- 
wards we check that no main effects or lower-order interactions are 
included in these (2* — 1) confounded effects (if that is possible). 

To get the layout of a 2" -experiment in 2* blocks in a replicate, 
we first decide on the factorial effects we want to confound in this 
replicate. Then we form the intrablock subgroup (or principal block) 
of the replicate. It is that block which contains the treatment 
combination (1) and other (2 n ~ k — I) treatment combinations, each 
having an even number of letters (including no letters) in common 
with each of the factorial effects confounded in that replicate. After 
obtaining the intrablock subgroup, the other (2* — 1) blocks of the 
replicate are obtained one by one by first including a treatment 
combination which 4ias not appeared in the previous blocks cons- 
tructed and then combining its letters with the letters of the treat- 
ment combinations of the intrablock subgroup and following the 
rule of rejecting a letter if it occurs twice. 

Let us obtain the layout (before randomisation) of a 2 < -experiment 
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in 2 a blocks in a replicate. The 2 2 =4 blocks in the replicate will 
confound 3 factorial effects. Of these, we can select 2 effects, and 
the third one which will be their generalised interaction will be auto- 
matically confounded. Suppose, e.g., we select ABC and BCD for 
confounding, then ABC BCD = AB 2 C*D —AD will also be confounded. 

Next, we obtain the intrablock subgroup (by taking (1) and the 
treatment combinations having an even number of letters in common 
with each of ABC> BCDy AD) and the remaining three blocks. 


Intrablock Block 2 Block 3 Blpck 4 


(1) 


a 


b 


d 

be 


abc 


c 


bed 

abd 


bd 


ad 


ab 

acd 


cd 


abed 


ac 


Block 2 is obtained starting with, say, a which is not in the intra- 
block subgroup and then the other treatment combinations are abc , 
aabd—bd , aacd=cd. Then to form block 3 we take, say, b which is not 
present in either of the first two blocks and then get bbc=c , babd=ad , 
bacd—abcd. • The remaining 4 treatment combinations form block 4. 
Afterwards, the treatment combinations in a block are randomised 
in the plots of the block. 

The first two columns of the analysis of variance table of the 
above 2 4 -experiment in r replicates, completely confounding ABC , 
BCDy AD in each replicate, will be as follows : 


Source 

d.f. 

Blocks 

4r— 1 

Treatments 

12 

Error 

12r— 12 

Total 

16r— 1 


The block SS is computed from the 4r block totals and the grand total. 

The treatment SS contains 12 d.f.y * deluding the 3 d.f. due to 
the three confounded effects, ABCy BCD and AD. This SS carrying 
12 d.f. c*n be partitioned into 12 orthogonal components in the 
usual way. 

fs(ii)— 7 
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20.11 Factorial experiments in a single replicate 

We have seen that more than one replicate is necessary to get an 
estimate of the experimental error. We have also observed that as 
the order of an interaction increases, it becomes difficult to interpret 
the interaction, and also an experimenter is usually interested in the 
main effects and some lower-order interactions only. 

In the case of a 2" -experiment with a large number of factors, 
say n= 5 or 6, and with a single replicate, we can pool some of 
the high-order interactions, say the 4-, 5- and 6-factor interactions, 
and use the pooled value to estimate the error of the experiment on 
the assumption that these high-order interactions are absent (or 
negligible). This error then can be used to perform tests about the 
main effects and the lower-order interactions. 

In a 2 e -experiment with a single replicate, we shall have the 


following components : 

d.f. 

Main effects 6 

2- factor interactions . 1 5 

3- factor interactions 20 

Error (pooled 4-, 5- and 6-factor interactions) 22 

Total 63 


In the confounded case, some of the interaction effects will form 
the block component. Thus for a 2 Experiment in 4 blocks of 16 
plots each (and in a single replicate) confounding ABCD, CDEF and 
ABEF 9 the appropriate table will be the following : 

d.f. 


Blocks 3 

Main effects 6 

2- factor interactions 15 

3- factor interactions 20 

Error* 19 

Total 63 

20.12 Split-plot design 


In field experiments, sometimes a factor has to be applied to a 

large experimental unit. This is true when the different methods of 

ploughing or irrigation are to be compared. And in such cases it is 

*Thii error is obtained from pooled 4-, 5- and 6-factor interactions, excluding 
ABCD, CDEF mad ABEF. 
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possible to introduce a second factor, which does not require large 
plots, with a small number of levels into the same experiment, at a 
little extra cost. This is done by splitting the plots (called whole 
plots) of the first factor into as many sub-plots as there are levels of 
the second factor. 

A split-plot design with an RBD for the first set of treatments 
(called “the whole-plot treatments”) is obtained by allotting the 
whole-plot treatments at random to the whole plots of a block and 
then randomising the second set of treatments (called “the sub-plot 
treatments”) to the sub-plots within each whole plot. 

The difference between the split-plot arrangement and the ordi- 
nary two-factor experiment in an RBD is that, while in the former 
case the randomisation is done separately for the whole plot treat- 
ments (to the whole plots of a block) and the sub-plot treatments (to 
the sub-plot* of a whole plot), in the latter case all the combinations 
of the two factors are alloted at random to the plots of a block. 

This enables us to test for the main effects of the sub-plot 
treatments and the interaction of the whole-plot treatments and the 
sub-plot treatments more efficiently than the main effects of the 
whole-plot treatments in a split-plot design. On the other hand, the 
main effects and the interaction are all tested equally efficiently in 
the two-factor experiment in an RBD . 

There is another interpretation of the split-plot design which 
brings out its similarity with a confounded design. If the sub-plots 
are considered as plots and the whole plots as blocks, we find that 
the differences among the whole plots are the same as the differences 
among the levels of the whole-plot treatments. And so this design 
may be said to have confounded the main effects of the whole-plot 
treatments. In this respect, this design violates our recommendation 
in previous sections that the confounding in factorial experiments 
should preferably be restricted to higher-order interactions. 

Layout 

The p levels of the factor d are randomised according to the plan 
used — an RBD or an LSD for the factor A. The q levels of the factor 
B are then randomised inside each whole plot of factor A by dividing 
each whole plot into q sub-plots. This randomisation is carried out 
separately for each whole plot of a block (or a square). 
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Analysis 

Suppose we have a factor A at p levels, which are arranged in 
an RBD using r blocks, and a second factor B at q levels, which are 
applied to the plots of a block after subdividing each plot into q 
sub-plots. So there are p whole plots in a block and q sub-plots 
in a whole plot. The model used is 

yijk — / x +^»+ T y+*fy+y* +8y* +e\jk ••• (20.18) 

(i= 1, 2, , r ; j= 1, 2, , p and *=1, 2, , q ), 

where ry, y* and fy* are the fixed effects due to the jth level of A } 
Ath level of J? and the interaction between thejth level of A and the 
ith level of B , respectively, with 

2>j = Zy* = 28,* = 2 8 ,* =o. 

J k j k 

all k all ; 

The random components b *, and are independently normal 
with zero means and respective variances aj, aj and oj/. Then the 
analysis can be done in two stages. At the first stage, we use the 
analysis of an RBD with p treatments in r blocks, but remembering 
that each plot value now is based on the total of q sub-plot values. 
Then the whole plot analysis is as follows : 


Source 

d./. 

**• 

Blocks 

Whole-plot treatments (4) 

Whole-plot error (Ej) 

m 

(Blocks) 

1 

r q% ( Jo,o - J»ooo) **» 55A 

J 

q2,%(yt t 9-yi9Q-yo)9+yoM) 2 =SSEi 
• j 

Total between whole plots 

(rp- 1) 

q%XO>,j»-SMoy 

*) 


It can be shown that 


E(MSA)=o*,+qa* + <f> l (T 1 , Tg, , r p ) 

and £(M5 , £ , / ) = aJ*+?^?> 

where <f> x is zero if H 0l : ry=0, for all j, is true, otherwise <j> x >0. 
Thus a test for H 01 is provided by F=MSAjMSE t , which follows an 
F distribution with (^— 1), (r — 1) — 1) d.f I 

The next stage of the analysis is the sub-plot analysis within the 
whole plots : 
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Source 

d.f. 

ss 

Sub-plot treatments (B) 

q - 1 

rp^JlHk-jMtP-SSB 

Interaction (AB) 


r% —>••*+>•••) % —SS(AB) 

Sub-plot error (En) 

P(q- iK'-i) 

??2!( yijk -y*jk — . jifr+jifr) taa SSE u 

Total between sub-plots 

within whole plots 

rp(q- 1) 

%%2,(yijk - -yij 0 ) 1 


Putting both the parts together, we have the following analysis 
of variance for the split-plot design : 


TABLE 20.21 

Analysis of Variance of a Split-Plot Design 
with Whole-Plot Treatments in r Randomised Blocks 


Source of j 
variation 

1 

1 d.f. 

55 

1 

MS 

£(M5) 

F 

Blocks 

r— 1 

55 (Blocks) 

MS (Blocks) 



Treatments 

M) 

p-\ 

55/4 

MSA 

+ <f>l(T,’s) 

p MSA 
= MSEi 

Error (/) 

{T-\)(p-\) 

SSEi 

MSEi 

<V*+7<7,* 


Treatments 

(8) 

9-1 

SSB 

MSB 

tvH-Mn' 8 ) 


Interaction 

(^b) 

(P- IX?- 1) 

SS(AB) 

MS(AB) 

»#'*+ 4*»( *ik*) 

RH 

Error (//) 

7 

7 

X 

SSEn 

MSEn 



Total 


Total 55 

— 


If the whole-plot treatments (^4) are applied to a pxp Latin 
square, then the whole-plot analysis will be that of an LSD, The 
sub-plot analysis will remain as above with r=p. 


It can be shown that 

E(MSB)=<r*,+<l> t (Yi, y» y«)> 

E[MS(AB)]=o*,+M» lk ’s) 
and E(MSEn) =aj f , 

where if #02 : Vk =0 (for all k) is true, otherwise > 0, 

and ^ 3=0 if H os : =0 (for all j, A) true, otherwise > 0. 
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Thus a test for H n is provided by F= MSBjMSE n, which has an 
^-distribution with \q— 1), p(q— 1) (r — 1) d.f. And a test for H n is 
given by F=MS(AB) \MSEa, which has also an F-distribution with 

Computational procedure for the analysis of a split-plot design : 

(1) Calculate the rp whole-plot totals : 

Tij o, *=1» 2 r and j=l, 2, , p. 

(2) Calculate the p whole-plot treatment (A) totals : 

2*o/o> j = 1» 2j , p' 

(3) Calculate the r block totals : T m , t'=l,2 r. 

(4) Calculate the pq totals for the pq A and B treatment 

combinations : T ojk , j= 1, 2, , p and k= 1, 2, 

(5) Calculate the q sub-plot treatment (B) totals : 

2*oo k — 1,2, i q- 

(6) Calculate the grand total : 

2* ooo = 22*1/0 = 22*0/0 =22* ,'«o — 22 * on = 22*oo * • 

t.i i • i.k k 

(7) Calculate T ow */rpq. 

(8) Calculate raw total SS='£ l y i j k i . 

i.i.k 

(9) SS (Blocks) ='E,T i00 s l pq—T 000 2 lrpq : obtained from (3) and 

(7). 

(10) SSA—^Toj^Irq—T^Irpq : obtained from (2) and (7). 

(11) SSE r — ’ZT i j 0 t lq—T 000 *lrpq -SS (Blocks)— SSA : obtained 
from (1), (7), (9) and (10). 

(12) SSB= £2**0* */ r P— 2* 000 J /rp5 : obtained from (5) and (7). 

(13) SS{AB) = J,T tjk i lr-T 0M i lrpq-SSA-SSB : obtained from 
(4), (7), (10) and (12). 

(14) Total £5=2^/** -2*ooo l jrpq : obtained from (8) and (7). 

(15) •£$£//= total SS-SS (Block %)-SSA-SSE t —SSB-SS(AB) : 

obtained by subtraction. 

% 

The estimates of standard errors for different types of comparison 
are : 

Difference between two whole-plot treatment means : y/2 MSEJrq; 
Difference between two sub-plot treatment means : y/2 MSEnjrp; 
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Difference between two sub-plot treatment means at the same 
level of the whole-plot treatment : V2MSEij[r ; 

Difference between two whole-plot treatment means at the same or 
different levels of the sub-plot treatment : V 2[(g— 1 )MSEi/+MSEi]/rq. 

The ratio of the treatment difference to its standard error for 
the last type of comparison mentioned above does^not follow a 
{-distribution. For an approximate test, see [2]. 

Advantages and disadvantages 

The split-plot design has two errors, of which En is smaller than 
E r Hence usually, the B and AB effects will be estimated and tested 
more precisely than the A effects. The main advantage of the design 
is that often it is possible to introduce the second factor B , requiring 
small experimental material, along with A in a split-plot arrange- 
ment at little extra cost. If we have a choice for the allocation of 
factor A and factor B to the whole plots and split-plots, we shall 
apply the factor which is more important to the split-plots. 

The disadvantages of this design are that the presence of two 
errors makes the analysis difficult and sometimes the error Ej may 
be too large. 

Although the experimental error for sub-plot treatments and 
interaction is smaller than that for whole-plot treatment, it can be 
shown that the average experimental error over all treatment 
comparisons is the same for a split-plot design and the corresponding 
factorial experiment in an RBD . 

Theoretically, the splitting of plots can be continued further. The 
split-plots may be split into split-split-plots and * third factor (C) 
may be alloted at random inside each split-plot, and so on. Efficiency 
increases with the decrease of plot-size. However, splitting beyond 
a stage is practically impossible, and the analysis also becomes 
complicated as the splitting continues. So repeated sub-division of 
plots is not carried out too far in practice. There is a variant of 
the split-plot design in which both factor A and factor B will be 
applied to large strips by dividing the experimental field into as 
many rows as the levels of one factor and as many columns as the 
levels of the other factor. Then the two factors will be applied at 
random to the rows and columns. This is helpful when both the 
factors require large plots. 
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Ex. 20*5 A varicty-manurial experiment was conducted by 
allotting the three varieties V v V t and V a at random to the plots of 
four randomised blocks and then, splitting each plot into four sub- 
plots, the four manures Af„ M t , Af, and M t were applied at random 
within each plot. The plan and yield are shown on the next page. 
Analyse the data to find out if there are any effects due to manure 
or variety or interaction between variety and manure. 

We draw up the block-variety table for obtaining the whole-plot 
analysis : 


Variety 

I 

II 

Block 

III 

IV 

Total 

Vi 

609 

450 

488 

545 

2092 

F. 

920 

870 

833 

1118 

3741 

F. 

1067 

1072 

1093 

905 

4137 

Total 

2596 

2392 

2414 

2568 

9970 


oc_ (2596)*+ (2392)*+ (2414)*+ (2568)* (9970)* 

Block 00 12 — 48 

_ 24882900 99400900 
12 48 

*=2,073,57 5 — 2,070,852 08333 
=2,722-91667. 

Variety 55- (2092) 8 +(3741)»+(4137 ) « (9970)* 

16 48 

070, 852-08333 

=2,217,894-62500 - 2,070,852-08333 
= 147,042-54167. 

Error (f) 5 y- ( 609 )*+( 920 ) 8 + -•*+(1118)*+ (905)* (9970)* 
variety 55— block 55 

=?^Z°12_ 2 , 070, 852-08333-H7, 042-54167 -2, 722-91667 

=2,239,252-5-2,220,617-54167 

=18,634*95840. 
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Field Plan and Yield 


Block I 


Block II 


Block III 


Block IV 
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Next, to obtain the manure SS and interaction SS 9 we draw up 
the variety-manure table : 


\Variety 

Manuit\ 

V i 

V, 

V, 

Total 

M x 

324 

559 

412 

1395 

M t 

665 

900 

1000 

2565 

M t 

593 

1005 

1009 

2607 

Mi 

510 

1277 

1616 

3403 

Total 

2092 

3741 

4137 

9970 


Manure (1395)*+ (2565)»+ (2607)»+ (3403)« _ (9970)» 
_26902108_ 2 070 852 08333 

=2,241 ,842-33333 - 2,070,852-08333 
= 170,990-25. 

Variety x Manure 5y= (324)» + (665)« ± : .. ; -K1009). ± (1616)« 

— ^9970^ _ manure variety SS 

_9813866_ 23888 q 4 . 875 

4 

=2, 453, 4665 -2,388,884-875 
=64,581-625. 

Raw total £5=2,500,068. 

Total SS=2, 500,068-2, 070, 852-08333 
=429,215-91667. 

Error (//) ££=25 ,243-62493, by subtraction. 
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TABLE 20.22 

Analysis of Variance of the Split-Plot Design 


Source of 
variation 

*/• 

I 

SS 

MS 

F 

Blocks 

3 

2,722-91667 

907-63889 


Varieties 

2 

147,042-54167 

73,521-27088 


Error (7) 

6 

18,634-95840 

3,105-82640 


Manures 

3 

170,990-25000 

56,996-75000 


Variety X Manure 

6 

64,581-62500 

10,763-60416 

11-512 

Error (//) 

27 

25,243-62493 

934-94907 


Total 

47 

• 

429,215-91667 



Since F. 01; 6 , 2 e= 3*59 and F. 01 ;at28 = 3-53, we find that the F for 
interaction (which has 6,27 rf./.) is highly significant. So the hypo- 
thesis of no interaction effects is rejected at the 1% level. As such, 
we do not perform the test for main effects of A and B , and hence 
the corresponding F*s are not shown in the above table. 

20.13 Analysis of covariance 

This is an extension of the analysis of variance to cover the case 
where observations are taken on more than one variable from each 
experimental unit. Interest, however, centres on one of these (y, 
called the dependent variable) and the question is whether the 
variation of the dependent variable over the classes is due to class 
effects or due to its dependence on the other variables (*’s, called 
the independent or concomitant variables ), which also vary from class to 
class. The analysis of covariance controls the experimental error by 
taking into consideration the dependence oty on x. 

As simple examples where techniques of the analysis of covariance 
may be used, we may consider the following : 

(i) The yield of a crop may depend on the number of plants 
per plot, and we may consider number of plants as the concomitant 
variable and perform an analysis of covariance. 

(ii) In a study of the effect of drugs or diets on the growth 
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of animals, the growth may depend on the initial condition (say 
initial weight) of the animals and an analysis of covariance may be 
performed 
’ Analysis 

Suppose that observations are taken according to some plan, say 
a one- or two-way layout, a Latin square or some other design, 
and that with each observation on y, the dependent variable, we also 
take observations on each of a number of concomitant variables, 

x u x v , */ In the analysis of variance model, each y was 

expressed as the sum of two components — the true value E(y) plus 
the error. In the analysis of covariance, the E(y) is the sum of two 
components — one that would be present in an analysis of variance 
and the second is the linear combinatipn of the values of the conco- 
mitant variables with regression coefficients OS’s). 

Thus the model in the present case is 

yi * (*.i ^ +«#* + + ***** ) + os, * sl + 

Pi x i2+ +£/**/)+*«*> ••• (20.19) 

where a if 9 s are known, x tJ is the value of the jth concomitant variable 
observed with y l9 jS’s are the regression coefficients of y on the 
concomitant variables and r’s are the effects (main*, interaction, 
block or other effects) in thr the corresponding analysis of variance 
model. *|* is the random error component in the analysis of co- 
variance model. For tests of significance, e { * 9 s are assumed to be 
independently normally distributed with zero means and common 
variance aj*. We shall consider only the case of fixed effects. 

The use of a *** with the error e and variance a t9 of the corres- 
ponding analysis of variance model, is meant to stress the fact that 
these quantities in the two models need not be the same. The intro- 
duction of ^ fa *ik * n the analysis of covariance model may change 

their values. While discussing ‘local control’, we said that one 
way to control error is by the technique of analysis of covariance. 
This is because of the analysis of covariance model will be 
smaller than <r, of the corresponding analysis of variance model, 
provided the jS’s are not all zeros. 

The least-square estimates of r’s and j3’s can be obtained in the 
usual manner, and the test for a linear hypothesis about any set of 
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effects can be derived following the procedure outlined under ‘Tests 
of general linear hypotheses’ in Section 19.4. 

We next consider in detail the analyses for some simple models. 


20.13.1 Analysis of covariance for a one-way layout with one 
concomitant variable 
The model here is 

ya— P( x tj *oo) “!"*»/* ••• (20.20) 

(i=l, 2, , t ; j=l, 2, , r,*), 

where the e^s are independently normal with zero means and 

variance o?* and * 00 =22 x ijln, where « = 

• / « 

The least-square normal equations for & and /S are 
2 [ ya /*» P ( x *j *oo) ] ^ ^ 

and - Mi - Pi* a ~ *oo)] i*i,~* oo) =°- 

The least-square estimates are 

Mi*=^io— P(*io~ *o») 

(this [l* is of the analysis of variance model minus the adjustment 
factor Xqq) due to the introduction of x in the model), 

*»o) ( y*i y*o) j£ 

— f 9 ’ “ y * - ( 20 - 21 ) 

2(*ij x tQ ) &X* 

•»/ 

where £,,= £(*i,—*io) O ’ H -Jio) 

and 


i.; 


Ex X — 2(*ij *io)*' 

w 

Also, we define E,j=JXy v —y , 0 )*, 

» 

j = 2 r » (*i'o Af oo)(^'»o””-yoo) 


and 


— ]E r «(^lo ^oo) 2. 


( 20 . 22 ) 


It is easy to verify that 

2(^^oo) 2 =y„+^„ 

^(*fj *00 ) * “ ^ * x 4" * 

$*O-*00) (yij “O'oo) = r • 


and 
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These give the partitioning of the total 55 due to y, the total 55 
due to * and the total sum of products (SP) of * and y, respectively. 
The unrestricted residual 55 obtained for the above model is 

=22^0— .wo-ft*,- ,—*»)]* 

• ; 

= ? ~^ ,# ) * — ^^2 (*«■>■ — *<») O'. - / —yto) + $* 2 (-*■«-,• ~ x io) i 

I } -f- fi 2 E Ht—Eyy — $E X J 

—E) >f~E M t t IE MX , and this has (n — <— 1) </./. 

The null hypothesis in the present case is H„ : p,’ s are all equal, 
which means that the effects due to the different classes, after 
considering the dependence of y on x, are the same. 

The restricted residual 55 (i.e. the residual 55 under H 0 ) is 
(55EV= the minimum value of 22l><,— * M )]* 

when minimised w.r.t. and j8 


— 2 S [^<,—^00 —&* (*ij — *oo) ] *> and this has (n — 2) d.f.. 


where fL=y w 


2* 2* \^ij~ 
i J 


are the least-square estimates of /x (common value of ^ s) and 
under H„. 

Then it is easy to check that 


P 


(SSE*) ' - %IXyif-yoo) , -'$*ll^(xij-x 00 ) (yif-y 00 ) 

=E'„-0*E'„=E'„-E' m S/E'„. . 

Thus, from the results of Section 19*4, it follows that the appro- 
priate test statistic for testing H 0 is 

J? _(55£*)'-(55£*) n-t-l 

{33E*y /IT - ’ 

and H 9 is rejected at the level a if 


otherwise, it is accepted. 

To put the above • material in the form of an analysis of 
covariance table, we draw up a table similar to an analysis of 
variance table, but having some additional entries. 
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TABLE 20.23 

Analysis of Covariance for One-way Classified 
Data with One Concomitant Variable 


Source of 
variation 

d.j. 

ss„ 

1 

SP M , 

SSyy 

Estimate 
of fi 

Adjusted 


d.f. 

Glasses 

/-I 

T„ 

T.y 

Tyy 




Error 

n—t 

E„ 

E,y 

Eyy 

Exyl^xx 

SSE* 

n—t— l 

Total 

«-l 

E'„ 

E’*y 


E'xylE'a 

(sse*y 

n-2 

Difference : 
Total —Error 

— 

(SSE*)'— SSE* 

t-\ 


20.13.2 Analysis of covariance for an RBD with one conco- 
mitant variable 

Now we consider the analysis of covariance for an RBD, i.e. 
for a two-way layout with one observation on y per cell and with 
one concomitant variable. 

We take the model in the form 

^.7=/* +«.* + 0/ +P (**/- *00) -H.7* — (20.23) 

(f=l> 2, , r ;j= 1, 2, , t), 

where a i9 0y are the fixed block and treatment effects, p the regression 
coefficient and xy the value of the concomitant variable, and are 
independently normal, each with mean zero and variance aj*. Also, 

2<*i*=20;= s! O. 

i ; 

The ^cast-square estimates are 
A=Vooi 

JhJf— ft**— *oo)» 

O’oi-J’oo) -fooi-Xoo) 

„ ... a (yn-yn-y*i+yn) 

an ^oy+^oo) 1 

say. 

&(*, df are the corresponding estimates in the analysis of variance 
model minus adjustment factors due to the introduction of x. 

















112 


FUNDAMENTALS OF STATISTICS 


The partitioning of the total sum of products of x>y is 

22(*tf-*oo) (yti-yw) =<2(*,o-*oo) O’w-j'm) 4- 

• ; • 

*oo) (m-Joo) + ' *io— *o;+*oo) (.Vii—Jio—Joi+Joo) 

§ i i 

or, symbolically, 

total (SP S j)=-B X9 -rT a y+E X j. 

Similarly, 

■ *oo)*-=<2(*.-o- Jf oo)*+r2(*oi-Xoo)*+22(*y-*.-o-*o/+ Jf o«)* 

» i • ; • i 

or total (££,*) =/?**+T xj( +/s xx ; 

and total 

The unrestricted residual £5 obtained for the above model is 

SSE*=2 l Z[y ii -ji-a i *-§ j *-fo„- Xoo )]' 
i J 

=22(yij-joo) s -‘I(jio-yoo) i - r 2(yo—Joo) i -0 E *, 

• 3 i 3 

= total (SS,,)-B yy -T yi -$E x , 

— (SSE for RBD) — $E„ y , with (r— 1)(< — 1) — 1 d.f. 

$E xy is the reduction in error SS due to the regression ofj> on x. 

Thus 

SSE*=E y ,-$E x „ with {(r— 1)(S— 1) — 1> d.f. 

The null hypothesis to be tested is H 0 : all 0/s are equal, which 
means that the effects due to the treatments after considering the 
regression of_y on * are the same. 

The restricted residual SS (i.e. the residual SS under H 0 ) is 

(SSE *) 1 = minimum value of SSL?*” A*— a,— P(*ij—*oo)¥* 

i 3 

when minimised w.r.t. /x, a/s and j3 
»*J i 

/}* being the least-square estimate of )S under H 0 and being given by 



$*=E'„IE' mm , 

where 

‘ E'"=E"+T xx , 


E> jj= E jy+ T i> 

and 

E ' Uf f= E „y- s rT a y. 


Thus, from the general theory of Section 19.4, it follows that the 
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appropriate test statistic for testing H 0 is 

r-iSSE'Y-SSE* (r — 1) (/ — 1 ) — 1 
SSE* (7=Tj * 

and H 0 is rejected if the above F>F a . ; otherwise, 

is accepted at the level a. 

The corresponding analysis of covariance table is shown below : 

TABLE 20.24 

Analysis of Covariance for an RBD 
with One Concomitant Variable 


Source of 

d.f | 

S < i xv 


SSyy 

Estimate 

Adjusted 

variation 

of j8 

| SSyy 

d-f. 

Blocks 

r - 1 

B\X 


*>' ! 

i 

i 



Treatments 


r xx 

T*> 

V 




Error 

(r— 1 > (r — 1 > 

l x . 

1 *y 

i 

ly, 

1 

F,y!F„ 

\ 

SSE* 

(r-l)(/-l) 

Treatments-f- 

Enor 

1 

r{t-\) 

1 

1 



1 r/ xy iE’ xx 

1 

{SSE*Y 

| r(t— 1)-1 

1 

Difference : ' 
( Treatments + 
Error) -Eiror 



— 



(SSE*)'— 

(SSE*) 

i~ 


20.13.3 Analysis of covariance for any complete block design 

The computations for any complete block design are the same as 
those for the RBD . The steps to be followed aie : 

(1) Set up the appiopriale analysis of covariance table with 
columns for SS XX , SP XJ and SS yy . 

(2) Compute SSE* =-Eyy—E xy 2 /E xx , with v 1 = (d.f. for E yy --\) 
as d.f : 

(3) Obtain MSE * 

(4) Compute ( Ircatments-J Error) line in the table and obtain 

(5) Obtain (SSE*y---E' yy —E xy 2 IE xx > with v % *-{Jf. for E yy -l) 
as d.f. 

(6) Obtain (SSE*)' — (SSE*) with d.j. v 2 — ^=(1— 1), 

(7) Obtain F- * (7ITT} with ^ *i for 

testing H 0 : all 0/s are equal. 

rg(ii>— 8 
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Ex. 20*6 An experiment on sugar-cane conducted in four 
randomised blocks, using plots of size 37' x 12' each, gave the following 
values of number of plants per plot (*) and weight of cane in kg. (j>). 
"the data on number of plants provide a basis for error control 
through the analysis of covariance. The three treatments used were : 
Manures: (1) Nitrogen — 350 lb./acre as ammonium sulphate — JV. 

(9) Phosphorous — 450 lb./acre as superphosphate — P. 

(3) Potash — 150 lb./acre as sulphate of potash — K. 


Plant Number (x) and Weight of Cane in kg. (y) 
fob Three Treatments : JV, P and K 


Block 


N 

Treatment 

P 

K 


Total 


X 

y 

X 

y 

X 

y 

X 

y 

1 

41 

122 

41 

81 

42 

80 

124 

283 

2 

40 

120 

50 

80 

38 

82 

128 

282 

3 

38 

138 

46 

79 

54 

65 

138 

282 

4 

41 

121 

42 

73 

40 

58 

123 

254 

Total 

160 

501 

179 

315 

174 

285 

! 513 

1 - 

1101 


The relevent computations are shown below : 
rn _(160)*+(179)*+(174) 2 (513)*_87917 263169 
«* 4 12 4 12 " 

=21, 979-25 - 21, 930-75 = 48-50. 

g ( i 24)»+ ( 128 ) a +( 138) , + (123)» _ 21 >930 . 75 
3 

=65933/3 -21, 930-75 =21, 977-6667 - 21, 930-75 =46 9167 

Total (SS ( , J ,)=(4I)*+(40)*+ + (54)*+(40)*-21,930 75 

=22, 191 -2 1 ,930*75 =260-25. 
m _(501)*+(315)*+(285)* (1 1 01) a _ 43 1451 1212201 

” 4 12 4 12 

= 107,862-75**- 101 ,01 6-75 = 6,846-00. 

B (283) 2 -K282) 2 +(282) 2 +(254) 2 _ 101>016 . 75 
3 

=303653/3-101,016-75 
=101,217-6667- 101,016-75=200-9167. 
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Total {SS, , ) = ( 1 22)* +(120)*+ + (65)*+ ( 58)*- 101 ,016-75 

= 108,509- 1 01 ,0 16-75 =7,492-25. 

Total (SP tl ) = (41 x 122) + + (40 x 58) -5 13 x 1 101 /12 

=46, 418 - 564813/12 =46, 418 -47,067-75=-649-75. 

T, _( ^0 x 5 01) + (179 x 3 15) + (174 x 285) i7<??7 . 75 
*t 4 » 

= 186135/4-47, 067-75 =46, 533-75 - 47, 067-75 =-534-00. 

n _ ( 1 24 x 283) + ( 128 x 282) + ( 1 38 x 282) + ( 1 23 x 254) 

B x , g 

—47,067-75= 11^-47,067-75=47,1 15-3333-47,067-75 
=47-5833. 

The SSs and SPs are entered in the following table : 


TABLE 20.25 

Analysis of Covariance for the Data of Ex. 20-6 


Source of 
variation 

d.f. 

ss„ 

SP.y 

SSyy 

b 

Adjusted 

SSyy d.f 

Blocks 


46-9167 

47-5833 

200*9167 



Treatments 


48-5000 

-534 0000 

68460000 



Error 


164-8333 

-163-3333 

445*3333 

-•9909 

283*4863 5 

Total 

11 

260*2500 

-649*7500 

7492-2500 

1 

1 

i 

Treatments 
+ Error 

8 

213-3333 

-697 3333 

« 

7291-3333 

-3-2668 

5011-8902 7 

Difference : 
(Treatments 
-f Error) 
— Error 



— 



4728-4039 2 


Since 


4728-4039/2_2364-2019 
283-4863/5 56-697° 


=41-6987 


is greater than 13-27, it would seem that there are real 

treatment differences after adjustment has been made for the 
differences in the number of plants per plot. 
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20.13.4 Testing the homogeneity of a group of regression 
coefficients 

Suppose we have p groups of observations on (x,y). The obser- 
vations in the ith group may be labelled {x^,y ii ) 9 for/al, 2, , n* 

and i=l, 2 , p. We can then have p regression equations 

(considering the regression of y on x) as follows : 

E ( ya) =«« + ft (*.,• - * i0 ) • • • • (20.24) 

Then, under the assumption that j/fj’s are independently normal with 
var (ytj) =<7® for all groups, we may be interested in the null hypo- 
thesis i/ 0 : all ft’s are equal or, in other words, in the hypothesis that 
the p regression lines are parallel to one another. We shall use the 
general procedure of Section 19.4 in deriving the test-statistic. 

The least-square estimates of a,’s and ft’s are 


& i=yio* 



j 



say. 


Then the unrestricted residual SS is 
■Si*— bi(xij -* i0 )] a 

=2D( yq—fiJ*— I b i *•) 

» / * 7 

= 2Q-2M<> say 
i I 


-XiCi-biBt) 

9 

= 2 (unrestricted residual SS for *th group), with 2(n,—2) </./. 

« i 

Next, we obtain the restricted (under H 0 ) residual SS, which is 

£ 8 a == minimum value of *ia)] 2 when minimised 

• y 

w.r.t. a*’s and ft where ft is the common value of ft’s 
under H t 


=Yl[yn-y,a-b(xij-x h )] 2 


» 3 


yio ) 2 b ^2ii x i3“ mX io)(yi~y{o) 

• 3 i 3 

= '2,C i —b'ZB 9 =C t —bB ( , say, with 2( w f— 1 ) — 1 </./., 
where the least-square estimates under H Q ofay’s and p are 


ft 


^ x io)(yij yio) ]£ft* 

* ?== 1 jAri =b ’ 




say. 
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Thus the test of H 9 is obtained by using the statistic 
«i e* I( B f — 2) 

7_‘ S « . i 

-V fi-1 


F= 


(Ct—bBJ — iCi—YbfBi) 9a 
= C^JlB, >-P Wlth («— 2/*) d-f- 

where n^Yni. 

•£ i 

The above test may be systematically performed with the help of 
the following two tables : 

TABLE 20.26 

Table of Preliminary Computations 


Group 

d.f. 

SS XX 

SP„ 


b 

Adjusted 

SS„ d.f. 

1 

n x — i 

A\ 

B l 

Cl 


C\ — b\B\ iij — 2 

2 

fli — 1 


Bt 

Cl 

b%— BtjAt 

C% — b%B% flj— 2 

P 

Tip 1 

l 

Ap 

B,. 

Cp 

bp — B p l A p 

Cp—bpBp Up— 2 

Total 

1 

1 n—p 

\ 

1 A,=%/ 
1 * 

B,--%Bi C,= 2C, 
i * 

j b-B,IA, 

C t — bB t n — p — 1 


TABLE 20.27 
Test of Significance 


Source of 
variation 

d.j. | 

ss 

MS 

F 

Difference : 
(Total— 

Within groups) 

p- 1 

By subtraction 

(S t *-S l ')!{p-l)=MSR 

F MSR 
MSE 

Within groups 

n— 2p 

X(C t -b l B l )^ 

i 

S 1 ‘Hn-2p)-MSE 


Total 

If— jfr— 1 

C,-bB,=S,* 

— 


The hypothesis of homogeneity of j8<’s (i.e. H 0 ) is rejec ted at the 
level a if for the data 


MSR 
* MS E 




), (»-*#> 5 


otherwise. H 9 is accepted. 
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28.13.5 Some (acts about analysis of covariance 

It is said that the analysis of covariance for increasing the 
precision of treatment comparisons is valid only if the treatments do 
hot affect the values of the concomitant variables. The adjusted class 
mean in the case of model (20.20) is estimated by 

The effect of the adjustment /}(* ,- 0 — * 00 ) is to change to the 
value that would be expected if there were the same x mean for 
all classes. So , if x’s are affected by classes, then a part of the class 
effect will be removed by this adjustment. An F-test of the x*values 
(F=MS(T mm )IMS(E M i)) gives information on this. If this F is not 
significant, then the adjusted class differences may be attributed to 
the different classes. But when the F for x-values is significant, the 
experimenter should be cautious. For differences in the adjusted class 
effects may really be due to the dependence of y on .v. If, however, 
the adjusted class effects do not differ significantly, then this may be 
due to the adjustment which might have cancelled class effects. 

We have introduced the component x 00 ) in the model on 

the assumption that the x’s do affect the ji-values. If one wants to 
verify this before proceeding with the final analysis, one may do so 
with the help of the test statistic 

t~fl\/E MM lAiSE*j with d.f. equal to the d.f of SSE*. 

This is a test for H 0 : /J=0. So if H 0 is rejected, then we proceed 
with the analysis of covariance. Otherwise, we do not. For in the 
latter case an analysis of variance will be appropriate. 

If the hypothesis H 0 : all p/s are equal, is rejected, one can 
compare all possible pairs to find out which of these differ. For 
this we need the estimate of the standard error of 

(£«*—£.*)> 

■where (&*— ft .*) = ( J><o->o) - 0(*;o~ *<-«) • 

Now, var (fc* -*,*) =o*[l + -Lf . ... (20.25) 

Even for simple layouts this exact value is different for different 
pairs of m*, due to the factor (*i 0 — •*>(,)*. Finney shows that the 

average value of this variance for an RBD with model (20.23) is 

v.r(»,.— ... ,20.26, 
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20. 1 4 Missing-plot technique 

After conducting an experiment according to some plan, we 
may find the yields from some of the plots missing. There may be 
various causes behind missing values, viz. accident, attack of pests, 
negligence on the part of the observer, or the value may be suspicious 
so that it is wise to treat it as absent. 

The correct procedure, then, is to write down the observational 
equations for the available observations and to perform a least squares 
analysis. But this gives rise to normal equations which are difficult to 
solve owing to the absence of certain observations. Yates considered 
a method of estimating the missing values, inserting the estimates and 
analysing the data. The technique of using the estimates of missing 
values gives results identical with those obtained by the correct 
procedure. 

The general procedure when k values are missing is as follows : 

Let x u x 2i , x k denote the k missing values. Write down the SSE 

using the jr.’s and the available data. Then SSE will be a quadratic 

expression in x x , x 2 , > say E(: r„ x 2 , , x k ). The estimates of 

the jq’s are obtained by minimising E(x v x 2 , , x k ) with respect to 

the x{ s. Let x x *> * 2 *, , x k * be the values that minimise E(x l$ x 29 

x k ). Then £(*/, * 2 *, , x k *) is the correct value of the 

error SS and it has (v,— k) d.f , 9 where v e is the error d.f. of the 

corresponding complete design with no missing values. 

The next step is to obtain the minimum value of (tieatment SS+ 

error SS) as a function of x 19 x 2 , , i.e. to mi: mise T(x 19 x 2 , 

x k ) +E{x v x 29 , x k ). Let x ly v 2 , , x k be the values that 

minimise this. Then T(x u x 29 > ^ as (•'<+ 

v% — £) d.f., where v t is the treatment d.f \ for the complete design. 
The correct value of the treatment SS is obtained as follows : 

T(x l9 x 2y Xk)+E{x i, x 2 , , \ k )—E(x i*, x 2 * x k *) 9 

and it has v, d.f. 

Then to compare the treatment effects, wc compute an F with the 
corrected treatment MS and corrected error MS. We have to assume 
that all the v , treatment contrasts are estimable even when the k 
values are missing. 

An alternative procedure is to perform an analysis of covariance 
with as many concomitant variables as the number of missing values. 
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Thus if k values are missing, we introduce k concomitant variables 

X v X v Xjt, where X { takes the value 0 for the ith missing plot 

and the value 1 for all other plots. For each missing plot, the y - value 
iff taken as 0. Then the analysis of covariance with these values oiy 
and X t , .... ...» X k will give the correct value of treatment SS as 
(SSE*)'— SSE* and the correct value of error SS as (SSE*). 

20.15 Series of experiments 

In many experimental situations, it becomes necessary to repeat 
an experiment over time (for a number of seasons or years) and/or 
over space (a number of places). This repetition (or replication) of 
the experiment broadens the scope of the experiment in the sense 
that our recommendations will be applicable for a number of seasons 
and/or a number of places. A single experiment performed in one 
place for only one season will provide recommendations for that 
place and for that season. It may not be applicable to other places 
or for other seasons. In the case of agricultural experiments, 
for example, there may be present treatment x place interaction 
and/or treatment x season interaction. So the results of a series 
of experiments, performed over different places for different seasons 
with the same set of treatments, will have wider applicability. 

We shall consider the simplest case of repetition of Experiments 
of identical structure over a number of places (it is the same for a 
number of seasons). Let* us consider randomised block experiments 
with t treatments in r blocks and conducted in p places. The 
analysis of the experiment in a place is based on the linear model 
(20.2). Before attempting a combined analysis for the p experiments, 
it is necessary to perform the analysis for the p places separately 
(according to Table 20.2) and interpret the results separately. It 
may be of interest to find out whether differences among the treat- 
ments are the same in the different places so that a ‘best* treatment 
may be recommended for all places, or whether different treatments 
are to be recommended for different places. 

We next consider the analysis of the combined experiments 
considering the places as a random sample from the population of 
places. The model for this combined analysis may be written as 

yau—p+Pk +£/* + T i+cn + e uk ••• (20.27) 

where j«l, 2, t ) J = 1 * 2, r j 1, 2, p. 
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Here p k is the random place effect ; iy* is the effect of the jth 
block at place k ; the ith treatment effect at place k has been broken 
into two components : (i) constant for all places, and (ii) c {k9 
the treatment x place interaction effect. The assumptions made are 
that if* are independently normally distributed with zero mean 
and variance a J for all i and . A; and that they are also independent 
of *f/**s. fjyft’s are also assumed to be independently normally 
distributed with zero mean and constant variance a 2 . 

The analysis of variance under model (20.27) is given below : 


TABLE 20.28 

Analysis of Variance of Series of Experiments 
under Model (20.27) 


Source 


ss 

MS 

E[MS) 

Places 

p - 1 

SSP 



Blocks within places 

P(r- 1) 

SSB 



Treatments 

f-1 

SST 

MST 

at+rat+rpOT* 

Treatment x Place 

(<- 1)0-1) 

SS(TP) 

MS(TP) 

o*+ro e % 

Pooled error 

*(r-l)(l-l) 

SSE 

MSE 

o* 

Total 

prl— 1 


— 


o$ is the variance due to treatments. We test for tlr absence of 
treatment X place interaction using the F statistic MS(TP)/MSE , 
while treatment effects are tested by computing the F statistic 
MST/MS(TP ). If interactions are present, we may use the test for 
treatment effects to know whether, in addition, there are consistent 
differences among the treatment effects. 

The above F-test for treatments will be vitiated if c 8 is not 
constant and this will happen if the effectiveness of treatments 
is not the same from place to place. Similarly, the F-test for 
interactions will be vitiated if a 8 is not onstant for the different 
places. 

The F*test for treatments will be based on the statistic MSTjMSE 
if the different places are considered fixed. 
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The SSs and d.f.* s for the blocks within places and the pooled 
error are obtained by pooling the SSs and rf./.’s of the blocks and 
the errors of the p analysis of variance tables for the p places (i.e. 
/ from p tables like Table 20.2) used in the preliminary analysis. The 
other three components of Table 20.28 are obtained in the usual 
manner by first forming a p x t table for places and treatments. 

The analysis for a series of similar / x t Latin square designs 
conducted in p places will be carried out as above with blocks within 
places with r — I ) d.f. replaced by two components — rows within 
places and columns within places each with p(t— 1) d.f., and the 
df.’s for pooled error and total being replaced by p(t~ l)(f— 2) and 
(pt 2 — 1), respectively. 

Questions and exercises 

20.1 Define the following terms which occur in the design of 
experiments : treatment , experimental unit , experimental error . 

20.2 What are the three basic principles of design ? Explain 
them. 

20.3 State how the following techniques help to control the error 
of an experiment : 

(a) the grouping of experimental units into homogeneous 
blocks, 

(b) confounding and 

(c) the use of concomitant variables. 

20.4 How do the size and shape of plots and blocks affect the 
results of a field experiment ? 

20.5 Clearly state the restrictions that are being imposed on the 
number of treatments and the number of replications of a treatment 
as we pass from a CRD to an RBD and then to an LSD. Also 
state how at the sacrifice of flexibility greater control over error is 
achieved in the above designs. 

20.6 Give the layout and analysis of each of the following designs : 

(a) randomised block design, (b) Latin-square design. 

20 7 Give an example where you think that a cross-over design 
will be useful. Write down the analysis of variance table of this 
design. 
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20.8 What is a factorial experiment ? In what respects is it 
different from a number of single-factor experiments (this number 
being equal to the number of factors in the factorial experiment) ? 

203 Define the terms main effects and interaction effects in relation 
to a 2 8 -experiment ? 

20 10 What is a treatment contrast ? When are two such con- 
trasts said to be orthogonal ? Show that in an RBD every block 
contrast is orthogonal to every treatn ent contrast. Show that in a 
2 3 -experiment the main effects and interaction effects are mutually 
orthogonal* How would you obtain the SS due to a mam effect or 
an interaction effect in a 2 3 -experiment ? 

20.11 Give in detail the analysis of a 2 3 -experiment conducted in 
randomised blocks. 

20.12 Give the expression for the total effect, the main effect, SS 
due to an effect and the standard error of an effect for a 2 *■ -experiment. 

20.13 What is meant by confounding in a factorial experiment ? 
Why is confounding used even at the cost of loss of information on 
the confounded effects ? Explain the terms complete confounding and 
partial confounding. 

20.14 Give in detail the analysis of a partially confounded 2 3 - 
experiment. Give the expressions for the standard errors of the 
unconfounded and the confounded effects. 

20.15 Obtain an appropriate system of confounding in a 2 5 - 
experiment in 2 2 blocks and obtain the intra-block sub-group. 

20.16 Indicate the analysis of a 2 "-experiment in a single 
replicate. (For detailed discussion, consider a 2 4 -experiment.) 

20.17 What is a split-plot design ? Why is it said that this design 
confounds main effects ? Give the analysis of this design. 

20.18 Illustrate the use of the technique of analysis of covariance 
in reducing error as it is applied to the RBD. 

20.19 How would you test for the homogeneity of a number of 
regression coefficients by an analysis of covariance ? 

20.20 Obtain the layouts of the following designs : 

(a) A CRD with three treatments, A, B and C, the replication 
numbers being 6, 5 and 1 0, respectively. 

(b) An RBD with five treatments in four blocks. 

(c) A 6 x 6 LSD. 
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(d) A 2*-experiment in which the highest-order interaction is 
completely confounded. 

(e) A split-plot design, with five levels of the whole-plot 
’treatment and three levels of the sub-plot treatment, in two 

replicates. 

20 21 Show that for Table 20.24, 

(SSE*y-(SSE*)= . 

Interpret the significance of the two components on the right-hand 
side of the above relation. 


20,22 Consider an RBD with one missing value. Perform the 
appropriate analysis using Yates’ technique for missing values. 

[Hint : Let x represent the missing value and let B\ T ' be the 
totals of the block and the treatment for which this value is missing. 
Then 


and f _ ff 

(r-l)t- n t-1’ 


(r — 1 J(4 — 1) 

where G' is the grand total for the available (r/ — 1 ) plot yields.] 

20,23 The following data were obtained from an experiment 
using the treatments : 0*32% of Blitox, 0*16% of Dithane z-78, 
0*09% of Brestan-60 and control. After sowing rhizomes of the 
mat-grass Cyperus tagetum Roxb. in four plots in each of three villages, 
the above four treatments were applied at random to the plots in a 
village after 30 days of sowing. The yields in gm. of I sq. feet 
cuttings per plot after 120 days are given below. Analyse the data to 
find out if there are any significant treatment effects. 


Yield (in gm.) of 1 sq. ft. Cuttings after 120 Dats 


Treatment 

1 

Village 

II 

III 

BlitQX 

678*2 

510*2 

531*2 

Dithane z-78 

703-2 

* 

689*5 

611*2 

Brestan-60 

736*8 

574*2 

573*7 

Control 

556*4 

510*2 

500*0 


Partial ans, F® 6*914. 







DESIGNS OF EXPERIMENTS 


125 


20 24 A 4 x 4 Latin-square experiment was conducted to compare 
the effects of four spacings, A, B, C and Z), on the yield of millet. 
The plan and yields are given below : 


Rows 

Columns 

1 

! 2 1 

3 

4 

1 

A 

n 

! c 

D 


231 

| 280 

285 

284 

9 

B 

A \ 

D 

C 

A 

284 

246 

283 

: 

271 

o 

C 

! D 

1 A 

! B 

o 

275 

| 282 

j 258 

j 258 

A 

D 

c 

1 B 

1 A 

T 

259 

271 

I 289 

275 


Test wheiiier the different spacings are equally effective ; and in 
case they are not so, compai e the spacings pairwise. 

Partial ans F= 2*285. 

20.25 The following table gives the plan and the yields of a 
manurial experiment involving three factors JV, P, A*, each at two 
levels : 

Block 1 Block 2 



0 

/* 

nk 

np 

k 

p 

n 

npk 

Replicate 1 

145 

191 i 

i 

i 300 

l 

240 

189 

272 

160 

v r 



0 

k 

npk 

np 

p 

nk 

pk 

n 

Replicate 2 

226 

159 

240 

182 

266 

300 

233 

278 



i 

p i 

npk 

o ^ nk 

n 

k 

pk 

np 

Replicate 3 

1 

186 j 

173 

i 

170 213 

209 

93 

224 

24S 



pk 

0 

npk 

« It A 

nk 

np 

P 

Replicate 4 

182 

175 

156 

183 293 

226 

248 | 

269 


Analyse the data and write a report. 

Partial ans. [JVr]=385, [P]=293, [ir]=23, [JVT]=342, 

[PA - ] = —91, [JVP]= — 183, [VPA-] 119 

and MSE= 2,194-8483. 
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20.26 The following data relate to the yields of an experiment 
in 2 replications of 5 varieties of corn, each in three generations. 
For each replicate a randomised block of 5 plots was used, with all 
* the three generations of each variety being accommodated in three 
subplots of a single plot. 

Block I 


Variety Number 


3 

2 

1 

4 

5 

a 

a 

i a 

c 

b 

50 

48 

40 

45 

50 

e 

b 

c 

a 

a 

48 

46 



48 

46 

48 

b 

c 

b 

b 

c 

45 

42 

46 

48 

45 

Block II 

• 

Variety Number 



4 

3 

1 

5 

2 

c 

a 

b 

b 

c 

48 

45 

43 

46 - 

’ 41 

a 

b . 

c 

a 

a 

50 

46 

51 

49 

50 

b 

c 

a 

c 

b 

40 

41 

45 

41 

46 


Analyse the data completely to test for the differential effect of 
generations and their interaction with varieties. 

Partial arts. F(interaction) =2-067, F(generations) = 1*3049,. 

F(varieties) < 1. 

20.27 In the year 1964-65, in each of the three villages of a 
district' of West Bengal, four treatments were applied at random to 
four plots 90 days after sowing the plots with rhizomes of the mat- 
grass Cyperus tagetum Roxb . The yield (y) in gm. of 1 sq. ft. cuttings 
after 120 days and infection value (*) after 90 days were recorded 
for each plot. Analyse the data given below, to find out whether the 
treatments had any effect, after eliminating the dependence of y on x. 
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Yield ( y ) and Infection Value ( x ) for the 
4 Treatments in 3 Villages 


Treatment 

I 

Village 

II 

III 

Blitox 

*=7*8 

v= 1 1*3 

** 

x=l 1*9 

>=642 

>=695 

>=730 

Dithanc 2-78 

*=3 1 

x — 5‘6 

*=5-2 

>=738 

>=722 

>=7')7 


x =6* t 

»{ 

II 

"j 

CO 

do 

11 

Brestan-60 

>=767 

>=759 

> = 762 


Control 


*=3‘3 
> = 625 


x=ll-2 
>- 643 


*=12*4 

>-(65 


Partial arts F=12’06, with d.f. 3, 5. 
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DESIGNS OF 
SAMPLE SURVEYS 


21.1 Introduction 

The use of sampling in making inferences about an aggregate 
(or population ) is possibly as old as civilisation itself. When one has 
to make an inference about a large lot and it is not practicable to 
examine each and every individual from the lot, one invariably 
takes recourse to sampling ; i.e., one examines only a few members 
of the lot and, on the basis of this sample information, one makes 
decisions about the whole lot. Thus, if a person wants to purchase 
a basket of oranges, he will examine one or two oranges from the 
basket and on that basis make his decision about the whole basket. 
This is inductive inference , i.e. inference about the whole from 
a knowledge of a part. 

Thus we see that most of our enquiries in practice are sampling 
enquiries . Sampling may become inevitable because we may have 
limited resources in terms of money and/or man-hours, or it may 
be preferred because of practical convenience. In many cases we 
shall find that a complete count or complete census is practically 
inconvenient or impossible. 

Sampling enquiries may be broadly classified into t’vo groups : 

(a) The enquiries which can be answered by inducting a 
sampling experiment, suitably designed or controlled by the experi- 
menter. Thu 3 , if we want to know which of 5 given varieties of rice 
is expected to give the maximum yield in the long run or whether a 
new drug is more effective than an old drug in curing a disease, we 
have to conduct an experiment with a sample of experimental plots 
or with a sample of patients, suitably controlled, and we can base 
our conclusions upon the experimental data. This group of experi- 
ments has been discussed in detail in Chapter 20, under the heading 
Designs of experiments. 

(b) The enquiries which can be answered by conducting a 
sample survey. Here the individuals to be sampled occur in nature 
and cannot be subjected to any experimental control. Individuals 
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arc sampled as they appear in nature and the required information 
is obtained from them. Thus, if we want to know the extent of 
unemployment or the expenditure pattern amongst the middle-class 
families in Calcutta, we have to conduct a sample survey. Here 
also we shall encounter the problem of planning or designing the 
sample survey suitably, as regards the method of sampling, size of 
sample, etc., so that at a given level of cost (in terms of money or 
man-hours) maximum accuracy may be attained in making 
decisions. This is the group of sampling enquiries with which we 
are concerned in this chapter. 

21.2 Basic principles of sample surveys 

The two basic principles for the design of a sample survey 
are (1) validity and (2) optimisation. The principle of optimisation 
takes into account the factors of (a) efficiency and (b) cost . 

By validity of a sample design we mean that the sample should 
be so selected that the results could be interpreted objectively in 
terms of probability. In other words, valid tests or estimates about 
the population characteristics must be available The principle 
will be satisfied by selecting a so-called probability sample , which 
ensures that there is some definite, preassigned probability for each 
individual of the aggregate to be included in the sample. 

Efficiency is measured by the inverse of the sampling variance of 
the estimator. Cost is measured by expenditure incurred in terms of 
money or man-hours. The principle of optimisation ensures that 
a given level of efficiency will be reached with minimum cost or 
that the maximum possible efficiency will be attained with a given 
level of cost. More generally, we can introduce the idea of a 
loss function, associated with the difference T— 0 (where 0 is the 
population characteristic to be estimated and T is the estimate 
based on the sample information) and the cost of sampling, and 
define An optimum design to be one for which the expected loss 
is a minimum. 

Thus designing a sample survey in a particular situation involves 
the following problems : (1) determination of the type of sampling 
and (2) determination in an optimum manner of the details of the 
survey. 
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The first problem is solved from two considerations : (a) con- 

venience — both in the identification of sample individuals and collec- 
tion of data and in the analysis of sample data— and (b) efficiency, 
as measured by the inverse of the sampling variance. We would 
choose that particular type of sampling which would ensure 
maximum efficiency with a given level of expenditure. 

The second problem is solved by expressing the cost and 

variance of the estimator as functions of F„ F 2 , , F p , the free 

or flexible variables determining the details of the sample design. 
The cost function C(F lt ... ..., Fp) and the variance function 

V(F U F g# , F p ) are determined theoretically or empirically. 

C or V may involve certain unknown characteristics which 
must be determined by taking a so-called small-scale pilot survey 
previous to the final survey. Finally, one determines the optimum 
values of r n .... F p by Lagrange’s method of undetermined 
multipliers. 

21.3 Advantages of sample survey over complete census 

Sampling is the selection of a part of an aggregate of material 
or population to represent the whole population . The part of the 
population selected by sampling is called a sample . It is from the 
sample that we make inferences about the population in which we 
are interested. 

A survey carried out on a properly selected representative’ sample 
is called a sample survey or sample census , as opposed to a complete 
enumeration or complete census , in which the whole population is 
enumerated or surveyed. 

In many cases, we undertake a sample survey in preference to a 
complete census because of the following considerations : 

(1) There is a reduction of cost either in terms of money or in 
terms of man-hours. Although the cost per individual may be 
larger in a sample survey, the total cost is expected to be smaller. 
In many cases our resources may be limited or it may be necessary 
that the results of the survey should be available within a specified 
time limit. In such cases it is imperative to adopt a sample survey 
rather than a complete census. 
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(2) There is generally greater scope in a sample survey than in 
a census. Some enquiries may require highly trained personnel or 
specialised equipment for collection of data, thus making a census 
practically inconceivable. Thus in a sample survey we may have 
greater coverage both in respect of the information collected and in 
respect of the geographical, demographic or other boundaries taken 
into account. 

(3) A sample survey generally gives data of a better quality than 
a complete census, because in a sample survey it may be possible to 
employ better-trained personnel, effect better supervision or use 
better equipment than is possible or feasible in a complete census. 
The errors in the estimates due to sampling are likely to be more 
than compensated by better control of non-sampling errors. (Sources 
of different types of non-sampling errors will be discussed in some 
detail in Section 21.5.) 

(4) What is more important, there is no way of gauging the 
magnitude of (non-sampling) errors to which the estimates from a 
complete census may be subject. On the other hand, a properly 
designed sample will itself give an idea of the magnitude of the 
sampling errors involved in its estimates. 

(5) It should also be remembered that in some cases a complete 
census is ruled out by the nature of the population. If there is a 
population which is infinite and/or hypothetical , like the population of 
all the throws that may be made with a coin, sampling is the only 
course available. Again, if the enumeration is by its nature destructive , 
e.g. when we want to know the average life in hours of a type of 
electric bulb, one must have recourse to a sample and a rather small 
sample at that. 

However, when time and cost are not important factors for 
consideration or when detailed information is wanted for all the 
sub-classes into which the population may be divided or when the 
population size is not large, a complete enumeration may be 
more appropriate thatfH any sampling procedure. But even in 
such situations, sampling methods may be used concurrently to get 
advance information well ahead of the processing of the complete 

enumeration data as well as to assess the quality of these data. 
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21.4 Different steps in a large-scale sample survey 

Conducting a large-scale sample survey involves three main 
stages : (a) planning stage, (b) execution stage and (c) analysis 
and reporting stage. 

The planning stage consists of the following steps : 

(1) Defining the objectives — The objectives of the survey must 
be clearly stated. Some of the objectives may be immediate and 
some far-reaching. Along with the objectives, the planner should 
take into account the available resources in terms of money and 
man-power, the time-limit within which the survey results must be 
available and the accuracy desired in the set of estimates to be 
prepared. 

(2) Defining the population — The population or the aggregate of 
individuals to which the survey results would apply must be clearly 
and unambiguously defined. The geographical, demographic and 
other boundaries of the population must be specified so that no 
ambiguity arises regarding the coverage of the survey. 

(3) Determination of the data to be collected — This must be 
done in conformity with the objectives of the survey. Once the 
nature of the data to be collected in the survey is decided upon, one 
must prepare a questionnaire or schedule of enquiry . Generally, a draft 
questionnaire is first prepared and tried over a number of individuals 
to discover any ambiguity or defect in framing the questions. The 
questionnaire is revised and finalised in the light of the trial data. 
The questions should be brief, practical and as objective as possible, 
and they must not leave much scope for guessing on the part of the 
interviewer. 

(4) Deciding on the method of collection of data — One must 
decide whether the interview method (i.e. house-to-house enquiry for 
the collection of data) or the mail questionnaire method (i.e. mailing of 
the questionnaires to individuals of the population for filling in and 
returning them) is to be adopted. Although the latter method is less 
costly, there is in it large scope for non-response and it is only practi- 
cable amongst educated people interested in the particular survey. 
In the cases where the information is to be collected by observation, 
one must decide upon the method of measurement— eye estimation 
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or exact measurement, the type of equipment or instrument to be 
used and similar other things. 

(5) Choice of sampling unit (s.u.) — The sampling unit is the 
ultimate unit to be sampled for the purpose of the survey. Thus, in 
an agricultural yield or acreage survey, one must decide whether a 
village or a plot or a small cut in a plot is to be the ultimate s.u., 
or in a socio-economic survey, whether a family or a member of a 
family is to be the ultimate s.u. In some surveys the ultimate s.u. 
may be sampled by a number of stages. In these cases there would 
be a hierarchy of s.u *s. Once the s.u. is decided upon, one 
must see whether a sampling frame , i.e. a complete list of the s.u.’s 
included in the population, is available. If it is available, it must 
be scrutinised to see whether it is adequate, complete, accurate, 
up-to-date and not subject to any duplication. On the basis of the 
scrutiny, the frame must be corrected if this is necessary. If a 
frame is not available, naturally one must prepare a frame before 
one can actually draw the sample. 

(6) Designing the survey — This is the most important step in 
planning a sample survey. Designing a survey means 

(i) deciding whether unrestricted random sampling or a 
variant of that should be used in the survey under consideration ; 

(ii) choosing the flexible variables in the sample, if any, in an 
optimum manner ; and 

(iii) deciding upon the details of a pilot or exploratory survey, 
if one is necessary for the main design. 

The design should take into account the available resources and 
the time-limit, if any, besides the accuracy desired. Any relevant 
practical considerations should also be taken into account. 

(7) Drawing the sample — The technique of random sampling, 
involving the use of a random sampling number series or some other 
random method, will be discussed in detail in a later section. 

(8) 'Training of personnel — The investigators and supervisors 
should be adequately trained for the job before the survey is actually 
undertaken. 

The execution stage involves the identification of the sampled 
individuals in the field and the filling in of the questionnaires. 
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The analysis and reporting stage again consists of the following 
steps : 

(1) Scrutiny of data — The fi)led-in questionnaires should be 
carefully scrutinised to find out whether the data furnished are plau- 
sible and whether data on different items are mutually consistent. 
If doubt or suspicion arises on any questionnaire, it should be sent 
back to the field staff for re-survey. 

(2) Tabulation of data — Whether hand-tabulation or machine- 
tabulation is to be taken recourse to depends upon the quantity of 
data. For a large-scale survey involving several thousands of indivi- 
duals, machine-tabulation is expected to be more economical and 
quicker. Use of code numbers for qualitative characters is essential for 
machine- tabulation. Data for a questionnaii e are to be transferred 
to punched cards, and sorters and tabulators are to be used for 
obtaining u of primary tables . 

(3) Statistical analysis — The primary tables may be further 
utilised for deriving necessary estimates for population characteristics 
or for testing hypotheses, if any. Some tables may be derived from 
the primary tables to bring to light some special features of the data. 

(4) Reporting — The report should incorporate a detailed state- 
ment regarding all the stages of the survey and should present all 
the statistical information collected in a neat tabular form. The 
data should be properly interpreted, conclusions derived and 
recommendations made. The technical aspects of th<~ design of the 
survey, e.g. the types of estimators used and their margins of error, 
may be presented in a separate chapter. 

(5) Storing of information for future surveys — At the completion 
of the survey, arrangements should be made for proper storing of the 
information for possible use in designing future surveys. 

21.5 Biases in surveys 

Almost all subjective sampling methods, where a good deal of 
choice is left to the sampler, give rise to biases of some form or 
other. The following are the main type of biases in surveys : 

I. Procedural biases— These are common to both complete 
enumeration and sampling methods. The following are the different 
types of procedural biases : 
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(i) Response biases — These biases have -their origin in the 
responses furnished by the respondents ; for example, wrong answers 
arising from pride, called prestige bias , by virtue of which one may 
over-state one’s education or occupation or under-state one’s age. 
Also, one may give wrong answers for the protection of self-interest, 
e.g. may make an under-statement of income or production and 
an over-statement of expenses. Response bias may also be due to 
preference for certain figures. For example, in the age returns 
individuals usually are found to have preferences for even numbers 
or for multiples of 5. 

(ii) Observational biases — Where the variate value is obtained 
by observation, psychological factors may sometimes influence 
the returns given. For example, in eye-estimating the yield-rate 
or the crop-condition factor, the crop-reporter almost invariably 
under-estimates, whereas eye-estimation of acreage generally results 
in over-estimation. 

(iii) Biases arising from non-response — Non-response may arise 
if the respondent is not found at home even after repeated calls, or if 
he either refuses or fails to furnish the information. Since non-response 
leads to a section of the population with certain peculiar charac- 
teristics being excluded, it generally results in biases of some form. 

(iv) Interviewer biases — Answers given by suggestions from 
the interviewer may be influenced by the interviewer’s beliefs and 
prejudices in interpreting some questions. 

II, Sampling biases — These are the biases that have their origin 
in sampling and are absent in complete enumeration. The following 
types may be distinguished : 

(i) Bias due to defective sampling technique — Purposive or 
judgment sampling, in which the sampler tries delibeiately to choose 
a representative sample, has been found generally to involve some 
bias. If a proper random process is not strictly adhered to, the 
investigator may allow his desire to obtain a certain result to 
influence his selection*. For example, for getting a sample of wheat 
plants growing in a field, it might be thought that a satisfactory 
method would be to throw a hoop in the air at random and to select 
all the plants over which it fell. But this might give biassed results 
since the hoop might tend to be caught by the taller ears of wheat. 
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(ii) Bias due to substitution — Investigators often substitute 
one convenient member of the population when difficulties arise in 
enumerating another. Thus in a house-to-house enquiry, the next 
house may be chosen when there is no reply from the one that was 
originally to be included in the sample. This will necessarily lead 
to an over-representation of the types that are occupied all day. 

(iii) Bias due to faulty demarcation of s.u.’s ( border effect ) — In 
area surveys, the location of areas by means of a pair of random 
co-ordinates, though theoretically ensures a random sample, will in 
practice do so only if the field work is done with complete objectivity. 
In a crop-cutting survey, e.g., there may be an inclination on the 
part of the investigator to include some good plants in the sample, 
thus resulting in over-estimation. The amount of bias, however, 
decreases if we take relatively large areas since the errors in the 
demarcation of boundaries become of decreasing importance as the 
size of the unit is increased. 

(iv) Constant bias due to wrong choice of the statistic — For 
example, in estimating the population variance with a sample of 
independent observations, the sample variance is a biassed statistic, 

whereas j' a = - - 5X*~ *) 8 is unbiassed. 

1 • 

21.6 Technique of random sampling 

The technique of random sampling is of fundamental importance 
in the application of statistics, for the whole of sampling theory is 
based on the assumption of random sampling, the essence of which is 
that each of the individuals included in the population has an equal 
chance of being selected. 

The first attempt towards drawing a random sample may be 
made by lottery. This is done by constructing a miniature popula* 
tion which can be easily handled and then drawing individuals from 
it, each time shuffling it thoroughly before the next drawing is made. 
In practice, a ticket may be prepared for each sampling unit bearing 
its identification mark, say by putting on it its serial number, and 
these tickets may be placed in similar containers, usually small 
metallic cylinders, and thrown into a rotating drum in which they 
are thoroughly mixed or randomised before each drawing. Similarly, 
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we can draw a random sample of houses by taking a pack of cards, 
as similar as possible, making one card correspond to one of the 
houses by writing on it the number of the house in the street, and 
"then drawing a sample of cards, each time shuffling the cards before 
the next drawing is made. 

But it should be realised that these methods lack the property of 
strict randomness. First, it is not practically possible to have cards 
or cylinders of exactly similar shape, size and weight. Secondly, 
the writing of numbers with ink may weight the cards differentially. 
Furthermore, the practical difficulties in preparing such a miniature 
population, when the population size is large, are immense, and lack 
of care may often lead to non-random samples. 

These difficulties can be overcome if we have a series of random 

numbers (i.e. a series in which the digits 0, 1, 2, ,9 occur 

randomly). The problem of constructing the miniature population 
will then reduce to attaching to each unit of the population an 
ordinal number. We can then choose a number of digits from any 
part of the series which is already randomised and hence get a 
random sample. It is this possibility that has led to the construction 
of random sampling number series. 

Definition of a random sampling number series 

A random sampling* number series is an arrangement, which 
may be looked upon either as linear or as rectangular, in which each 

place has been filled in with one of the digits 0, 1, ,9. The 

digit occupying any place is selected at random from these ten digits 
and independently of the digits occurring in other positions. 

Advantages of random sampling numbers 

If we use random sampling numbers for drawing random samples, 
we need not construct a miniature population. Also, the numbering 
of the sampling units can be done in any convenient manner. 

Secondly, randomisation of the numbers being done once for all, 
the tedious process 4 ' of randomisation of the miniature population 
(viz. through shuffling, rotating, etc.) each time before the next 
drawing is made is not necessary. Any part of the series can be 
used for a random sample of numbers and the problem is simply to 
interpret these numbers in terms of individuals of the population. 
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Lastly, a random sampling number series can be used for any 
enumerable population, so that a series of random numbers has a 
wide range of application. 

Different sets of random sampling numbers and their construction 

Mention may be made of four different sets of random sampling 
numbers : 

1. Tippett’s series ( Tracts for Computers , No. 15. Cambridge 
University Press), comprising 41,600 numbers arranged in fours. 

These numbers were obtained by taking down digits from census 
reports in a random manner.- 

2. Fisher and Yates’ series (in Statistical Tables for Biological , 
Agricultural and Medical Research) 9 comprising 15,000 digits arranged 
in twos. 

Fisher and Yates obtained their random numbers from the 15th 
to the 19th digits of Thompson’s 20-figure logarithmic tables. In 
choosing from these digits, an element of randomness was introduced 
by using playing cards for the selection of half pages of the tables 
and of a column (of 50 digits) between the 15th and the 19th and, 
finally, for allotting these digits to the 50 places in a block. 

3. Kendall and Smith’s series ( Tracts for Computers , No. 24. 
Cambridge University Press), comprising 100,000 digits grouped in 
twos and fours and in 100 separate blocks of 1,000 digits. 5 out of 
these 100 blocks are indicated as unsuitable for sampling requiring 
fewer than 1,000 digits. 

The authors used a specially constructed machine — a refined 
version of the common roulette wheel used in gambling. 

4. A Million Random Digits by Rand Corporation (Free Press, 
Illinois). This series has been obtained through a mechanical device 
which is similar to that of Kendall and Smith, but in which further 
technical improvements have been incorporated. 

Tests applied to random sampling number series 

To examine whether any series is really random, the following 
tests may be applied. The tests may be applied to the whole series 
or any part of it, because a set of numbers may be perfectly random 
when considered as a part of the whole series, but may not be so 
when considered as a part of a certain block of the series. 
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(1) Frequency test : Here the observed frequencies of the 10 
digits from 0 to 9 are obtained and tested against the expected 
frequencies on the basis of the hypothesis that the set of numbers is 
random. The appropriate statistic is a Pearsonian x 1 with 9 d.f. 

(2) Serial test : Here the series is considered to be composed 
of two-digited numbers. The frequencies of all the 100 possible 

numbers, viz. 00, 01, , 99, are obtained and the hypothesis of 

randomness is tested by using the appropriate Pearsonian x* with 
99 d.f. 

(3) Gap test : In this test, we first pick out the successive 
zeros (or the successive occurrences of any other digit) and find 
the gaps between them. The frequencies of such gaps are obtained 
and the hypothesis of randomness is tested by using an appropriate 
Pearsonian X s * 

(4) Poker test : Consider here the series to be made up of 
four-digited (or five-digited) numbers. There are five possibilities, 
viz. all 4 digits same ; 3 digits same and 1 different ; 2 digits same 
and 2 different ; 2 groups, each of 2 identical digits ; and all 4 digits 
different. The frequencies of all these five types are obtained and , 
the hypothesis of randomness of numbers is tested by an appropriate 
Pearsonian X* with 4 d.f. 

The tables in common use have been found satisfactory in the 
light of the above tests. 

The use of random sampling numbers for drawing a random 
sample from a population may be illustrated with the following 
example : 

Ex. 21*1 Draw a random sample of size 10 without replacements 
from a population of 121 boys numbered from 1 to 121. 

We shall take three-digited numbers from the table of random 
numbers in the Appendix row-wise from the beginning of the 6th 
line of the first page. To ensure equal probability for each individual, 
we shall take numbers from 001 to 968 (the greatest three-digited 
multiple of 121) and shall ignore other three-digited numbers. We 
shall divide the number by 121 and take the remainder. The 
remainder, of course, varies from 000 to 120. The remainders 001 to 
120 will correspond to the boys with the same numbers, whereas the 
remainder 000 will correspond to the 121st boy. Since the sampling 
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is without replacements, a boy once selected cannot be selected 
again. The selection is done in a tabular form as shown below : 

TABLE 21.1 

Showing the Selection of a Random Sample of 
Size 10 without Replacements from a 
Population of 121 Boys 


Number taken from 
the table 

Remainder when 
divided by 121 

The number of the 
boy selected 

991 

Rejected 

— 

734 

008 

8 

905 

038 

58 

533 

049 

49 

257 

015 

15 

743 

017 

17 

480 

117 

117 

971 

Rejected 1 

— 

258 

0 

016 

16 

019 

019 

19 

436 

073 

73 

376 

013 

13 


(Altei natively, we could add 1 to the remainder «*"d make it 
correspond to the serial number of the boy to be selected 


21.7 Types of population and types of sampling 

In the first place, the population may be finite or infinite . By a 
finite population we shall mean a population which contains a finite 
number of members. Such, for instance, is the population of heights 
of 500 boys in a college, or the population of books in a college 
library. Similarly, by an infinite population we shall mean a popula- 
tion containing an infinite number of members. Such, for instance, is 
the pop ula tion of pressures at various points of the atmosphere or of 
yields of a particular crop at various points in an agricultural field. 
In many cases the number of members in a population is so large as 
to be practically infinite, e.g. the human population of India or the 
population of visible stars. 
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Secondly, the population may be existent or hypothetical . The 
population of concrete existent objects will be called an existent 
^population. But the population may also be hypothetically cons- 
tructed ; e.g., the outcome of the tossing of a coin an infinite number 
of times represents a hypothetical population of heads and tails. 
Here the population is to be conceived of as having no existence in 
reality, but only in imagination. 

Sampling is first broadly classified as subjective and objective . Any 
type of sampling which depends upon the personal judgment or dis- 
cretion of the sampler himself is called subjective. But the sampling 
method which is fixed by a sampling rule or is independent of the 
sampler’s own judgment is objective sampling. Any haphazard or 
deliberate selection will result in subjective sampling. The main 
difficulty with subjective sampling is that the sampler is ignorant of 
the degree of representativeness of his sample or the accuracy of the 
final estimate. There may be a bias and an unknown bias at that. 

Objective sampling is further sub-divided as non- probabilistic, 
probabilistic and mixed . In non-probabilistlc objective sampling, there 
is a fixed sampling rule but there is no probability attached to the 
mode of selection ; e g., selecting every 10th individual from a list, 
starting with the first, or selecting every 10th line in a potato-field. 
If, however, the selection of the first individual is made in such a 
manner that each of the first 10 gets an equal chance of being selected, 
it becomes a case of mixed sampling — partly probabilistic, partly 
non-probabilistic. On the other hand, if for each individual there is 
a definite preassigned probability of being selected, the sampling is 
said to be probabilistic. Probabilistic sampling is also called random 
sampling . If, in particular, each individual of the population has an 
equal chance of being selected, then the sampling is called unrestricted 
random sampling or simple random sampling . Simple random sampling is 
said to be with or without replacements according as any individual 
once selected is returned to the population or not. 

21.8 Simple random sampling 

The simplest and the most commonly used type of probability 
sampling is simple random sampling. In this kind of sampling, 
each member of the population has the same probability of being 
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included in the sample. Simple random sampling may be with or 
without replacements. This type of sampling has been discussed 
in Sections 14.1 — 14.4. 

If we are interested in estimating the population mean /x from a 
simple random sample of size n drawn from a population of size JV, 

n 

let k e the best linear unbiassed estimator, where is the 

•ss 1 

value of the variate for the ith sample individual. We know 
(vide Section 14.3) that 

var (xi)=a 2 , where a 2 is the population variance, 
and cov x f ) —0 for sampling with replacements (SRSWR), and 

== for sampling without 

replacements (SRSWOR). 

Thus, E(T) = Z\ % E( Xi ) 

i 

=p 2 a <- 

i 

For T to be unbiassed, 2A;=1. 

i 

Again, 

var (T) — 2A, a var (*,-) +22A.A, cov (x„ x,) 
i »<»' 

,I?A 


=** ( l+ jn-i) for SRSWR, and 

=®*2 A,* for SRSWOR. 

i 

In either case, for var (T) to be a minimum, we have to 
minimise 2 V, subject to 2^=1 • This occurs when 

A,-=l/« for each i, ...(21.1) 

so that T—x is the best linear unbiassed estimator. It also follows 
that 

var(x)*=^ ... (21.2) 
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for SRSWR, and 


var(jf) * 


o 8 JV— n 


... (21.3) 


for SRSWOR. The factor — ? is called the finite population 

Jf — 1 

correction (f.p.q.) and may be neglected if N is very large compared 
to is. 

In case a 2 is unknown, it can be estimated from the sample and 
its unbiassed estimator is ( vide Section 16.5) 


n -i •* 


... (21.3a) 


for SRSWR, x t being the value of the variate for the ith sample 
individual. 

For SRSWOR, the unbiassed estimator of a 2 is 

... (21.3b) 

In SRSWOR from a finite population, many authors would 
define the population variance as* 

5*=^-, S (*.-*)*• - (21.3c) 

Since (JV— l)S 2 =JVb 2 , equation (21.3) would take the form 


var(if)=l 2 .^, ... (21.3d) 

the ratio 1— ? now serving as the f.p.c. 

Further, in this case s' 2 would be an unbiassed estimator of S 2 , 
so that an unbiassed estimator of var(jf) would be 

='"(“)• {21.3e) 

If we want to estimate the population proportion p of members 
of the, population possessing a certain character A 9 its unbiassed 
estimator from a sample of size n is the sample proportion fjn of 
sample individuals possessing that character and the standard error 
(*//") * s (wds Section 14 . 4 ) 

- ( 21 - 4 ) 

* X m u the value of x for the ath member of the population. 



DESIGNS OF SAMPLE SURVEYS 


145 


for SRSWR, and 





N- 

N- 


1 


(21.5) 


for SRSWOR, where q = 1 —p. 

For estimating the standard error (s.e.), p may be replaced by its 
unbiassed estimator in (21.4) or (21.5), as the case may be. 


Ex. 21*2 The standard deviation of the marks obtained in 
mathematics by 121 boys is found to be 12-5. Find the standard 
error of the estimator of population mean for a random sample 
of size 10 (a) taken with replacements and (b) taken without 
replacements. 

The estimator of the population mean is the sample mean 
The s.e. of x for SRSWR is 


<7 

vlo 


12*5 _ 12 5 
Vio 3-1K23 


= 3 - 95 , 


, and the s.e. of x for SRSWOR is 


\/ n 


J*- z* 

Vjv-i 


_ 12^5 10 

■\/ToV 121-1 

= J 12 : 5 /TJT 
VIOV 120 

= 12-5V : 0925 = 12-5 x -3011 


-=3-80. 


21.9 Stratified random sampling 

In this method, before drawing the random sample, one divides 
the population, say II, into several strata or sub-populations, say Z7j, 

IJ t ll k , which are relatively homogeneous within themselves 

and the means of which are as widely c flFerent as possible. The 

sample, say 2, is composed of k partial samples, say E t , E t , ,27*, 

drawn at random from the corresponding strata, generally without 
replacements. 

m(ii)— 10 
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Stratified random sampling has a number of merits relative to 
simple random sampling. (1) In many situations stratified 
sampling will be administratively more convenient. In taking a 
sample of villages from the whole of West Bengal, we may take the 
districts as strata. This will facilitate the organisation of field work, 
for the existing administrative set-up at the district level may be 
used for this purpose. (2) Again, stratified sampling will be more 
representative in the sense that here we can ensure that some indivi- 
duals from each of the sub-populations (strata) will be included in 
the sample. (3) Stratified sampling, moreover, has the merit of 
supplying not only an estimate for the population as a whole, but 
also separate estimates (with estimates of their standard errors) for 
the individual strata. (4) Since a portion of the variability identi- 
fiable as between-strata variance is eliminated in stratified random 
sampling, it is more efficient than simple random sampling. If the 
between-strata variance is large, the within-strata variance, which 
provides the estimate for error, will be small as compared with the 
variance for the whole population. That is why we try to make 
each particular stratum as homogeneous as possible, while making 
the strata as different from each other as possible. 

Let the population, consisting of JV individuals with mean p and 
standard deviation a, be stratified into k strata, the number of 
individuals in the zth stratum being N { , with mean p { and standard 
deviation <*;, so that 

2 



We take a sample of size n , by selecting at random and without 
replacements n s individuals from the zth stratum. Let us denote by * l; 
the value of x for the jth selected individual from the zth stratum, 

for t=l, 2, , k and j=l, 2, ....... zzj. Let T=22^»; *«*/> 

» i 

being constants, be t]^e best linear unbiassed estimator of p. Thus 

E(T)=22Wx tj ) 
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on being equated to /t= * gives 




Again, 

var (r)=var{22A u x iy } 

1 J 

= ? var (2V *f/) (since samples from different 

8 f strata are Independent) 

= 2{2V var(, lf ) + 2SA* A,, covfoy, x ijf )} 

• i /</' 

=Z(?a w V-22A w a </ . •£ } 

Now, is fixed. Hence var(T) is a minimum when 

?A//* is a minimum for fixed 2A,y. This happens when 
; / 

A —A 

" ,0 jv» { ‘ 

Hence the best linear unbiassed estimator of p is 

?’=22^S = 2JV'i* l /JV, ... (21.6) 

and var (T) =^. s 2JV f * var («<) 


Writing 


1 YAT2 a » 2 — n i 

N*7 'ni'Ni-l' 


W^TT-l 1 ). 


( 21 . 7 ) 


we have 


var ( r )=^2^4/^-"/)' 


( 21 . 8 ) 


This is the so-called variance function* 
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To determine n v n 8 , , n k in an optimum manner, i.e. in 

such a manner that for given cost the variance of the estimator is 
minimised, we assume a simple cost function , viz. 

n i9 ... (21.9) 

where C is the total cost, a the overhead cost and c\ the cost per unit 

for the ith stratum. Thus n x , n 8 , should be such that for 

C=C 0 (given), var (T) is a minimum. To solve the problem, we 
take the function 


F=var(!T)+AC 

-VS 

•Hi"* l 

where A is an undetermined multiplier. The equations 

Sr®* for, ‘" 1 * 2 * •*> 

along with the equation 

C=C 0 , 

will determine the n ly n 2 , , w* and A that minimise var (T) for 

given C. 

Here 

3 F 1 ay J Sf , % 


gives 


or 


where A' involves A. 
Finally, 


„ _ JVfSi 

n i — /=- 

Vci 

n i — * — 

VCf 


a+y 2c,^=C. 

i Vc t 


( 21 . 10 ) 


or 


A'«= 


C«— a 




(21.11) 


In particular, if fixing the cost is equivalent to 

fixing the total sample size, i.e. making a 1 +« a + +»*=«. Here 
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the optimum values of «„ n e , , n* are given by 



n, oc JVjS,- 


or 

nj=\*N,Sb 

... (21.12) 

where 

VjyTiSi=n 

i 


or 

\h n 

INiS- 

... (21.13) 


This is Neymaris formula for optimum allocation . 

If, further, 

S l —S 2 — —Ski 

or if the differences among the Sf s are ignored, then we have 

n, oc JV,‘. ... (21.14) 

This is Bowley's formula for proportional allocation . 

Formula (21.10) and (21.12) for optimum allocation involve Sf s 
and c/s, which are generally unknown. Thus, to use these formulae 
one has to estimate Sf s and r/s before the survey may be undertaken. 
This is done by means of a preliminary survey or pilot survey , which 
is a survey of a relatively smaller scale conducted for the purpose of 
estimating the constants involved in the main survey-design. 

Two points should be remembered in this connection : 

(1) A pilot survey which one has to undertake to estimate S/s 
and Cj’s involves some extra cost. With this added cost, one might 
increase the precision by taking a larger sample with proportional 
allocation, for which the variations among the Sf s and the cf s 
would be ignored. So one must consider whether *he extra cost for 
optimisation is worth while. 

(2) Generally in sample surveys, more than one variable are 
involved. Now, an optimum sample with respect to one variable 
may not be so for another. If, however, there is a hierarchy of 
importance in the variables involved, one may take an optimum 
sample with respect to the most important variable. 

Stratification is not justified if (1) stratification itself is too costly 
and/or (2) the between-strata variance is not large enough to effect 
a sufficient gain in the accuracy as compared with simple random 
sampling. 
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Ex. 21*3 2,010 cultivators’ holdings in U.P. are stratified 
according to size. The number of holdings (JVf), mean area under 


wheat per holding (/*,) and s.d. of area under wheat per holding (a f ) 
are given below for each stratum : 


Stratum 

Holding size 

Number of 

Mean area under 

s.d . of area under 

No. 

(acres) 

holdings 

wheat per holding 

wheat per holding 



m 

0*i) 

(°i) 

1 

0— 40 

394 

5-4 

8-3 

2 

41— 80 

461 

16-3 

13*3 

3 

81—120 

391 

24-3 

15-1 

4 

121—160 

334 

34-5 

19-8 

5 

161—200 

169 

42-1 

24-5 

6 

201 and above 261 

57-9 

31-2 


A sample of 100 holdings is taken to estimate the mean area 
under wheat per holding by (a) simple random sampling, (b) strati- 
fied random sampling with proportional allocation and (c) stratified 
random sampling with optimum allocation. Compare the standard 
errors of the estimators in the three cases. 

The standard deviation cr of area under wheat per holding for 
the whole population is given by 


where 

Thus 


or 


*~JT~ + j v 1 




2^. _ 52,893 0 
JV 2,010' 


a*=340-44+271 16=611 60, 
«r=24-73. 


The standard error of the estimator for mean in simple random 
sampling, ignoring the f.p.c., is 


* 

random 



24-73 

vioo 


=2-473. 


s.e., 
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The standard error of the estimator for mean in stratified random 
sampling with proportional allocation is given by 






where w,==-y. jVi, the f.p.c. being ignored. 

Thus (s-c. pr0 p)*=^pvi«r t * 

=340-44/1 00= 3-4044, 
and s.c prop = 1-845. 

Lastly, the standard error of the estimator for mean in stratified 
random sampling with optimum allocation is given by 


where n—n. the f p c. being ignored. 

2 

i 

Thus (s -e- opt )*=j^(^JViv0 2 » 

1 


or 


s e. 


°"~NVnt 

1702 

Vioo 


= 1-702. 


21.10 Multistage sampling 

In multistage sampling, the material to be sampled is regarded as 
composed of a number of first-stage (or primary) sampling units, 
each of which is made up of a number of second-stage (or secondary) 
sampling units, each of which, in its turn, is made up of a number 
of third-stage (or tertiary) units, and so on, until we reach the 
ultimate sampling units in which we are interested. The sampling 
is also carried out in stages. At the first stage, the first-stage 
sampling units are sampled by some suitable random method. At 
the second stage, a sample of second-stage units is selected from each 
of the selected first-stage units, again by some suitable random 
method. Further stages may be added, if necessary, to get a sample 
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of the ultimate sampling units. For example, to get a sample of 
crop-fields growing paddy in West Bengal, one may first get a sample 
of districts, then a sample of villages from each selected district and 
finally a sample of crop-fields from each selected village. 

Multistage sampling introduces a flexibility into the sampling 
procedure which is lacking in the simpler methods. It enables 
existing divisions and sub-divisions of the material to be taken as 
sampling units at different stages. The construction of a second-stage 
frame is necessary only for the selected first-stage units. This means 
a great saving in operational costs, particularly if the survey covers a 
large area including under-developed pockets. Thus, in selecting a 
number of households from the whole of Indian Union, it is an 
impossible task, from the stand-point of both administration and 
field-work, to take a simple random sample. It is much simpler and 
practicable to select a sample of villages and then a sample of house- 
holds from each selected village. Multistage sampling, however, is 
in general less efficient than some suitable single-stage process. 

The mode of analysis of data in multistage sampling may be illus- 
trated with two-stage sampling. First, let us assume for simplicity that 
the numbers of second-stage units in all first-stage units are equal. 

Suppose there are M first-stage units numbered 1, 2, , M y 

each consisting of JV 0 second-stage units. Let m first-stage units be 
selected, and from each chosen first-stage unit let n 0 second-stage 
units be selected. Let the sampling be simple random at each stage, 
and suppose the finite population corrections are negligible. With 
no loss of generality, the selected first-stage units may be numbered 
from 1 to m and the selected second-stage units from the ith selected 
first-stage unit may be numbered from 1 to n 0 . Let denote the 
value of the variable under enquiry for the jth second-stage unit in 
the ith first-stage unit, for i=l, 2, , m andj^l, 2, , n 0 . 

The appropriate model for analysis is the random model for one- 
way classified data {vide Section 19.5), the data being classified by the 
first-stage units, but the given m first-stage units are only a sample 
of all M first-stage uttits in which we are interested. Thus 

*• ••• (21.15) 
where p is the grand mean, b s the population mean of the ith first- 



DESIGNS OF SAMPLE SURVEYS 


153 


stage unit (ji t ) taken as a deviation from the grand mean and e ^ the 
residual, so that 

£(*,)= 0 and E{eq)= 0. 

It is also assumed that var (b { )=ol and var(^-)=aj. 

From the analysis of variance table, we have ( vide Section 19 . 5 ) 

£(M5B)=£{- i _L2« 0 (.v i0 -* 00 )*}-a?+"«^ •• (21.16) 

and E(MSE) = E{ -1- - =<r? . ... (21.17) 

l m(n 0 — 1) t i ) 

Thus MSE and ( MSB— MSE) jn^ are the unbiassed estimators of 
aj and erf, respectively. 

If we are interested in estimating the population grand mean p, 
the best linear unbiassed estimator is * 00 . Now, 



*00 — P “I" ^0 + *oo» 


where 

m i 


and 

'ao-J-22^. 

mn 0 i j 


so that 

£(*»<>)=/* 

.. (21.18) 

and 

var(* 00 ) =°1+ a , ignoring the f.p.c. 

.. (21.19) 


m mn Q 


Thus, by substituting in (21.19) the unbiassed estimators of a J and 
<rj, we get an unbiassed estimator of the variance of the estimator, 
* 00 , from the sample, viz. 


MSB — MSE + MSE_ MSB 
mn Q mn 0 mn 0 


( 21 . 20 ) 


We can choose m and n 0 in an optimum manner, using the 
variance function 



m mn 0 


and taking the cost function as 

C=a 0 + r 1 m-f c 2 mn 09 ... (21.21) 

where Oo is the overhead cost, 

Ci is the cost per first-stage unit sampled, 
c 2 is the cost per second-stage unit sampled. 


and 
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With given cost C 0 . we can determine m, n 0 and the undetermined 
multiplier A from the following equations : 


dV, v0C 

dm +A dm = 


=0, 


and 


or 


JE+ap-o 

dn n dn 0 
C=C, 


09 


, o* 


~ 8+ *Z" — ^( f I + f 8 B °)» 

mr nrn^ 


and 

These lead to 


mn 0 * 

C=C 0 


A c t m 


oh y c 2 


and 


m 


_ C 0 —a 0 


... ( 21 . 22 ) 

... (21.23) 

For estimating the quantities involved in the solution, viz a b and a e> 
and a 0 , c x and c v one has to undertake a pilot survey. 

Next, let us suppose that the numbers of second-stage units in 
different first-stage units are different, other conditions remaining 
the same. Let JVj be the number of second-stage units in the ith 

first-stage unit, for t=l, 2, , M . Also, let in the sample « f - 

second-stage units be selected from the ith selected first-stage unit, 

f = 1, 2, , m. Suppose that sampling is simple random at both 

stages and that the f.p.c. may be ignored. In the linear model 

Xij—p + bi+e tj, 

now represents the mean of the M means, viz. 

1 M 
l ‘-M 


and 
so that 


e U~ x ii 

E(b { )*=0 and 2T(ty)«*0. 
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As before, the sample mean 

1 m "I 

*oo=- 2 J>u 

nim 1 ;=1 


= -5>* x i09 where n = 2 «,• , 

h i t=i 


... (21.24) 


is an unbiassed estimator of 

1 M 

But since p is different from the grand mean, viz. r 

N i 

M 

where JV= 2JV,, die sample mean would be a biassed estimator of 

• Si I 

the grand mean. However, if jV/ s are almost uncorrelated with 
the distorted weighting does not matter greatly and the bias may be 
supposed to be negligible in large samples. But if JV/s are highly 
correlated with pf s, the bias may be considerable even in large 
samples. Some alternative estimator which is unbiassed may be 

Af 1 m 

considered ; e.g., x' 00 = — x 2«A / i*»o be an unbiassed estimator 

171 JSf is i 

of the population grand mean, but this will often have very poor 
precision if jV/s vary considerably. 

To obtain the variance of x 00 and to estimate it from the sample, 
we proceed exactly as before. We have 


var (* 00 )=f|2« 1 *+^. 


... (21.25) 


From the analysis of variance table of one-way classified data, we 
have (vide Section 19.5) 

i ! n-Ynf/n 

E(MSB)=El — T 2« i (* io -*oo) i! =«?+ —°l - (21-26) 

1772 — If J 171 — 1 

and E(MSE)=e [— £2 (*.•,-*.«)*} =*?> ... (21.27) 

In — m i ,• J 

so that MSE and [HL ~~ 1 } are unbiassed estimators of 

a? and af, respectively. 

Thus an unbiassed estimator of the variance of the sample mean 
is given by 

IMSB-MSBH*,- IJgfl* t USE pi 


n—^nfln 
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The mode of analysis may be easily generalised if the number of 
stages is more than two. 

Ex. 21*4 To determine the yield-rate of paddy in a district of 
West Bengal, 6 villages were selected at random, 3 plots were selected 
in each selected village and 2 circular cuts were taken at randomly- 
chosen points in each selected plot. The yields, in suitable units, 
were obtained as follows : 


Plot No. 

Village 1 

Village 2 

Village, 

Village 4 



cut 1 1 

| cut 2 

cut 1 

cut 2 

cut 1 

cut 2 







1 

16 

8 

6 

5 

18 

8 

13 

13 

17 

15 

12 

15 

2 

26 

31 

5 

16 

3 

1° 

i 

6 

11 

21 

11 

17 

3 

11 

13 

16 

5 

16 

20 

i 

n 

2 

17 

25 

8 

10 


Give an estimate of the s.e. of the estimator of mean yield. 

Let x 4 j k be the yield of the £th cut in the jth plot of the ith 

village (i=l, 2, , 6 ;7 = 1, 2, 3 ; k= 1, 2). Let us make a change 

of base and write 

We have 

Togo = 2 2 = - 1 80 

l i * 

and 1,732. 

i / * 

In the following table we write down the values f° r 

all (i, j) combinations : 

Showing Village-Plot Sub-totals 


Plot No. 

Village 


! 1 

2 

1 3 

1 4 

t 5 

1 6 

1 

-6 

-19 

H 

fjfH 

2 

-3 

2 

27 

-9 

Bfl 


2 

-2 

3 

-6 

-9 

B 

m 

12 

-12 

Total 

15 

-37" 

-15 

-42 

16 

-17 
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Thus 


SS between villages =J 

6 


_p,00- Tan 2 


■ ooo 

36 


= 4 ’^®_177*78 
=510 22, 

SS between plots (within villages) =1-1— — •___ _ 


2,720 


2 

= 672, 

SS between cuts (within plots) = 222"* 

i i L 


■ 688 


7 * 9 


As such, 


and 


= 1,732-1,360 
=372. 

A1SA = MS between villages 

= 51O22 =102 . 04j 

5 

MSB = MS between plots (within villages) 
672 

=-j2=56, 

MSE=MS between cuts (within plots) 

20-67. 

lo 


Hence the estimate of the variance of the estimator of mean 
yield is 


MSA 102-04 


36 


36 


.=2-8344, 


and the corresponding estimate of s.e. is V 2-8344= 1 -68. 


21.11 Systematic sampling 

A frequently used method of sampling when a list of the sampling 
units is available is systematic sampling. Suppose the N units of the 
population are numbered from 1 to jV and a sample of size n is to be 

selected such that ^- = L k being an integer. Systematic sampling 

jy 1C 
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then consists in selecting at random a unit from the first k units and 
also selecting every subsequent tth unit. This is a case of mixed 
sampling, which is partly probabilistic and partly non-probabilistic . 
.This is probabilistic since the first member of the sample is selected 
at random (with equal probabilities) from the first k units and non- 
probabilistic since the other members in the sample are fixed by the 
choice of the first member. We may as well have a completely 
random start, the first unit being chosen from the JV units at random 
and then every £th unit being taken in a circular manner until the 
whole list is exhausted. This is called circular systematic sampling . 

The apparent advantages of this method over simple random 
sampling are the following : 

(1) It is much easier and quicker to draw a systematic sample 
and the work may be done by laymen. (2) Intuitively, systematic 
sampling seems likely to give more precise estimates than simple 
random sampling. In effect, the method stratifies the population 
into n strata of k units each and one unit is selected from each 
stratum. 

The method, however, has many disadvantages. The estimator . 
of the population mean is the sample mean. The variance of the 
estimator is the variance of the k possible estimates frcup each of k 
possible systematic samples with one of the first k units of the 

population as the first- member. If x 10 , * ao , , are the k 

possible estimates, which are equally likely, the variance of the 
estimator is given by 

5=5 r2(*»o *oo) a * ••• (21.29) 

K i 


The variance, however, cannot be unbiassedly estimated from a 
single sample. A way out is to make use of the method of interpene- 
trating samples, where two or more independent samples are taken 
from the population. In the present case, e g., if p estimates of x 00 , 
say Xi (i=l, 2, p), are available, then our combined estimate 

will be whpse variance will be estimated by 

pfm l 


The method may give highly biassed estimates if there are some 
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periodic features in the list and the sampling interval k is equal to, 
or is a multiple of, the period. Suppose we have a list of individuals 
such ttiat the variate value for every 10th individual is large (or 
small) compared to those for the others. It can be easily seen that 
the estimates would be highly biassed if in drawing the samples 
systematically those individuals happened to be selected. 

In the same way as in sampling from a list, systematic sampling 
may also be adopted for sampling material continuously distributed 
over time or in space, by taking sampling units at equal intervals 
over the material. For example, the products coming out continu- 
ously from a manufacturing process may be sampled systematically 
by selecting products manufactured at a fixed interval of time. 
Again, in sampling from plants growing in rows, one may divide the 
whole area into a number of equal rectangular blocks, choose a 
plant at random from the first block and draw plants exactly from 
similar spots from other blocks. In some cases of area sampling, 
specially in forest surveys, it may be convenient to divide the whole 
area into a number of parallel strips and select a number of strips 
either systematically or at random. This type of sampling is called 
line sampling . 

21.12 Multiphase sampling 

It is sometimes convenient and economical to collect certain 
items of information from a sample constituting only a part of the 
original sample. Thi^ is termed two-phase sampling. Further 
phases may be added, if necessary. 

Multiphase sampling has several advantages. Il the number of 
units required to give the desired accuracy in different items is 
widely different or if the cost of collection of data for different items 
is different, multiphase sampling may be suitably adopted. Also, 
the information gathered in earlier phases may be utilised as a basis 
for sampling, say for stratification, in subsequent phases* thus 
resulting in a large saving in cost. Multiphase sampling differs 
structurally from multistage sampling, in that in the former the 
sampling unit is the same in all the phases, whereas in the 
latter there is a hierarchy of sampling units in different stages. 
For example, in drawing a random sample of households for a 
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family-budget enquiry amongst the middle-class families in Calcutta, 
we may take a sample from all households to classify the households 
into middle-class and non-middle-class groups. In the second phase, 
we may draw for the family-budget enquiry a sample out of the 
sample of middle-class households obtained in the first phase. 

21.13 Double sampling 

If the variable jr under enquiry is very costly to enumerate and 
there is another variable x, which is highly correlated with y and 
relatively much cheaper and easier to enumerate, then we may have 
recourse to double sampling. 

A first sample, of a relatively small size n, is taken in which both 
x and y are enumerated to find a suitable relationship between x 
and y . In the second sample, of a relatively large size m , only x is 
enumerated to find the estimate of p M , say x m . Then the estimate of 
the population mean ofy is obtained by using x m in the relationship 
obtained from the first sample. Sampling is supposed to be simple 
random without replacements. 

We may, however, take more than one auxiliary variable, if 
necessary. 

For example, in the estimation of yield of dry jute fibre (y), 
which is costly and time-consuming to enumerate, we may take as 
the auxiliary variable the yveight of green jute plants. Also, in forest 
surveys, in estimating the timber volume ( y ) of trees one can take 
the eye-estimation value (x) as the auxiliary var able. 

In particular, instead of taking a second sample, one may 
completely enumerate x to obtain the true value of/u*. 

The following different cases may be discussed : 

Case L The relationship between^ and x is of the form 

yi=Rxi+eu ••• ( 21 . 30 ) 

where e t is the residual. If e { is normally distributed with mean zero 
and variance proportional to x*, the maxiinum-likelihood estimator 
of A (i.e. froig the first sample, is 

h. ... ( 21 . 

The estimator, however, is not unbiassed, but is consistent. 
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The estimator of obtained by using the estimator of ft, from 
the second sample, is 

'** ^2) 

If x were completely enumerated, the estimator would be 

ft? *•* ( 21 . 33 ) 

These are the so-called ratio estimators . The estimators are consistent. 

Let us find the variance of the estimator in large samples when 
fx K is known. Here 

—Pj — — hy =Hx{ylx—P,lHn} 

{y-R*}> 

where R is the population value of the ratio. In large samples, 
neglecting the variation of * from p,, we have 

A — —y — Rx= ^ 

n i= i 

Hence 

var (fX y ) ~var(y—Rx) 




... (21.34) 

The estimator of this variance would be 

v'Tr( / x,)=i.^ , {j'5-2A»'„+AV2}, ... (21.35) 

R jV 

where k-^yjx is the estimator of the ratio and 

^= fr 1 ri(^-J 0*. 

n — l is | 

i(j'i-J') (*<-*) 

FI — 1 js] 

and 

n — i <■! 


FS(II)— 11 
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If fi x is unknown and is estimated by x m} from a second sample 
of size m , then 

/**)*»> 

90 that 

” (ynlXn)l l x Py “h )x m (jnlx ■ 

= (Pxlx n ){$n — #*»} + (ynlx n ){x m — Mjc}- 

Tn large samples, neglecting the variations of * n from and of 
from R> we have 

Since the two samples arc drawn independently, 

var (ft,) ~var (j^-/?*,)-* /** var (X m -p a ) 

^ 7 - 

... (21 36) 

This variance also can be similarly estimated from the sample. 

Case 2 . The relationship between y and x is linear and of the 
form 

yi—A+Bxi+ei. "... (21.37) 

If is normally distributed with mean zero and constant variance 

aj, then the maximum-likelihood estimators of A and B from the 
first sample are, respectively, 

a=y n -bx n ... (21.38) 

and b=r s >. ... (21.39) 

The estimator of obtained by using the estimator of /x„ from 
the second sample, is 

Pl=3n+W*m — *■)• ••• (21.40) 

If fi M is known, the estimator reduces to 

+ &(/«*-*»)• ••• (21-41) 

These are the so-called regression estimators. The estimators are 
consistent. 
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Again, the population values A and B in (21.37) are 
and B=p°-i. 

Thus _?*=/*,+£(*«— #**)+/». ••• (21.41a) 

Substituting this value of y n in (21.41), wc get 

+ (b-‘B)(fi JI -x n )+e n . 

In large samples, neglecting the variation of b from /?, we get 

so that var (fi y ) ~ var (/.) 

__aj N—n 

“\Y-V 

Also, cr?=|L ^(j>i—A — B\j ) 2 
•'»' H 1 

4 p, 

-2 p’-’Xliu /*,)(*- M.) 

f 

^<j|+p 2 aJ- 2p 2 a* 

Hence the variance of the regression estimator in the large-sample 
case, when /*, is known, is given by 

var(p y )=^(l — - (21.42) 

The estimator of the variance from the sample would be 

v«(A,)=^(l-r‘)^. ... (21.43) 

If /*, is estimated from a second sample, we have, from (21.40) 
and (21.41a), 

Py “ Py ~\~B(x n /x,) + b(x m — *„) + /»» 

= **, + £(*„ -/A*) + *(/*, -**) + Hxm-l 1 *) +*» 
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In large samples, neglecting the variation of b from B, we have 
fly- Py — 

so that 

m N— 1 n Js — 1 
.a* N—m , «(1 —p*) N-n 

Hie estimator of this variance from the sample would be 

m n Jv 


( 21 . 44 ) 


( 21 . 45 ) 


Let us now compare the efficiencies of the three methods of 
sampling, viz. simple random sampling, random sampling with ratio 
estimate and random sampling with regression estimate when p x is a 
known value. We have 


Vi 


a* JSf-n 


- for simple random sampling, 


and 


n JV— 1 

T 7 (ol—2R(Tj M +R 2 ol) N—n f . . 

Vo = — 5— ' . — — . for ratio estimator 

n N— 1 

T . aZ(\ —p 2 ) N—n c .... 

K 3 = JlL—J—' . _ — j foi regression estimator. 


Clearly, V 3 < F,, unless jthe coi relation between y and the auxiliary 
variable x is zero. Thus random sampling with i egression estimator 
is, for all practical purposes, more efficient. 

Again, 

v i 7 _J*R°yx — R 2 °l N—n 

Vl -V 2 JV— 

2Rpa y (T M — R 2 o% J\f — n 
n N-i' 


1 


which is positive if 
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Thus random sampling using ratio estimator may be more efficient 
or less efficient than simple random sampling, depending upon the 
correlation between y and x. 

Thirdly, 

17 _v _R 2 <jl— < *Rpvj<r x -±p i o* N—n 

2 3 “ V N~\ 

* — pa ,) a N—n 
n Jf- 1 

This is positive, unless 



Hence, for all practical purposes, random sampling with regression 
estimator is more efficient than that with ratio estimator. 

21.14 Purposive sampling 

The term ‘purposive sampling* has been used in several slightly 
different senses in connection with subjective methods of sampling. 

In the most general sense, it means selecting individuals according 
to some purposive principle. For example, an observer who wishes 
to take a sample of oranges from a lot runs his eyes over the whole 
lot and, then chooses average oranges — average in size, shape, weight 
or whatever other quality he may have in his mind. It has been 
claimed that the purposive method is more likely to give a typical 
or representative sample. But it may be pointed out that the 
method in most cases may involve some bias of unknown magnitude. 
Moreover, the method cannot provide an estimate of the error 
involved. Also, the method, although it may tell more about the 
mean of the population, would probably give a wrong idea about 
the variability since the observer has deliberately chosen values near 
the mean. 

In a most restricted sense, the method refers to a particular 
sampling procedure adopted by Gini and Galvani with Italian census 
data. At one time, there was a good deal of controversy over the 
question whether this method provides a more representative sample 
than the random method. Suppose we want to estimate the 
population mean of y and suppose from census data the nSkan 
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of a control variable x correlated with y , is known. The method 
then consists in selecting a sample of size n by trial and error, for 
which the sample mean of x , say x n , is approximately equal to p,. 
.That is, for the sample, 

*n 

where e is a pre-assigned small quantity. 

It is claimed that since y 9 the variable under enquiry, is correlated 
with x , the sample would provide an estimate of sufficiently near 
to its true value. The number of control variables may be more 
than one. 

The method of purposive sampling as described above cannot 
provide an estimate of the standard error. Neyman, however, gave 
the method some benefit by making it probabilistic in allowing all 
the possible samples satisfying the requirement *„==/** zfc* to have 
equal probabilities of being selected. However, it was demonstrated 
by Neyman that even with this modification, the method is in 
general less efficient than stratified random sampling, stratification 
being with respect to the values of the control variable, if not less 
efficient than simple random sampling. It is only in a highly 
restricted class of situations, which rarely materialise in practice, 
that purposive sampling may give a more efficient estimator than 
stratified random sampling. 

21.15 Sampling with probability proportional to size 

In many suiveys the sampling units vary in size. In surveys 
where household is the convenient unit, the household-size may vary 
from 1 to 25 or more. In a multistage sample survey, where the 
first-stage units are the villages, they may differ considerably in size, 
measuted either by area or by population. So it is natural to 
suppose that a more representative sample will be obtained if a 
sample is taken with probability proportional to size (PPS) than a 
sample selected with equal probability. This technique has found 
its principal use in pniultistage sampling, but it is applicable in other 
situations too. In area sampling for yield determination, if we have 
areas demarcated on a map such as fields, fields may be selected 
with probability proportional to size by the simple procedure of 
locating random points on the map. In analogy with stratified 
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sampling, it may be said that under certain circumstances PPS 
sampling is expected to give greater precision of estimators than 
equal-probability sampling. 

The practical procedure of PPS sampling consists in associating 
with each unit of the population a number of random numbers 
equal (or proportional) to its size. This is illustrated in the following 
example. 

Ex. 21*5 There are 10 villages from which a sample of size 3 is 
to be taken with PPS, the measure of size being the village popula- 


lation. The population figures are 

shown in column 2 of the table 

below : 



Village 

Size 

Cumulative total 

1 

165 

165 

2 

690 

855 

3 

1131 

1986 

4 

907 

2893 

5 

582 

3475 

6 

2057 

5532 

7 

973 

6505 

8 

692 

7197 

9 

1738 

8935 

10 

988 

9923 


Cumulatwe total method 

In this method we first take the cumulative totals of the popula- 
tion figures. Since the last cumulative total (i.e. the total popula- 
tion of all the villages taken together) is 9923, we choose 3 random 
numbers between 0C01 and 9923. Supposing the first random 
number is 1 705, it will mean that the first sample member is village 
3, since 1705 lies between 855 and 1986. 

Lahiri's method 

D. B. Lahiri has provided a method of PPS selection that does 
not call for cumulation of the sizes. It requires at each drawing 
selecting at random one of the numbers, say u, from 1 to JV* and also, 
independently, one of the numbers, say v , from 1 to x 0 (a number 
greater than or equal to the maximum of the sizes). In case v < 
the size of the nth unit, unit u will be included in the sample, while u 
will be rejected and the above process will be repeated in case 
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As a result, the probability that n will be selected in a given draw 
1 x 

is-..-*. Since the probability that some unit will be selected at a 
N *o 

given draw is 

V _L 

uN'x o N*o 


where T, = the probability for x u to be chosen at ineffective 
draw is 


V--/v L "*-/ T * 

N XqI Nx q 


which is indeed proportional to x M . 

When the population size is large and a relatively large sample is 
to be taken, Lahiri’s method will lead to a considerable saving in 
time. 

If in a population there are JV sampling units and if y ( and x,- be, 
respectively, the variate value and a measure of size of the ith 
sampled individual, then probability of selection for nth population 
unit is v 

P.=^r ■ 

l*u 

tl=l 

Then,^ M denoting the value of y for the nth population unit, 

E(yilPt) = 2 ^r-P«= 2y»= Y ( sa y). 

u«i p u *i =* I 


and var (.*/A) =£(.*//>,- Y) 2 = E{y?l Pi 2 ) - P 

= ibllPl) xp„ Y 2 — iyllP.-Y *. 

«= 1 *»=1 


Hence the best linear unbiassed estimator of the population tolal 9 
based on a sample of size n, is 


T= l n iy.lPi - (21.46) 

n <= i 

and var (T) — var iUlll!*} = 1 { f j»//.-P}. ... (21.47) 

a nl KS ( J 

Since the sample values yrfpi are n independent unbiassed 
estimators of K with the same variance, an unbiassed estimator of 
var ( T ) is 

- (21.48) 
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21.16 Quota sampling 

If the sampling frames for the different strata into which the 
population may be divided are not available and are costly to cons- 
truct, it may be possible to fix up a sample quota for each stratum 
and to continue sampling until the necessary quota for each stratum 
is filled up. The objective is to gain the benefits of stratification as 
far as possible without the high costs that may be incurred in any 
attempt to have recourse to probabilistic sampling. The method 
has been found useful in many socio-economic and opinion surveys. 
The method sutlers from two major difficulties : (1) The method 

may involve biases due to non-response, because the non-responding 
individuals may come from a particular section of the population 
with some special characteristics ; (2) sampling theory cannot be 
applied to quota sampling, which contains no element of probability 
sampling. 

21.17 Some mathematical methods for errors In measurement 

Each sample observation is liable to errors of measurement. We 
do not expect that a sample observation will be equal to the correct 
value. What we do expect is that for a large sample these individual 
errors will cancel out and the mean value of the sample observations 
will approximate the mean of the true values. 

Let u\a be the observed value of the ith sampling unit in the ath 
repetition, while t/ t * is its true value and e ia is the error ; i.e., let 

— (21.49) 

If the sample is a random one, we expect 
£*(«*«) =0 

and E(u ia ) =2?(ii|) =/*, say, the population mean 

of true values, 

where E t denotes the conditional expectation for given * and E 
denotes the unconditional expectation. 

In the above model, c is called the random sampling error or, 
simply, the sampling error . 



170 


FUNDAMENTALS OF STATISTICS 


When the sampling is not perfectly random, another kind of error, 
which is called bias , may arise. This type of error is not stochastic 
with expectation zero, but it contributes a constant component of 
error to each sampling unit. In this case, we can write 

«$«=». ... (21.50) 

where € lo is the stochastic component of error attributable to 
random sampling with Ei{c ia )=0 and 0* is the constant bias 
component with £(/?;)=£, say. 

and E(ui a )=fjL^p. 

The component of error E(u' ia )—ii=p is called the bias. The bias 
may be positive or negative. The essence of the bias is that it forms 
a constant component of error which docs not decrease as the sample 
size increases, whereas the random sampling errors tend to cancel 
out as the sample size increases and the sample estimators generally 
converge in probability to the corresponding population values as 
the sample size increases. 

The presence of constant bias (i e. /?*-=/ 3 for all i) does not in 
general affect the variance of the estimators. Let us consider the 
variance of the sample mean u n based on a sample of size*n. 

var (*',) = vai^M,) + var (jS.) + var (c B ) 



where ajj is the population variance of true value and o\ is the 
population variance of random sampling error, provided c a - is inde- 
pendent of tlj. 

If, however, €,• is correlated with uj with correlation />, the formula 
(21.51) will reduce to 

var (fi») = V (7 ! + + 2/>(7 m <7 < ). ... (21.52) 

ti 

21.18 National Sample Surveys (NSS) 

The National Sample Surveys are the biggest set of sample surveys 
in India being conducted by the Government of India. The NSS were 
initiated in 1950 to conduct sampling enquiries with a view to pro* 
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viding the Government and other organisations with socio-economic 
data which can be used for planning for national development and 
for research purposes. It is a continuing survey, being carried out 
in the form of rounds, the survey period in a round varying from 3 
months to a complete year. The kind of data collected changes from 
one round to another and includes a variety of topics, like national 
income, consumer expenditure, small-scale industries, distribution of 
land-holdings, employment and unemployment, estimation of acreage 
and yield-rates of cereal crops, economic condition of agricultural 
labourers, etc. As such, jt is a multipurpose survey, data on widely 
different topics being collected in the same survey. A multipurpose 
survey is more economical than a series of unipurpose surveys, 
provided that the enquiries to be included in a multipurpose 
survey are not so numerous and diversified as to overburden the 
investigators. In the NSS, the field work is done by specially trained 
investigators by personally interviewing sample households or persons 
or by direct observation or by harvesting crop in randomly located 
circular cuts in sample plots (in the case of crop surveys). The 
reference period may be a day, a week, a month or a year, depen- 
ding upon the characteristic under consideration. 

The Central Statistical Organisation (CSO) is responsible for 
deciding upon the coverage of the survey and the methodology to be 
used. The major portion of the field work is conducted by the 
Directorate of NSS, Government of India. The technical work 
relating to the NSS, the processing and analysis of data and the 
preparation of the final reports, was previously entrusted to the 
Indian Statistical Institute, but this too has now been taken over by 
the NSS Directorate. 

The sample design in the NSS has also undergone changes from 
one round to another. The general sample design is a stratified 
two-stage one, where villages are the first-stage units and households 
and clusters of plots form the second-stage units, in socio-economic 
enquiries and crop surveys, respectively. In yield surveys, the 
crop-plots and circular cuts in them form the third-stage and 
fourth-stage units. Villages are generally selected by the circular 
systematic method, with equal probability after proper stratification 
and arrangement. 
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Two special features of the NSS may be mentioned : 

(1) In the NSS, the practice has been to use a moving reference 
period, which is the day, the week, the month or the year preceding 
the date of investigation. This makes it possible to get estimates of 
averages over the whole period of the survey. For the chracteristics 
which are subject to highly seasonal variation, these estimates of 
averages are more meaningful than those based on a fixed reference 
period. The method may also provide measures of seasonal 
variation for the characteristics under consideration. 

(2) The NSS data are collected for two so-called independent 
interpenetrating sub-samples. The data are also collected by two teams 
of investigators. The method helps in analysing the total variation 
into components, such as sampling variation, variation due to 
investigators and interaction between investigators and samples. 

Questions and exercises 

21.1 Discuss the basic principles of sample surveys. What are 
the advantages of sample surveys over complete census ? 

2L2 Discuss the different steps in a sample survey with special 
reference to any sample survey recently conducted in IndiAT 

21.3 Discuss the possible sources of bias in the following 
procedures : 

(1) A basket of oranges is sampled by taking some oranges 
from the top. 

(2) A mixture of sand and sugar is sampled by taking a 
quantity from the bottom. 

(3) A sample of digits is taken by opening a page of five-figure 
logarithmic tables at random and taking down the last three digits 
of the logarithms of all numbers in the order in which they occur on 
that page. 

(4) A sample of digits is taken by opening a page of a tele- 
phone directory at random and taking the digits in the telephone 
numbers in the order in which they occur on that page, 

(5) Investigators collecting data on the size of families in a 
town conduct a house-to-house enquiry of the households selected 
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at random, during the working hours of the day, ignoring those 
houses from which there is no reply. 

(6) A sample of opinions is obtained about a topical event by 
the mail questionnaire method. 

21 A What are random sampling numbers ? Describe the diffe- 
rent random sampling number series and describe their methods of 
construction. Describe the different tests for randomness generally 
applied to these series. 

21.5 A population of JV units is stratified into k strata, there 
being JV| units in the tth stratum. If n t units are drawn at random 
without replacements from the tth stratum, the samples from the 
different strata being independent, obtain the best linear unbiassed 
estimator for the population mean and the variance of the estimator. 

k 

Considering a linear cost funetion, C=a (i + *o being the over- 

i-l 

head cost and c t the cost per unit for the tth stratum, obtain the 
optimum values of it,*s such that for given cost the variance is 
minimised. Describe also the nature of the pilot survey to be under- 
taken in this case. 

21.6 Distinguish between fwo-stage sampling and stratified 
random sampling. 

For two-stage sampling, where the first-stage units are of equal 
size, obtain an estimator of the population mean. Also obtain the 
expression for the variance of the estimator. How will you estimate 
the variance from the sample ? 

What modifications are necessary if the first-stage units are of 
different sizes ? 

21.7 Describe the following methods of sampling with suitable 
examples : 

(1) systematic sampling, 

(12) multistage sampling, 

(3) multiphase sampling, 

(4) double sampling 
and (5) purposive sampling. 

21*8 Write a note on the nature, the coverage and the survey 
design of the National Sample Surveys of India. 
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21 9 The following arc the marks obtained by a group of 43 
students in a science test : 


47 

26 

45 

19 

7 

30 

27 

23 

12 

48 

35 

28 

26 

15 

36 

23 

26 

29 

46 

37 

39 

28 

29 

37 

8 

30 

36 

28 

32 

29 

23 

28 

21 

13 

24 


37 

38 

22 

27 

32 

24 

20 

13 


(a) 

Draw 

a random 

sample 

of size 

10 

fiom 

this group 


(i) with replacements and (ii) without replacements. 

(b) In each case, give an estimate of the average number of 
marks per student in the whole group. 

(c) Also give in each case an estimate of the standard error. 

2L10 In stratified sampling with replacements, suppose the strata 
sizes are equal and that there is equal allocation. Show that 

1 * 

var(_y„)=var(ji)- £(/x, -/*)*, 

nfc is i 

where var(j>) is the variance of the unbiassed estimator y in the case 
of SRSWR. Hence comment. 

21A1 Show how one can select -one out of two units at random 
by tossing a biassed coin twice. Extend this procedure Car selecting 
one unit at random from (1) a population of 3 units, (2) a popula- 
tion of 4 units, (3) a population of 6 units. What is the least 
number of tosses that one will need to make in each of these cases ? 

21.12 Indicate how one can select at random a sample of 15 
points (each co-ordinate being correct to the nearest millimetre) 
from the following regions : 

(a) a rectangular area whose sides are 98 cm. and 48 cm. ; 

(b) an elliptical region defined by 

**-+-■?* <i 

1024^625^ ’ 

x SLtidy being the distances of a point in cm., along the principal 
axes, from the centre. H State the limitations of the methods, if any. 

21.13 In selecting a sample of words from a dictionary, the 
following procedure is used': A page is selected at random from all 
the pages in the dictionary. Next, one of the two columns is chosen 
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at random. Third, a number R is drawn at random from 1 to Af, 
a number greater than or equal to the maximum number of words 
in any column. If it is less than or equal to the number of words 
in the column, include the iZth word of the column in the sample. 
Otherwise, repeat the operation, starting from the selection of a 
page till one word is chosen. Then repeat the entire procedure 
till n different words are obtained. Show that this procedure 
is equivalent to SRSWOR. 

21.14 Give an outline of a sample survey you would conduct if 
you were to study the living conditions of college students in 
Calcutta. 

21.15 Explain the method of sampling you would recommend 
for the following cases : 

(a) To determine the average retail price of fish in the 
Calcutta markets. 

(b) To determine the average yield of paddy in a district of 
West Bengal. 

(c) To have a sample of middle-class families in Calcutta 
for a family-budget enquiry. 

(d) To have a sample of newspaper readers in Calcutta for 
an opinion survey. 

21.16 The jVf # s, o/s (in kg.) and c ( 's (in Rs ) are given for 5 
strata into which a population is divided in a certain crop survey. 
Obtain the optimum values of ».* s and the corresponding variance of 
the estimator if the population mean is to be estimated and if the 
total approved cost of the survey is Rs. 5,000/- and the overhead cost 
is Rs. 550/- 


t 

JV, 

a, (in kg,) 

Ci (in Rs.) 

1 

3,780 

285 

3-50 

2 

5,260 

18-6 

2-75 

3 

8,200 

27-6 

2-25 

4 

4,160 

27-2 

300 

5 

2,980 

16-8 

2-50 


24,380 




Partial ans. 

^=274, n,=281 > 

n,=718, n 4 =242, 
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21.17 In a multistage survey, 11 first-stage units were selected, 
with 4 second-stage units in each first-stage unit and 8 third-stage 
units in each second-stage unit. The following mean squares were 
obtained — 

MS between first-stage units : 335*6 ; 

MS between second-stage units : 296 8 ; 

MS between third-stage units : 134*2. 

Evaluate the standard error of the sample mean. 

Assuming a cost function of the form 

C=30*4+2*8m+ 1 Zmn +0'6mnp, 

where m, n and p stand for the numbers of first-stage, second-stage 
and third-stage units, respectively, determine the optimum values of 
n and p for a given cost. Am. s.e.=0-976, n opt =6, p 9Vi — 4. 

21.18 Show that (21.29) may be expressed as 

? ^l + (n— I)p, j, 

where o* is the population variance and p c is the correlation coeffi- 
cient between pairs of sample units (intraclass correlation coefficient). 
Hence show that 

Show further that the relative efficiencies of systematic samplin’g 
compared to SRSWR and SRSWOR in estimating the population 
mean are, respectively, 

1 . N-n 1 

i+(»-i)p, jv-ri+(«-i) P / 

Hence indicate how the units in the population should be arranged 
in order that systematic sampling may be highly efficient. 

21.19 Show that in (21.31), if the variance of e ( is proportional 
to a/, then the estimate of the ratio R will be 

^O-.M* 

21220 The number of labourers x (in thousands) and the 
quantity of raw materials jf (in lakhs of bales) are given below for 
20 jute mills : 
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l No. of Mill 

X 

y_ 

1 

36<r 

31 

2 

384 

33 

3 

361 

37 

4 

347 

39 

5 

403 

43 

6 

529 

61 

7 

703 

68 

8 

396 

42 

9 

473 

41 

10 

509 

49 

11 

512 

31 

12 

503 

29 

13 

472 

38 

14 

429 

41 

15 

387 

40 

16 

376 

38 

17 

412 

42 

18 

385 

45 

19 

297 

32 

20 

633 

54 


Draw a sample of 5 mills with PPS, taking x as the size. Estimate 
the total amount of raw material consumed by the 20 mills and also 
its standard error. 
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VITAL STATISTICS 
METHODS 


22.1 Introduction 

The term vital statistics signifies either the data or the methods 
applied in the analysis of the data which provide a description of 
the vital events occurring in given communities. By vital events , 
again, we mean such events of human life as birth, death, sickness, 
marriage, divorce, etc. 

The raw data of vital statistics are generally obtained from the 
following sources : 

( 1 ) Census . Population censuses are now undertaken in almost 
all countries generally at ten-year intervals. A census may be 
defined as an enumeration at a specified time of individuals in- 
habiting a specified area, during which particulars are collected 
regarding age, sex and some social, economic, ethnic or familial 
characteristics of the individuals. 

(2) Vital statistics registers. In many countries, there is a system 
of registering the occurrence of every important vital event under 
legal requirement. For instance, when a child is born, the matter 
has to be reported to the proper authorities, together with such 
information as the age of mother, religion of parents, etc. Similarly, 
every death occurring in the community gets automatically recorded, 
because the disposal of the body requires a death certificate from the 
authoiities. 

Data on vital events may also be obtained from hospital records 
and from specially conducted population surveys. 

In the following discussion, we shall be concerned with birth, 
death and sickness (or morbidity) — the three most important vital 
events. It will be assumed that we have from cemus data for the 
given community the total size of the population and also its distri- 
bution with respect to different characters (e.g. age and sex) 
corresponding to different points of time> while from registers we have 
data regarding the number of births and the number of deaths 
occurring during different periods . When it comes to the number of 

181 
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cases of a disease or a group of diseases, as also the number of 
deaths therefrom, on the other hand, it will be assumed that the 
needed data have been obtained from hospital records . 

In order to determine the population at a time (say t) subsequent 
to a census or between two censuses, one may use a number of 
procedures. A very common method is to make use of birth and 
death statistics as well as the statistics of immigration and emigration. 
The population P 9 at time t is then obtained as 

where 2^ = population recorded at last census, 2? = total number of 
births in the intervening period, Z>= total number of deaths during 
the period, /= total immigration into the region during the period 
and £«total emigration from the region during the period. 

When migration statistics are absent or unreliable, one would 
make use of a suitable mathematical formula for P i9 like the 
exponential law or the logistic law (aide Section 22.8), and then 
determine P t by fitting this formula to the ava ilable census figures. 


22.2 Rates of vital events 

The raw data of vital statistics are given in the form of frequen- 
cies of vital events, perhaps classified according to certain characters 
such as age, sex, occupation, etc. These absolute numbers have 
numerous uses for administrative purposes. But to a statistician 
these raw materials alone will not be enough for an intelligent study 
of problems. The statement that in country A 20,000 people died in 
a certain year, while in country B 12,000 died in the same year 
conveys no particularly useful information. It is also necessary at 
least to know the population size of each country to have an idea as to 
their relative mortality situations. By relating the two — the number of 
deaths to the population size, we have a rate (in this case a death rate). 

The general definition of a rate is as follows : 


^ e 4. Number of cases of the vital event 

Rate of a vital event ==„—= ? r- . 

* Total number of persons exposed to the 

risk of occurrence of the event 


... ( 22 . 1 ) 

It is obvious that a rate refers to (1) a particular type of vital 
event (e.g. birth or death), (2) a particular geographical region (e.g. 
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India or West Bengal) and (3) a particular period (e.g. the year 
1970). The second and third points may not always be mentioned 
explicitly but may have to be understood from the context. 

The number of persons exposed to the risk of a vital event is 
usually the population of the given area during the given period or 
some segment of that population. The population during any period, 
however, does not remain the same throughout. One will, therefore, 
use the population either at the beginning of the period -or at the 
end. A more correct procedure would be to use the mean population 
during the period : 

-J-./PA ... (22.2) 

h — h J 

where ( t v t 2 ) denotes the given period, the population P t being 
assumed for simplicity to be an integrable function of time t. The 
mid-period population 

will give an approximation to this figure (and would be equal to this 
figure if P t were a linear function of f). 

A rate, according to the above definition, will be a proper 
fraction. For ease of understanding, the fraction is generally multi- 
plied by a constant, which for most rates is 1,000. Vital statistics 
rates are thus generally expressed ‘per thousand of population*. 

A vital statistics rate is sometimes looked upon as estimate of' 
the probability that a person exposed to the risk of the vital event 
during the given period will actually experience tiie event. This 
interpretation cannot, however, be given to all such rates. 

22.3 Measurement of mortality 
22.3.1 Crude death rate 

The simplest type of rate used in the measurement of mortality is 
the crude death rate ( CDR ), which is defined as follows : 

m-l, OOOxP-, ... (22.3) 

where ms. crude death rate per 1,000 of population ; 

D= number of deaths (from all causes) which occurred 
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in the population of the given region during the given 
period ; 

Pas total population of the given region during the given 
period. 

It is the most widely used of vital statistics rates. This rate has 
a simple interpretation, for it gives the number of deaths that occur, 
on the average, per 1,000 people in the community. Further, it is 
relatively easy to compute, requiring only the total population size 
and the total number of deaths. Besides, it is a probability rate in 
the true sense of the term. It represents the chance of dying for a 
person belonging to the given population, because the whole popula- 
tion may be supposed to be exposed to the risk of dying of something 
or other. 

However, it has also some serious drawbacks. In using the CDR , 
we ignore the fact that the chance of dying is not the same for the 
young and the old or for males and females, and the fact that it may 
also vary with respect to race, occupation or locality of dwelling. 
Because of this, the CDR is unsuitable as an index of relative mortality 
in different places unless the populations of the places compared have 
substantially identical age- and sex-distributions, a condition which 
is seldom fulfilled. Thus a population composed of a high proportion 
of old people will naturally show a higher CDR than one with a high 
proportion of the young although, taken separately, they may have 
the same mortality in each of the two age-groups. 

Under most circumstances, the CDR may well be used for 
comparing the mortality situations of the same place at different 
times , provided the periods compared are not too far apart, because 
in a stable, large community the age- and sex-composition of the 
population changes very slowly. 

22.3.2 Specific death rate 

A specific death rate (SDR) is a death rate computed for a specific 
segment of the community. Thus an SDR is given by 

Number of deaths which occurred in the specified section of 

i pop x — gggilation fhgjgg ^ given period in the given regio n 
9 Total number of persons in the specified section of the 
population in the given period in the given region 

... (22.4) 
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Usually, death rates are made specific only with respect to age 
and sex. If „D, is the number of deaths between ages x and x+n— 1 
last birthday (or l.b.d.) among residents in a community during a 
period, and if a P x is the number of persons in the same age-group 
in the community during the period,* then the age-specific death rate 
for the age-group is 

= l,000x"£'. ... (22.5) 

H« * 

The formula for an annual age-specific death rate (for which n — 1) 
is written simply as 

m, = 1,000 x^, ... (22.6) 

* X 

where D x =number of deaths among persons aged x l.b.d ; 
/ > ,=number of persons aged x l.b.d. 

Let ”F A and ™D X denote the number of males aged x to x + n— 1 
and the number of deaths occurring to such males. Then the SDR 
for males aged between x and x + n— 1 will be 

-», = 1,000 xSgi. ... (22.7) 

n* x 

This is a death rate specific for both age and sex . The age-specific 
death rales for ft males are defined in a similar manner. 

The SDRs arc the true and best measures of mortality, because 
they furnish a really meaningful idea of the probability that a person 
of a certain specified kind will die within the given period. For 
general purposes, death rate specific for age and sex is one of the 
most widely used types of death rate. It also supplies one of the 
essential components required for constructing life tables and net 
reproduction rates ( vide Sections 22.4 and 22 6). 

Specificity by age and sex eliminates differences in death rates 
arising^ from variation in population composition in respect of these 
characters. To this extent, such SDRs can be compared from one 
geographical area to another. However, this does not eliminate 
differences due to other characters which might also be important. 

*In each such symbol, the lower suffix denotes the beginning of the particular 
age-interval and the lower prefix the width of this interval ; the upper prefix, if any, 
denotes a particular sex ana the upper suffix, if any, a particular community. 
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In order to get a $lear insight into the forces of mortality, death 
rates ought to be made specific for some other factors, besides age 
and sex, e.g. race (white, non-white, etc.), occupation and locality of 
dwelling (urban and rural). 

We give below the CDR and SDRs for rural India for the year 
1957-58, which have been estimated from National Sample Survey 
data. 


TABLE 22.1 

Crude Death Rats and Death Rates Specific fob 
Age and Sex fob Rural India fob 1957-58 


Age-group 

Death rate per thousand persons 

Males 

Females 

All 

0 

198*0 

182-5 

190*3 

1—4 

42*6 

45*4 

44-0 

5—14 

5*5 

5*5 

5*5 

15 — 24 

3*5 

5*4 

4*5 

25-34 

4*2 

6-4 

5*3 

35—44 

5-8 

5'4 

5*6 

45—54 

12-8 

8*0 

10*5 

55 — 64 

32*2 

210 

26*6. 

65— 

72-9 

54*7 

63*5 

All ages 

19-6 

18*8 

19*2 

(maCDR) 


Source : National Sample Survey (Report No. 76 ) — Fertility and Mortality Rate s 
in India. 


The table shows that mortality is high among infants, then it 
decreases with increasing age and attains a minimum somewhere in 
the age-group 15-24. ^ But from then on, it rises steadily until it 
reaches a peak in the old ages. This is true for both nudes and females-* 
and also applies to the populations of almost all countries. Secondly, 
at most ages the mortality for males is seen to be greater that that 
for females. This, again, is almost a universal phenomenon. 
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22.3.3 Standardised death rate 

To study the differences in the mortality experiences of two 
communities, or even in the mortality experiences of the same com- 
munity over two periods lying wide apart, it is necessary to compare 
their SDRs , specificity being achieved with respect to such characters 
as age, sex, etc. This procedure, however, involves an unwieldy mass 
of data whose significance may not be readily grasped. Secondly, one 
series may have higher SDRs than the other for some of the segments, 
but lower SDRs for the other segments. In such a case, one will not 
be able to make a general statement of the form : “Mortality is 
higher (or lower) in A than in B 

What is wanted, then, is a single index of mortality — some sort of 
average of the death rates for the various segments of the population. 
The simplest composite figure of this type is, of course, the CDR . 
Assuming that specificity is achieved with respect to age alone, the 
CDRs for A and B may be written as 


— — and m b = * — 

ip; iPi 


However, m a and m b are not comparable, as has been pointed 
out in Section 22.3.1. For m a and m h may be unequal even when 
for each x , simply because the proportions 

PillPi and PlIZP* 


may not be the same, i.e. because the age-distributions of the two 
populations may not be identical. 

To eliminate this defect, it is necessary to use for both A and B 
the same set of weights in taking weighted averages of the series of 
SDRs. This is done by considering a third population, called a 
standard population . Supposing the number of persons of age x in the 
standard population is P ' M , the weighted average of the SDRs for A> 
called the standardised death rate or adjusted death rate (STDR) for A, 


will be 


2 mS.Pi/IPl. 


( 22 . 8 ) 


This age-adjusted death rate is the CDR which would be observed in 
the standard population if it experienced the age-specific death rates 
of the community in question. A death rate may be adjusted for 
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characters other than age and may be similarly interpreted. For 
instance, in case the death rates for A are specific for both age and 
sex, the STDR for A is 

[I-m; . "Pi + 2'm; + I'P'.l ... (22.9) 

* M MM 

An STDR is easy to compute and to explain. Further, if the SDRs 
of one community are proportional to those of the other, this will also 
be reflected in their STDRs . On the other hand, the choice of the 
standard population may influence the comparison of two STDRs. 
However, this difficulty will not be serious if the standard chosen is 
not far removed in its population composition from the communities 
being compared. The usual procedure is to take as standard the 
actual population (or the life-table stationary population) of a bigger 
community of which A and B are parts. For instance, in comparing 
Assam and West Bengal in respect of mortality, one may take the 
population of the whole of India or of Eastern Tndia as standard. 

Indirect standardisation 

Besides the direct method of computing STDR by using, say, 
formula (22.8), there is an indirect method. The use of formula 
(22.8) requires that the number of persons and the SDRs for all 
segments of the given population (say A) be known. In some cases, 
however, we may have a population classified according to age, for 
instance, but the SDRs for the individual age-groups may not be 
available. Only the total number of deaths, and hence the CDR , 
may be known. 

In such a case, let the age-specific death rates for the standard 
community be given, which are denoted by m* s . 

Let us look for an adjustment factor C such that 

CDRxC=STDR , 

iKPi ImiPi 

• M V P * 

2Pi ' IP’. ‘ 

M M 

Obviously, this C is to be equal to 

2m iP\l2P’. 

iriPiJWi' 
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But this factor cannot be evaluated exactly with the type of data 
we have in hand, since m% for individual ages x are not available. 
The usual practice is, therefore, to replace the unknown m% by the 
known figures m \ . C is thus approximated by 


2rn‘,P s .llP s , 

C f =.* * 

KPillPi 


(22.8a) 


and, correspondingly, the STDR is approximated by 


CDRxC. ... (22.8b) 

The computation of the STDR by adjusting the CDR in this 
manner is called indirect standardisation of specific death rates. 

In general, the indirect method leads to almost the same value 
for the STDR as the direct method would. And the two methods 
would be exactly equivalent if the specific death rates for the given 
community happened to be proportional to the specific death rates 
for the community taken as standard. 

In the following table, we have the specific death rates for 
rural Madras and rural Madhya Pradesh for 1957-58, specificity 
being achieved with respect to both age and sex. These are taken 
from Fertility and Mortality Rates in India of the National Sample 
Survey (Report No. 76). For comparing these two sets of rates, 
we may take as standard the life-table stationary population for 
the whole of rural India, 1957-58, as given in Tab 1 22.6. The 
population figures are given in cols. (5)-(6) of the following table, 
the figures being reduced to a cohort of / 0 = 1,000 for both males 
and females. 

The STDR for rural Madras is then the weighted average of 
the figures in cols. (1) and (2), the life-table figures in cols. (5) and 
(6) being taken as the weights. This is 

(736,415-0+667,982 2)/(45, 232+46, 571) = 1,404,397-2/91,803 

= 15-3 (per thousand). 

Similarly, the STDR for rural Madhy*. Pradesh is 

(1,183, 953-8+1, 054, 009-7)/91, 803=2, 237, 963-5/91, 803 

=24*4 (per thousand). 
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TABLE 22.2 

Specific Dbath Rates fob Rural Madras and Rural 
Madhya Pradesh and Lite-Table Stationary 
Population fob Rural India, 1957-58 


(0) 

Specific death rates 
for rural Madras 



Age l.b.d. 



(3) 

(4) 

(5) 

(6) 




Male 

Female 

Male 

Female 

0 

163-9 

140-6 

203*8 

165*4 

897 

903 

1— 4 

26*2 

26*3 

50*4 

60*2 

3,104 

3,116 

5—14 

3*0 

4*2 

5*9 

5*1 

7,174 

7,194 

15-24 

2*7 

3*1 

3*1 

5*2 

6,871 

6,812 

25-34 

4*4 

3*6 

4*3 

6*4 

6,616 

6,447 

35—44 

5*8 

5*1 

7*3 

7*3 

6,317 

6,089 

45-54 

15-9 

8*1 

12*4 

85 

5,797 

5,690 

55—64 

226 

8*9 

48*8 

34*4 

4,655 

4,945 

65— 

53*9 

49*0 

107*2 

63*4 

1 

3,801 

5,375 

Total 

— 

— 

— 

— 

45.237" 

46,571 


The two STDRs indicate that the age-sex specific death rates of 
rural Madras would result on the average in about 15 deaths per 
1,000 if they operated on the life-table stationary population of the 
whole of rural India, while the age-sex specific death rates of rural 
Madhya Pradesh would result on the average in about 24 deaths 
per thousand. A precise idea is thus obtained from the STDRs 
regarding the comparative mortality situations of the two regions. 

22.3.4 Comparative mortality index 

The- use of the STDR in making a comparison of mortality over 
time sometimes gives^ise to difficulties. In this case the population 
of a part of the time period, generally at the start of the period, 
would be taken as standard. But the resulting STDR values may 
give an unrealistic picture, for the age-sex distribution of the 
current population may be widely different from that of the 
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standard. The comparative mortality index ( CMI) has been intro* 
duced to meet this objection. Here use is made of a shifting set of 
weights in taking a weighted average of SDRs. Thus the CMI for 
a given period will be given by the formula 


CMI= 

* * 


where 


u>* 


= 1 f 

2Lz/>; 



> 


... ( 22 . 10 ) 


P* x and P M being the population figures at age x for the standard and 
the given period, respectively, and m* n and m M the SDR* at age x for 
the periods 

We may be required to compare the mortality of a community in 
successive years. This may be achieved by forming ratios of the 
corresponding CAf/s. 


22.3.5 Cause-of-death rate 

This rate is used to measure the contribution to the total mortality 
of a community that is made by a specified cause of death, say a 
specified disease or accidents. 

The (crude) cause-of-death rate for cause i, denoted by m *, is, 
by definition, 

m'= 100,000 x?, ... ( 22 . 11 ) 

where 2)*= total number of deaths from cause i occurring in the given 
period in the given community 

and P=total population of the given community in the given 
period. 

This rate has the multiplier 100,000, instead of the usual 1,000, 
so that in any given case the computed rate does not appear as a 
small fraction. 

It is an over-all index of the attrition of the population as a 
whole from the given cause. Further, it is the measure that serves 
as the basis for many public-health programmes and also as an index 
of their success and failure. Moreover, it is simple to calculate. 

However, it suffers from the same defect as the crude death rate 
does, for it does not take into account the age-sex composition of the 
population. Second, cause of death being subject to the greatest 
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degree of reporting errors, the computed rate is also likely to be 
highly unreliable. What is more, unlike the CDR, it is not a proba- 
bility rate, for the whole population may not always be regarded as- 
the population exposed to the risk of death from a given cause. For 
instance, in the case of lung cancer, which is an old-age disease, only 
the population above, say, 45 years of age should be so regarded. 


22.3.6 Maternal mortality rate 
This rate is defined by the formula 

1,000 x D *, 


( 22 . 12 ) 


where Z)j= total number of deaths from puerperal causes among 
the female population in the given period in the given 
community 

and B = total number of live births occurring in the given period 

in the community. 

This rate may be looked upon as an alternative to, or a reEined 
version of, the corresponding cause-of-death rate. 

First, here note is taken of the fact that only the part of the 
female population that goes through conception some time during 
the period, and not the whole population, is exposed U> the risk of 
dying from puerperal causes (i.e. causes relating to child-birth). 
This population may be 'taken to be approximately the number of 
mothers giving birth to live-born children plus the number of those 
delivered of dead foetuses. Now, fcetal deaths are almost universally 
poorly registered. Moreover, most countries do not maintain data 
on the number of mothers but rather on the number of live births. 
These are the reasons why maternal mortality rate has as its 
denominator the number of live births. 

As against its merit as a measure of the effect of puerperal 
diseases on the mortality of women, this rate may often be erroneous* 
For one thing, puerperal causes of death are generally subject to a 
large margin of reporting errors. Secondly, live births are generally 
subject to a greater degree of under-registration than maternal 
deaths. As such, the maternal mortality rate will tend to be over- 
stated to some extent. The effect of the overstatement, however, 
generally happens to be minor. 



VITAL STATISTICS METHODS 


193 


22.3.7 Infant mortality rate 

The infant mortality rate ( IMR ), too, is an alternative to, and 
in a sense an improvement upon, the age-specific death rate for 
age 0 l.b d. — in other words, upon the death rate for infants (i.e. 
children under 1 year of age). It is defined as 

1MR=1,000x D «, ... (22.13) 

B 

where D 0 = number of deaths among children of age 0 l.b.d. 
and 5= number of live births. 

The age-specific death rate ’for age 0 l.b.d., which has the same 
numerator, has for its denominator the number of infants. However, 
it is well known that infants are grossly under-enumerated in a 
population census. As such, the age-specific death rate tends to be 
highly overstated. Moreover, estimates of population by age are 
seldom obtainable annually. This is why the IMR is generally used, 
in lieu of the ASDR m 0 , as the measure of infant mortality. 

The IMR has a number of advantages. It does away with the 
need for the data of population censuses or estimates. Foi the same 
reason the IMR can be computed for any population and for any 
time period, provided only the number ot infant deaths and the 
number of live births are available. The same cannot be said of the 
corresponding ASDR, for in the case of a small aica an estimate of 
the population of age 0 l.b.d may not be found. The IMR has 
been called the most sensitive of all measures of mor'phty. For in 
most countries the great risk of death under 1 year c; age is not 
equalled at any other part of the life span, except at very old ages. 
But unlike deaths at very old ages, infant deaths are highly responsive 
to improvements in environmental and medical conditions. No 
wonder, then, the IMR serves as an excellent index of the general 
healthiness of the community. 

As to its drawbacks, it will be apparent that the IMR is not a 
probability rate in the true sense of the term. For the numerator 
and denominator of the IMR are not strictly related. The deaths 
under 1 year in a given calender year inc! de those of some children 
born in the previous year ; moreover, some of the deaths among the 
current year’s births during the first year of life may occur in the 
following calendar year. (Another way of putting this is to say that 


fs(ii) — 13 
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a child born, say, on January 1 remains exposed to the risk of death 
under 1 year of age (in the current year) for a full one year, while one 
born on December 1 remains so exposed for 31 days only.) If fertility 
and mortality are stable, these two types of errors tend to cancel 
each other, but their effect may be considerable when fertility and 
mortality are changing fairly rapidly. The more serious drawback 
arises from the under-registration of live births. The definitions of live 
birth and still bit th vary from country to country and also over time. 
There is also found a reluctance to register as live-born those infants 
who, though born alive, die immediately after birth. Live births 
are thus under-registered, while infant deaths are more completely 
registered. This leads to an IMR being larger than what it should be. 
This is why it has been said that it is possible to lower the IMR without 
saving a single life simply by improving the birth registration system. 

The following table shows the IMRs for a number of countries 
of the world for the year 1969 and brings into clear relief the abject 
backwardness of India in the field of health and hygiene. 


TABLE 22.3 

Infant Mortality Rates for Some 
Countries for the Year 1969 


Country 

IMR per 1,000 live births 

Australia 

18-0 

Japan 

150 

India 

139*0 

UAR 

117-0 

Ghana 

156-0 

United Kingdom 

18-8 

Sweden 

12-9 

Canada 

22-0 

USA 

21-2 

Guatemala 

89-0 

Chile 

100-0 
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22.3.8 Case fatality rate 

As the name indicates, this rate is intended to measure the fatality, 
or importance as a killer, of a given disease. The formula for the 
rate is 

1,000 x^, ... (22.14) 

where Z) f = number of deaths among cases of the disease i 
and C* -=s total number of cases of the disease f. 

Provided age, sex, occupation, etc., are taken into account in its 
computation, this may be regarded as the most refined specific death 
rate. For, in the strictest sense, those who have a specified disease 
are the ones truly exposed to the risk of dying of that disease. 
Further, it is a truly probabilty rate. The case fatality rate for 
T.B., e.g., represents the probability that a person suffering from 
T.B. in a g’ven period will die of that disease in that period. 
Because of its bearing on prognosis, this rate is of the greatest interest 
to clinicians. 

However, the computation of this rate is often beset with 
difficulties because of the non-availability of the relevant data. 
Generally, these rates are computed on the basis of the case records 
of big hospitals. But rates computed in this way are to be taken 
with a pinch of salt. For one thing, the cases of a disease that are 
treated in a hospital are the more serious ones, so that case fatality 
rates computed from hospital data tend to be unduly hijh. On the 
other hand, the type of treatment given in a hospital is often 
different from the average treatment given outside This too may 
make the case fatality rate from hospital data different from the 
true rate for the community at large. 

22.4 Life table 

Suppose an investigator, who is studying the mortality prevailing 
in a community during a given period, asks : “If 100,000 babies 
born at the same time experienced throughout their lifetime the 
given mortality, how many would reach age 1, how many would 
reach age 10, 20, 30, etc. ? Further, when the life of all these 
100,000 would run its course, what would be the average longevity 
per person ?” The answers to such questions are given in a life 
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table. A life table thus presents in a more vivid way than the simple 
death rates can the mortality experience of a community during a 
given period. 

22.4.1 Description 

A life table gives, for integral values of age in years (denoted 
by x), the values of the following functions : 

(1) l M9 the number of persons who attain (or rather are expected 
to attain) exact age x out of an assumed number of births / 0 (called 
the cohort or radix of the life table'. 

(2) d„ the number of persons, among the l M persons reaching 
age x, who die before reaching age x + 1. Thus 

d* ^jr+r 

(3) q x > ^e probability that a person of exact age x will die 
before reaching age x+ 1 . It follows that 

9 m — d x jl x . 

Some tables contain, besides q x , another function p x = )— q X9 which 
is the probability that a person of precise age x will survive till his 
next birthday. 

(4) L a9 the number of years lived, in the aggregate, by the 
cohort of Z 0 persons between ages x and x -f- 1 . Thus 

i 

Lx ~ j lx+i dt$ 

0 

an approximate value of which is given by 

provided l x + t is approximately a linear function of t between /== 0 
and <=1.* 

Since the width of the interval (x, x+ 1 ) is unity, it is clear that 
L 9 may also be interpreted as the average size of the cohort between 
ages x and x+1. 

*Thii ia equivalent to the condition that the d x deaths occuring in the age- 
interval (*, x-f 1) are approximately uniformly distributed over this interval. 
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The function L x may be interpreted in yet a third way. Suppose 
in a community every year there are exactly / 0 births, these being 
distributed uniformly throughout the year, and that the death rate 
at each age remains the same — same as that given by the q x column 
of the life table. Further, let there be no migration. Under these 
conditions, ultimately (after 100 years or thereabouts) the population 
will be of the same size from year to year and will have the same 
age-distribution, the number of persons between ages x and *4 1 
being always given by L x . A population with constant size and 
constant age-composition or constant age- and 1 sex-composition over 
time is called stationary The L x column is, therefore, said to give 
the age-distribution of the life-table stationary population . 

[The idea of a stable population is closely i elated to that of a 
stationary population. A population is said to be stable if it has 
a fixed age- and sex-distribution and if the same mortality and 
fertility arc experienced at each age, it being assumed that theie is 
no migration. For a stable population the over-all birth and death 
rates must remain constant. Hence the rate of increase of the 
population must also be constant for such a population, so that 
the compound interest law of growth will be applicable. 

Tf the over-all birth and death rates in a stable population 
happen to be equal, so that the size of the population also remains 
constant, then the stable population becomes a stationary 
population.] 

(5) T x , the number of yeais lived by the cohort a ief attaining 
age x or the total future lifetime of the l x persons who reach age x. 
We have, then, 

?\=£*+£*+i + £*+2+ 

(6) *2, the average number of years lived after age x by each of 
the l x pei sons who attain that age. It is called the (complete) ex- 
pectation of life at age x and is obtained from the relation 



*j>, the expectation of life at age 0, is the average age at death, or the 
average longevity, of a person belonging to the given community. 
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[A closely related concept is that of the curtate expectation* of life 9 
denoted by e K9 which represents the average number of complete 
years of life lived after age x by any of the l x persons who attain 
age*. We have 

GO 

2 r je> 
tool 

so that 

+ f ] 


22.4.2 Construction of a life table 

The pivotal column of a life table is the q x column, as will be 
apparent from the following discussion. Suppose we have the value 
of q % for every x from 0 upwards. We can then start with a suitable 
cohort, say one of 100,000 (/ 0 ) births. Multiplying l 0 by q 0 , we get 
Then / A =/ 0 — d 0 . Again, di=*l x q lt l 2 = li — d 1 > and so on. 
Having obtained the values in the l x column, we can then fill in the 
other columns, viz. L x > T x (for which we start from the bottom of 
the table and get the values successively by using the relation 
T x =L x +T x+l ) and *g, by means of the relations stated above. 

If the probability that a person belonging to the age-group 
x to x+\ will die while in that age-group is denoted by m' m then 


n' ~ _ 

* L,~l x 


i.e. 



2-?. 

or 

q '- 2+m'/ 



The probabilities m' x are estimated by the observed age*specific 
death rates (m x ) for the community, where we now tale 

m x =D,jP„ (without the multiplier 1,000). 


Hence the q M values c4n be determined, if the m x values are known, 
by using the approximate relation 



f. 


... (22.15) 
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For the early years of life, the values of m x are usually not so 
reliable owing to defects in census records. Besides, the assumption 
underlying (22.15) that deaths are distributed uniformly over the 
years of age is not valid for the early ages, especially for age 0 : 
mortality is generally very high in the first few weeks after birth 
and then it diminishes sharply. It is, therefore, necessary to have 
alternative formulae for q M for *=0, 1, 2, say. We shall consider an 
alternative formula for q 0 based on registration data alone. Here the 
assumption will be made that the effect of migration is negligible, 
which is probably legitimate at age 0. This formula is due to 
Kuczynski [6]. 

Note that in order to survive the first year of age, a child must 
survive till the end of the calendar year in which it is born and then 
live long enough in the next calendar year to attain exact age 1. 
Hence, denoting the probabilities of these two events by p ’ and p\ 
respectively, wt have 

p^p'.p". ... (22.16) 


The probabilities p f and p" are estimated by 
(B,- D'") IB„ 

and 


(22.17) 


respectively, where 

B" x =number of children born in the preceding calendar year, 
B 0 = number of children born in the current calendar year, 
D'=number of children born and deceased in the preceding 
calendar year, 

Z)*= number of children born in the preceding calendar year and 
deceased in the current calendar year before reaching age 1 
and 

number of children born and deceased in the current 
calendar year. 


More elaborate formulae for q x at young ages aie given in the 
book by Anderson and Dow [1] (Ch. 20). 

For the sake of illustration, we give below (on pp. 201-202) the 
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life tables for India, for the decade 1951-60, separately for males 
and females. (It should be noted that in these tables L 0 is not even 
approximately equal to ( lo+l\)l2 . It is computed by a more compli- 
cated formula, because the assumption of uniform distribution of 
deaths, underlying the approximation Z- x (/^ is not at all 

legitimate for x=0.) 

22.4.3 Abridged life table 

The type of life table considered above, where the age-interval is 
a year throughout the table and the various functions are evaluated 
for every year of age, is customarily called complete life table . As 
opposed to this type oi table, there are abridged life tables. The 
abridgement may be of two kinds. In the first form of abridgement, 
the functions are evaluated for single years of age, as in a complete 
table, but these are now given, for the greater pa? t of the table, at 
intervals of 5 years or 10 years. In the second form, the function 
values are stated, for the major part of the table, for 5-year or 
10-year age-groups, and hence this type is obtained through a 
condensation of a complete table rather than through the omission 
of some of its rows. 

We shall discuss some methods of const? uc ting abridged tables. 
The method of G. King is meant foi the first type of abridgement, 
while the method of T.N/E. Greville and the one due to L. J. Reed 
and M. Merrell are intended for the second tvpe. 

22.4.4 King's method 

Suppose the life table functions q XJ l x and e J are to be given at 
5-year intervals in the abridged table. Then the first step would be 
to compute probabilities of death q x at the pivotal ages by the usual 
procedure. Next, one has to form 

= 1 - * 

for the pivotal ages. 

To evaluate the neat life table function, l x , at the pi\otal ages, 
we note that 

/.+s=f. X.A. or + 

so that it is necessary to estimate s p, from the available p, values. 



TABLE 22.4 

All-India Life Table — Males 


( 1951 - 60 ) 


X 

Ik 

d. 

1* 

/-X 

1\ 


0 



•15322 

88509 

4188830 • 

41-89 

1 

84678 

2552 

•03014 

82404 

4100321 

48 42 

2 

82126 

1950 

•02374 

80401 

4017917 

4892 

3 


1473 

•01837 

71886 

3937513 

49- 11 

4 



•01395 

77751 

3858627 

4903 

5 



•01046 

77202 

3780876 

48*72 

6 

76798 

588 

•00765 

76504 

3703674 

48-23 

7 


428 

•00562 

7599b 

3627170 

47 59 

8 

75782 

321 

00423 

75622 

3551174 

4686 

9 

75461 

255 

•00338 

75334 

3475552 

46*06 

10 

75206 

226 

•00300 

75093 

3400218 

45-21 

11 

74980 

226 

•00301 

74867 

3325 1‘^5 

44-35 

12 

74754 

247 

•00330 

74631 

3250258 

43-48 

13 

74507 

291 

•00391 

74362 

3175627 

42 62 

14 

74216 

358 

•00483 

74037 

3101265 

41-79 

15 

73858 

367 

00497 

73675 

3027228 

40-99 

16 

73491 

371 

•00505 

73306 

2953553 

40* 19 

17 

73120 

374 

•00512 

72933 

2880247 

39*59 

18 

72746 

378 

•00520 

72557 

2807314 

38*59 

19 

72368 

381 

•00527 

72178 

2734737 

37-79 

20 

71987 

384 

•00533 

71795 

2662579 

3699 

21 

71603 

391 

•00546 

71408 

2590784 

36- 18 

22 

71212 

402 

00564 

71011 

2519376 

35-38 

23 

70810 

413 • 

00583 

70604 

2448365 

34-58 

24 

70397 

424 

•00603 

70185 

2377761 

33-78 

25 

69973 

437 

00625 

69755 

2307576 

32*98 

26 

69536 

451 

•00649 

69311 

2237821 

32- 18 

27 

69085 

467 

•00676 

68852 

2168510 

31-39 

28 

68618 

484 

•00706 

68376 

2099658 

30*60 

29 

68134 

505 

•00741 

67882 

2031282 

29-81 

30 

67629 

534 

•00790 

67362 

1963400 

2903 

31 

67095 

582 

00867 

66804 

1896038 

2826 

32 

66513 

631 

•00949 

66198 

1829234 

27-50 

33 

65882 

685 

•01040 , 

65540 

1763036 

26‘76 

34 

65197 

740 

*01135 

64827 

1697496 

2604 

35 

64457 

798 

•01238 

64058 

1632669 

25-33 

36 

63659 

859 

01349 

63230 

1568611 

24-64 

37 

62800 

921 

•01466 

62340 

l r 05381 

2397 

38 

61879 

£81 

•01585 

61389 

1443041. 

23*32 

39 

60898 

1030 

•01691 

60383 

138 1652 

22*69 * 

40 

59868 

1074 

01794 

59331 

1321269 

22*07 

41 

58794 

1115 

01897 

58237 

1261938 

21*46 

42 

57679 

1154 

02001 

57102 

1203701 

2087 

43 

56525 

1190 

•02106 

55930 

1146599 

20*24 

44 

55335 

1225 

•02214 , 

54723 

1090669 

19-71 

45 

54110 

1257 

■02323 

53482 

1035946 

19-15 

46 

52853 

1287 

•02435 

52210 

982464 

18-59 

47 

51566 

1317 

•02554 

50908 

930254 

18-04 

48 

50249 

1347 

•02681 

49576 

879346 

17-50 

49 

48902 

1377 

•02816 

48214 

829770 

16-97 
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TABLE 22.4 (Contd.) 


X 

k 


f* 

tm 

T, 


50 

47525 

1407 

*02961 

46822 

781556 

16*45 

51 

46118 

1437 

•03117 

45400 

734734 

15*93 

52 

44681 

1467 

*03283 

43948 

689334 

15*43 

S3 

43214 

1494 

*03458 

42467 

645386 

14*93 

* 54 

41720 

1519 

*03642 

40961 

b02919 

14*45 

55 

40201 

1542 

*03836 

39430 

561958 

13*98 

56 

38659 

1562 

•04040 

37878 

522528 

13-52 

57 

37097 

1578 

*04255 

36308 

484650 

1306 

58 

35519 

1591 

04480 

34724 

448342 

12*62 

59 

33928 

1600 

*04716 

33128 

413618 

12*19 

60 

32328 

1605 

•04964 

31526 

380490 

11-77 

61 

30723 

1605 

•05224 

29921 

348964 

11-36 

62 

29118 

1600 

05496 

28318 

319043 

1096 

63 

27518 

1591 

•05780 

26723 

290725 

10-56 

64 

25927 

1576 

•06077 

25139 

264002 

1018 

65 

24351 

1556 

•06390 

23573 

238863 

9*81 

66 

22795 

1532 

•06721 

22029 

215290 

9-44 

67 

21263 

1503 

07069 

20512 

193261 

9*09 

68 

19760 

1469 

07433 

19026 

172749 

8-74 

69 

18291 

1430 

07816 

17576 

153723 

8-40 

70 

16861 

1386 

08218 

16168 

136147 

807 

71 

15475 

1337 

•08639 

14807 

119975 

7*75 

72 

14138 

1284 

•09081 

13496 

105172 

7-44 

73 

12854 

1227 

09545 

12241 

91676 

7-13 

74 

11627 

1166 

•10300 

11044 

79435 

683 

75 

10461 

1102 

•10539 

9910 

68391 

6*54 

76 

9359 

1036 

•11072 

8841 

*>8481 

6-25 

77 

8323 

968 

11631 

7839 

49640 

5-96 

78 

7355 

898 

•12215 

6906 

41801 

5*68 

79 

6457 

828 

12826 

6043 

34895*" 

5*40 

80 

5629 

758 

•13466 

5250 

28852 

513 

81 

4871 

689 • 

•14135 

4527 

23602 

4*85 

82 

4182 

622 

•14884 

3871 

19075 

4-56 

83 

3560 

>61 

13764 

3280 

15204 

4 27 

84 

2999 

505 

•16826 

2747 

11924 

398 

85 

2494 

452 

•18121 

2268 

9177 

3*68 

86 

2042 

402 

•19700 

1841 

6909 

3-38 

87 

1640 

354 

•21614 

1463 

5068 

309 

88 

1286 

308 

23914 

1132 

3605 

280 

89 

978 

261 

26651 

848 

2475 

2*53 

90 

717 

214 

29876 

610 

1625 

2*27 

91 

503 

169 

*33640 

419 

1015 

2*02 

92 

334 

127 

•37994 

271 

596 

1*78 

93 

207 

89 

*42989 

163 

325 

1*57 

94 

. n 8 

57 

•48676 

90 

162 

1*37 

95 

61 

34 

*55106 

44 

72 

1*18 

96 

27 

<87 

*62330 

19 

28 

1*04 

97 

10 

7 

•70399 

7 

9 

0*90 

98 

3 

2 

•79364 

2 

2 

0*67 

99 

1 

1 

•89276 

1 


— 


Source : Lift Tables , 1951-60, Census of India, 1961 Census. Registrar-General, 
India. 


202 


TABLE 22.5 

All-India Life Table — Females 


( 1951 - 60 ) 


X 

U 

d x 


L, 

T x 

e x ° 

0 

100000 

13826 

■13826 

89631 

4055487 

40-55 

1 

86174 

3119 

•03620 

88390 

3965856 

4602 

2 

83055 

2378 

•02863 

80950 

388246b 

46-75 

3 

80677 

1797 

•02227 

79100 

3801516 

47-12 

4 

78880 

1343 

•01702 

77708 

3722416 

47* 19 

> 

77537 

991 

01278 

77042 

3644708 

47*01 

6 

76546 

723 

00945 

76185 

35676b6 

46-61 

7 

75823 

527 

0069 r > 

75560 

3491481 

46-01 

8 

75296 

391 

•00519 

75101 

3415921 

45-37 

9 

74905 

305 

•00407 

74753 

3340820 

44*60 

10 

74600 

261 

•00350 

74470 

3266067 

43*78 

11 

74339 

251 

•00338 

74214 

3191597 

42-93 

12 

74088 

267 

•00361 

73955 

3117383 

42-08 

13 

73821 

310 

00420 

73666 

3043428 

<1-23 

14 

73511 

380 

•00517 

73321 

2969762 

40*40 

15 

73131 

388 

•00530 

72937 

2896441 

39*61 

16 

72743 

391 

•00538 

72548 

2823504 

38*81 

17 

72352 

394 

00544 

72155 

2750956 

38 02 

18 

71958 

395 

■00549 

71761 

2678801 

37-23 

19 

71563 

396 

•00554 

71365 

2607040 

36-43 

20 

71167 

399 

•00560 

70968 

2535675 

35-63 

21 

70768 

401 

•00566 

70568 

2464707 

3483 

22 

70367 

403 

•00573 

70166 

2394139 

34*02 

23 

69964 

406 

00580 

69761 

2323973 

33*22 

• 24 

69558 

410 

00590 

69353 

2254212 

32-41 

25 

69148 

434 

•00628 

68931 

2184859 

31-60 

26 

68714 

497 

•00724 

68466 

2115928 

30-79 

27 

68217 

579 

•00849 

67928 

2047462 

3001 

28 

67638 

661 

•00977 

67308 

1979534 

29-27 

29 

66977 

742 

•01108 

66606 

1912226 

28-55 

30 

66235 

825 

•01245 

65823 

1845620 

27-86 

31 

65410 

906 

•01385 

64957 

1779797 

27-21 

32 

64504 

986 

•01528 

64011 

1714840 

2659 

33 

63518 

1062 

01672 

62987 

1650829 

25-99 

34 

62456 

1136 

•01819 

61888 

1587842 

25-42 

35 

61320 

1190 

•01940 

60725 

1525954 

24-89 

36 

60130 

1219 

•02027 

59521 

1465229 

2437 

37 

58911 

1235 

•02097 

58294 

1405708 

23*86 

38 

57676 

1245 

02159 

57054 

1347414 

23-36 

39 

56431 

1253 

*02221 

55805 

1290360 

22*87 

40 

55178 

1258 

•02279 

54549 

1234555 

22-37 

41 

53920 

1255 

•02328 

53293 

1180006 

21*88 

42 

52665 

1250 

•02374 

52040 

1126713 

21-39 

43 

51415 

1244 

• -02420 

50793 

1074673 

20-90 

44 

50171 

1237 

02466 

49553 

1023880 

20-41 

45 

48934 

1234 

02522 

48317 

974327 

19-91 

46 

47700 

1239 

•02598 

47081 

926010 

19-41 

47 

46461 

1248 

•02686 

45837 

878929 

18-92 

48 

45213 

1257 

•02780 

44585 

833092 

18-43 

49 

43956 

1266 

•02880 

43323 

788507 

17-94 




TABLE 22.5 (Contd.) 


X 

h, 

is 

Or 

i* 

T* 

•s' 

50 

42690 

1274 

•02984 

42053 

745184 

17-46 

51 

41416 

1283 

•03099 

40775 

703131 

16*98 

52 

40133 

1292 

•03220 

39487 

662356 

16* 50 

53 

38841 

1302 

•03352 

38190 

622869 

16-04 

k 

37539 

1312 

*03496 

36883 

584679 

15*58 

55 

36227 

1322 

•03648 

35566 

547796 

15-12 

56 

34905 

1331 

03812 

34240 

512230 

14*67 

57 

33574 

1341 

•03995 

32904 

477990 

14-24 

58 

32233 

1348 

•04183 

31559 

445086 

13*81 

59 

30885 

1352 

•04376 

30209 

413527 

13*39 

60 

29533 

1351 

•04574 

28858 

383318 

12-98 

61 

28182 

1347 

•04778 

27509 

354460 

12-58 

62 

26835 

1339 

•04989 

26166 

326951 

1218 

63 

25496 

1328 

05203 

24832 

300785 

11-80 

64 

24168 

1314 

•05437 

23511 

275953 

11-42 

65 

22854 

1297 

*05676 

22206 

252442 

1105 

66 

21557 

1277 

•05925 

20919 

230236 

10-68 

67 

20280 

1254 

•06184 

19653 

209317 

10-32 

68 

19026 

1228 

•06455 

18412 

189664 

9-97 

69 

17798 

1199 

•06736 

17199 

171252 

9-62 

70 

16599 

1167 

•07030 

16016 

154053 

9-28 

71 

15432 

1132 

•07336 

14866 

138037 

8-94 

72 

14300 

1095 

•07654 

13753 

123171 

8-61 

73 

13205 

1055 

■07986 

12678 

109418 

8-29 

74 

12150 

1012 

•08331 

11644 

96740 

7*96 

75 

11138 

968 

•08691 

10654 

85096 

7-64 

76 

10170 

922 

•09066 

9709 

74442 

7*32 

77 

9248 

874 

•09455 

8811 

64733 

700 

78 

8374 

826 

•09861 

7961 

55922 

6*68 

79 

7548 

776 

•10283 

7160 

47961 to 

6*35 

30 

6772 

726 

•10722 

6409 

40801 

602 

31 

6046 

676 

' *11178 

5708 

34392 

5*69 

32 

5370 

629 

•11712 

5056 

28684, 

5*34 

83 

4741 

587 

•12384 

AAAO 

tttO 

23628 

498 

34 

4154 

551 

•13254 

3879 

19180 

4-62 

85 

3603 

518 

•14382 

3344 

15301 

4*25 

36 

3085 

488 

•15828 

2841 

11957 

C-88 

87 

2597 

458 

•17652 

2368 

9116 

3-51 

88 

2139 

426 

•19914 

1926 

6748 

3-15 

39 

1713 

388 

•22674 

1519 

4822 

2*81 

90 

1325 

344 

•25992 

1153 

3303 

2*49 

91 

981 

294 

•29928 

834 

2150 

2’19 

92 

687 

237 

•34542 

569 

1316 

1-92 

93 

450 

180 

•39894 

360 

747 

1*66 

94 

270 

124 

•46044 

208 

387 

1*43 

95 

146 

77 

•53052 

106 

179 

1*23 

96 

69 

42 

•60978 

48 

71 

1*03 

97 

27 

19 

•69882 

18 

23 

0-85 

98 

8 

6 

•79824 

5 

5 

0-63 

99 

2 

2 

*90864 

“■* 




Source s Lift Tables, 1951-60, Census of India, 1961 Census. Registrar-General, 
India. 
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For the first pivotal age, t p x is evaluated from Newton’s forward 
formula as follows : Ignoring differences higher than the third, we 
have 

log/>, +1 - log/>, + "2d log^, — ■ -08J* logp x + -0484* log^, , 
l°g/*+t=l°g/>x + log^, - ■ 12d* log/), -b*064d» log/), , 
,0 gl>»+3 = lo g/»* + ‘ 6 ^ lo g Px - * 1 2d* log/>, + -056J 3 logj, , 
log P*+t - log/ 1 * + *8d log/* — ■° 8 ^ 1 l°g^* + ‘032d* log*, . 

Hence we get 

iog s />.=i log *,+. 

i» 0 

=5 log/>, +2d log*, — -4d* log/), + -2d* log/), 

=2-41og/r, + 3-41ogp, +s — log/), +10 +21og/), +ls , ... (22.18) 

noting that 

d r log/i, = (E 6 - 1 ) ' log/), . 

For the remaining pivotal ages, one uses Newton’s forward 
formula based on />,_ s , and the differences corresponding to />,_ s , 
as follows : 

log Px =log/\-6 + ^ log/>, -5. 

log/’jc+i == l°g/ , *-6+ 1 ‘2d log/) t _ 5 +-12d*log/),_ s --032d*log/),_ s , 
log*, +e =log/),_ 5 +- l’4d log/>,_ 5 -+-’28d*log* ir _ 5 - •056d 3 log^,_ s . 
l°g^*+ 3 =l°g^*-B + l‘ 6 ^ l°g^*-s4 48d a log/), _ 5 — 064d 3 Iog*,_ 5 , 

logp x+i =.\ogp,_ t ±l-8Alozp,_ t ±-72A*lo S p x _ i --(MM 3 \ogp t _ i . 

Hence 

log bP* =5 log*,_ t +7d log*,_ 5 -r 1 ‘6d* log/),_ s — 2d 3 log*,_ 5 

— 2 log*,_ 6 + 3-2 log*, -*• 2-2 log*, +5 — -2 log*, + ,„. 

. . (22.19) 

Having obtained these, one forms the sum 

x'.t, 

i=i 

for each pivotal age x. These sums are similar to those involved in 
(22.18) and (22.19). The formula corresponding to (22.18), for the 
first pivotal age, is 

A",W -5/,+SdI.— 4d*/, + -2d 3 (, 

s=1-4/ # +44/, +6 — /,+io+‘2/*+is, ••• (22.20) 
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and the formula corresponding to (22.19), for the other pivotal 
ages, is 

JV;») =5Z,_ 8 +8dZ._ 8 +2-6d*Z Jt _ 8 --2d»Z,_ 8 

= — 2Z,_ 8 '+2-2Z.+3-2/„ +8 — 2Z. +1# . ... (22.21) 

v 

In case the formula gives a negative value (this will happen for very 
high values of x), will be taken to be zero. 

By taking cumulative totals of N' x *) starting from the end of the 
table, the values of 

+^; + s (22.22) 

are obtained. 

Lastly, one evaluates e$ for the pivotal ages by using the fact that 


00 


J dt 





= •5 +JTJI,. 


(22.23) 


22.4.5 Greville’s method' and method of Reed and Morrell 

It is first necessary to describe the different symbols that are used 1 
in an abridged table of* the second type. For an age-interval 
extending from exact age x to exact age x+tt, such a table would give 
the values of the following functions : 

(1) l,, the number of persons, out of a cohort of /„ persons, 
living at the beginning of the interval. 

(2) n q x = 1 — Z.+./Z,, the probability that a member of the cohort 
living at age x will die before reaching age x+n. 

(3) »d x , the number of persons dying in the age-interval, which 
equals Z, x H q t . 

n 

(4) ,L„ = j l M +idt, which may be interpreted as the total 

0 

number of years lived by the cohort while in the given age-group or 
as the number of members of the life-table stationary population 
belonging to the age-group. 
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(5) T x = J l n + t dt 9 which is the total number of years lived by 

o 

the cohort while at age x and thereafter, or the number of members 
of the life-table stationary population of age x or above. This is 
obtained by taking cumulative totals of the n L x values, starting 
from the bottom of the table and using the relation 7\ = n L x +T x + x . 

(6) the expectation of life at age *, which equals T x /l x . 

The basic feature of the construction of a life table of this type is 

the estimation of n q x from the observed age-specific death rates 

The simplest relation between n q x and n m x9 obtained by assuming 
that l x is a linear function in the given age-interval, is 


x — 


2 n-»w, 
2-t n.„m 


( 22 . 2 *) 


This is similar to (22.15). 

Grevillc us^.n more precise equations of the same general form. 
In a life table, we have 


nW, 


r»d x 
nL x 


= (l,-l, + n)HT x -T x + ri ) 
--~i"sAT x -r tin ) 


or 


f?exp^~ | 


Now, from the Euler-Maclaurin formula, we have 


(22.25) 


— 2 nl‘K+in 


i = 0 


=;[/■'•' ] 


=C [^/ exp L~J J 

* 

+ ~..m,exp[- f + j. 
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Differentiating T„ and using (22.25), we have, approximately, 

^ ® x p[ J* .».*]] 

= « L *[; + 2' nm * + i2( am '*~dx nm *)]’ 

so that 



= tll^L ... (22 26) 

2+n. n m M +g- (» m * a ““X n 777 *) 

If it is assumed that n m x is an exponential function : 


then 


n m x -BC\ 


j- x nm x =-k. n m x , where *= log, C. 


Hence (22.26) may be written as 

*<!*= =3^ -• - (20.27) 

2-t-»m,^ + -g-(.m,-A)J 

A slight variation in the value of k is found to have little effect on 
the value of n q xy except at the older ages and the very young ages, 
where one in any case uses a different set of formulae. Hence k may 
be assumed to be constant throughout the table. (It has been found 
that in most cases k lies between *080 and *104). One may estimate 
C from an average of the values 

. /.W*) 1 '" 

and hence obtain an estimate of k . 

In constructing an abridged life table by Greville’s method, the 
probabilities of death for the first few ages are found by any of the 
procedures involving birth and death statistics, as in a complete 
table. These probabilities will give a value of /, with which to start 
the abridged calculations. Then one would complete the l M and „d K 
columns by means of the formulae 

nd* —In X n y*i + n^x* 
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As to the n L x column, two distinct methods may be followed. 
In the first method, it is assumed that the death rate n m x has the 
same value in the observed population as in the life-table popula- 
tion, and use is made of the relation 

n^x ==- ndxln m x • ••• (22.28a) 

The other method uses the relation 



o 


which is approximated by numerical integration, e.g. by a formula like 

== 2 + 24^ n ^x + n nd x -n )• ••• (22.28b) 

This method, although less direct, in practice gives more accurate 
results. For the terminal age-group, the value is 

• ... (22.28c) 

The values of T x and are then computed by the formulae given 
in (5) and (6) above. 

Instead of starting with an explicit assumption about the l x 
function as Greville did, Reed and Merrell empirically obtained a 
relationship between n m x and n q x . They studied Glover’s 1910 life 
tables and found that a statisfactory equation is 

= cxp[— ri. n m x — an*. n m*], ... (22.29) 

where g may be taken to be *008. Reed and Merrell found that for 
groupings as broad as 10 years, the formula works satisfactorily for 
all ages from 5 years to the end of life. Even for the age-group 
2-4 (l.b.d), it is possible to employ equation (22.29). 

For the ages 0 and 1 , the under-enumeration of population and 
the consequent over-estimation of death lates have to be taken into 
account. By examining a scries of U.S. life tables, it was found that 
the correction needed is dependent on the value of n m x : the greater 
under-enumeration of population is present in the larger values of 
n m x rather than in the smaller ones. Equations were, therefore, 
derived of the form 

«?* = ! -“ ex P[nW* (<*+£• 


ps (it) — 14 
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where a and b were determined by the method of least squares, 
based on residuals of the form “log, ^/observed q’\ The equations 
obtained for the U.S. tables were 

?0 =l-exp[-m 0 (*9539--5509m 0 )] ... (22.30) 

and 0 i=l— exp[— m,^9510— l*921ffl 1 )]. ... (22.31) 


In Reed and Merrell’s procedure, the l„ column was obtained in 
the usual way. For n L„, with x in the first 10 years of life, the 
following formula: were obtained : 

L 0 =-276/ 0 +-724i I , 'l 


£ 1 =-410/ 1 +-590/„ 
iLi— *034/ 0 + 1 • 1 84/j + 2 • 782/ 8 , 
,£,= --021/ 0 + 1*384/,+ 1 -637/j, 
,1,= — 003/ # +2-242/,+2-76U 10 . 


(22.32) 


These were derived by fitting equations of the form 

n L x —al 0 -\-bl x + c[ x+H , 

with a+b+c=n, to the values from a series of U.S. tables. 

For ages beyond 10, n L x was determined in terms of the area 
under a parabola. T x may then be obtained by taking qpmulative 
totals of m L, or, more .directly, from formula: in terms of l x . From 
age 5 to the end of life, for 5-year age intervals 

2 ’, = --20833/,_ 6 +2-5/,4 -20833/^^5 f/, +8a ... (22.33a) 

a=l 

and for 10 -year age intervals 

r,=4-16667/, + -83333/, +10 +10f/, +1#a . ... (22.33b) 

«*»i 

Formula (22.33a) results from the assumption that X L X is equal 
to the area between x and x+n under a parabola through the four 
points (#— «, (*, l x ), (*+b, /,+„) and (#+2«, /„+,„).• On the 

other hand, (22.33b) is based on the assumption that n L x is the area 
between x and x+n under a parabola through the three ' points 
(*» ^#)> J»+») (*4"2n, /*+»»)• 

The following abridged life tables, which relate to the population 
of rural India, 1957-58, have been constructed by using the method 
of Reed and Merrell. 
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TABLE 22.6 

Abridged Life Tables for Rural India, 1957-58* 
Males 


rears ot age 
x to x+a 

tflhe 

n9x 

U 

n4x 

T, 

V 

0 

•1802 

•142731 ^ 

100000 

14273 

4523066 

45-23 

1— 5 

•0417 

•138520* 

85727 

11875 

4433400 

51-72 

5—15 

•0055 

•053734 

73852 

3968 

4123043 

55-83 

15—25 

•0035 

•034480 

69884 

2410 

3405662 

48-73 

25—35 

•0042 

•041259 

67474 

2784 

2718560 

40-29 

35-45 

•0058 

•056598 

64690 

3661 

2057009 

31-80 

45-55 

•0128 

•121293 

61029 

7402 

1425297 

23-35 

55—65 

•0317 

•281283 

53627 

15084 

845615 

15*77 

65-75 

*0727 

•536649 

38543 

20684 

380098 

9-86 

75—85 

•1700 

•855026 

17859 

15270 

102600 

5-75 

85-95 

•3973 

•994660 

2589 

2575 

10939 

4*23 

95- 

y289 

1-000000 

14 

14 

15 

1-07 


Females 


Years of age 
x to *+n 

n m x 

nix 

lx 

xdx 

T, 

g 0 

B x 

0 

•1672 

•134191 

100000 

13419 

4657175 

46-57 

1— 5 

•0444 

•145946 

86581 

12636 

4566891 

52 75 

5—15 

•0055 

•053734 

73945 

3973 

4255264 

57*55 

15—25 

•0054 

•052779 

69972 

3693 

3535912 

50-53 

25—35 

•0056 

•054689 

66279 

3625 

285471' 

43-07 

35—45 

•0061 

•059454 

62654 

3725 

2209966 

35*27 

45—55 

0087 

•083870 

58929 

4942 

1601037 

27-17 

55—65 

•0208 

•190594 

53987 

10290 

103/000 

19-12 

65—75 

•0497 

•403544 

43697 

17631 

537460 

12-30 

75—85 

•1189 

•728038 

26063 

18975 

187543 

7-20 

85—95 

•2843 

•969487 

7088 

6872 

31873 

4-50 

95— 

•6796 

l -000000 

216 

216 

317 

1-47 


*Based on “Abridged Life Tables for Rural India, 1957-1958“ by A. K. De and 
R. K. Som, The Milbank Memorial Fund Quarterly, 42, pp. 96-108. 


22.4.6 Uses of a life table 

Although the primary purpose of a life table is to present a clear 
picture of the mortality prevailing in a given population group, it 
may be put to other important uses. 
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It may be used in the measurement of population growth — in the 
computation of net reproduction rate, in particular — and in popula- 
tion projection, i.e. in .estimating what the size and age-composition 
of the population will be at some ^future date. 

Different columns of the life tables of two or more population 
groups may also be compared to determine relative mortality. The 
l M columns, the q m columns, the L a columns or the columns of the 
life tables may be thus compared. (In case the /„ or L a columns 
are used, the size of / 0 must be the same for the tables to have 
comparability.) The most familiar of such comparisons (although 
a rough one) is in regard to the average longevity per member 
of a population. 

A life table is useful from the points of view of business and 
Government as well. It is employed by life insurance companies in 
determining rates of premium for policies of persons of different ages, 
while the Government or a firm may use it for the determination of 
rates of retirement benefits for its employees. 

22.5 Measurement of fertility 
22.5.1 Crude birth rate 

The simplest way of measuring fertility is to relate the number 
of births to the total population. Since it is only a live birth that 
signifies an addition to the jexisting population, live births alone are 
considered in measuring fertility, thus excluding still births. The 
formula for the above-mentioned measure, called a crude birth rate 
{CBR) is, therefore, 

i'= l,000x£, ... (22.34) 

where f = crude birth rate per 1,000 of population ; 

B = number of live births which occurred in the given region 
during the given period ; 

P= total population of the given region duririg the given 
period. 

The CBR per year is estimated at 27.6 for India for the year 

1969. 

This simple rate xs, howe\ser, not an adequate measure of fertility, 
as it is calculated without paying any regard to the age- and sex- 
composition of the community. 
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For one thing, it cannot be called a probability rate, since the 
whole population cannot be supposed to be at the risk of experiencing 
the particular type of vital event we are considering here. Only 
females and only those between certain ages are really liable to this 
risk. Among such females, again, the risk varies from one age-group 
to another — a woman of 25 is certainly under a greater risk than a 
woman of 40. 


22.5.2 General fertility rate 

By relating the number of live births to the number of females in 
the child-bearing ages , the general fertility rate ( GFR ) is obtained. The 
formula for the GFR is thus 


i=i,ooox - 2 L, 



(22.35) 


"l 

where i= general fertility rate per 1,000 females in child-bearing 
ages ; 

5= number of live births in the given region during the 
^iven period ; 

— number of females of age x l.b.d. in the given region 
during the given period ; and 

oil, cu 2 =lower and upper limits of the female reproductive period. 

The computation of the GFR requires that a decision be taken 
beforehand as to which years of life of a woman should be included 
in the child-bearing (or reproductive) period. Although the practice 
varies in this respect, the generally adopted method is to take 
cu^lS and a» a =49. Births to mothers under 15 and above 49 are 
so rare that they are not recorded separately but are included in 
the age-groups 15 and 49, respectively. 

The GFR shows how much the women in child-bearing ages have 
added to the existing population through births. It takes into 
account the sex-composition of the population, and also the age- 
composition to a certain extent. Yet it is calculated without proper 
regard to the age-composition of the female population in child- 
bearing ages. As such, two populations may show quite different 
GFRs> although they may have the same fertility in each one-year 
age-group. 
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22.5.3 Age-specific fertility rate 

To form a better idea as to the fertility situation obtaining in a 
community, it is necessary to compute a fertility rate for each age- 
group of mothers separately. Fertility rates specific for age are 
obtained according to the same principle as is followed in computing 
specific death rates. Thus the specific fertility rate for the age-group 
x to *+«— 1 is 


. 1,000 x 


n&M 

fP 9 

n r x 


(22.36) 


where *2?,= number of live births to women of age x to x+n— 1 in 
the given region during the given period and 
/p^ssnumber of women of age x to x+n— 1 in the region 
during the given period. 

In the case of an annual age-specific fertility rate, n=l and here 
one writes simply 


*.= l.OOOxA. 


... (22.37) 


Fertility data for all countries show that usually specific fertility 
starts from a low point, rises to a peak somewhere in the age-group 
20-29 l.b.d. and thereafter steadily declines. The fertility curve is, 
therefore, a highly positively skew curve. This point will be«apparent 
from the following table of estimated fertility rates for rural India. 

' TABLE 22.7 

Fertility Rates Specific for Age of Mother, 

Rural India, 1957-58 


Age-group 

Age-specific fertility 
per 1,000 females 

15—19 

143*9 

20—24 

263*6 

25-29 

244*3 

30—34 

188*3 

35—39 

127*9 

40—44 

49*6 

45-49 

17-6 


Source : The National Sample Survey (Report No. 76)— Fertility and Mortality 
Rates in India 
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22.5.4 Total fertility rate 

Age-specific fertility rates give a true picture of the fertility 
situation prevailing in a community. However, their use in comparing 
the fertility situations of two regions (or of the same region for two 
different periods) is not easy. Very likely, the rates will be higher for 
some age-groups, but lower for the remaining age-grups, in one 
region than in the other. One may not, in such a case, readily say 
that fertility as such is higher (or lower) in one region than in the 
other. 

To be practically useful, age-specific fertility rates have, therefore, 
to be combined into a single quantity. For this purpose a standardised 
fertility rate may be employed, which is to be computed by the same 
method as is used in the computation of a standardised death rate. 
A much simpler method is to add up the annual age-specific rates 
and take the sum, called the total fertility rate ( TFR ), as an index of 
the overall fertility of the community. Thus 

TFR=£i x . ... (22.38) 

“i 

The TFR is a hypothetical figure : it shows how many children 
would be born to 1 ,000 women if none of them died before reaching 
the end of the reproductive period and if all were subject to the 
observed specific fertility rates throughout this period. 

When only quinquennial, instead of annual, fertility rates are 
available, an approximate value of the TFR is given by 

5 X 2 ji*, 

the sum being taken ovei all five-year age-groups in the reproductive 
period. From Table 22.7, we have, approximately, 

2 = 1,035*2. 

Hence the TFR for rural India for the year 1957-58 would be 
about 

5x1035-2=5,176 

per thousand females. 

22.6 Measurement of population growth 

When measures of mortality and fertility are obtained, a question 
that naturally arises is whether the tendency of the given population. 
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as indicated by these measures, is to increase, to decrease or to 
remain stable. Our next concern is, therefore, to devise measures of 
population growth on the assumption that current mortality and 
fertility will also continue to prevail in future. 

22.6.1 Crude rate of natural increase and vital index 

The simplest measure of population growth is the crude rate of 
natural increase 9 which is obtained by subtracting the CDR from the 
CBR . The CBR gives the proportion by which the population 
increases through births, while the CDR represents the proportion by 
which it decreases through deaths. The difference of the two, 
therefore, shows the net gain (or loss) in the population size through 
births and deaths taken together. 

The following table shows the estimated CBR y the CDR and the 
crude rate of natural increase per annum for India for different 
parts of this century. The figures in the last two rows are based on 
the registration data for a few States where the registration system is 
relatively good. The others are estimated from census data. 


TABLE 22.8 

Annual Death Rate, Birth Rate and Rate of 
Growth of the Indian Population 


Years 

CBR 

CDR 

Crude rate of 
natural increase 

1901—10 

49-2 

42-6 

6*6 

1911—20 

48*1 

47*2 

0‘9 

1921—30 

46*4 

36*3 

101 

1931—40 

45*2 

31*2 

14-0 

1941—50 

39*9 

27*4 

12*5 

1951—60 

41-7 

22*8 

18-9 

1965 

29*6 

9-9 

19-7 

1969 

27-6 

10-3 

17-3 


Source : (a) Vital Statistics of India for 196L Registrar-General, India, 1964. 

(b) Vital Statistics of India for 1969 . Registrar-General, India, 1973. 


An alternative measure of the same type is the ratio of the total 
number of births to the total number of deaths (sometimes multiplied 
by 100), which is called the vital index . This is, of course, identically 
equal to the ratio of the CBR to the CDR. 
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Simple as they are, both these measures are considered unsuitable 
as indices of population growth, being subject to all the defects of 
the CDR and the CBR. 


22.6.2 Gross reproduction rate 

To get a proper measure of population growth, it is first of all 
necessary to take into account the age-sex composition of the 
population. 

Our concern being to measure population growth, it is also 
appropriate that we should consider female births alone, since it is 
mainly through females that a population increases. Our age-specific 
fertility rates will then be given by 

*B m 




rp; 


(22.39) 


where f B x is the number of female births to women of age x during 
the given period in the given community. Summing these rates for 
all ages in the reproductive period, a measure of population growth, 
called the gross reproduction rate ( GRR ), is obtained. Thus 


GRR^i,. - (22.40) 

"i 

Like the TFR, the GRR is a hypothetical figure. It indicates the 
number of daughters who would be born, on the average, to each of 
a group of females beginning life together, supposing none of them 
died before reaching the end of the child-bearing period, if they 
experienced throughout this period the current level of fertility as 
represented by f i x . 

If the given fertility rates are for quinquennial age-groups, viz. 


-0V 


then the GRR will be approximately given by 

^ x 

the sum being taken over all quinquennial age-groups in the repro- 
ductive period. 

In some cases births may be classified according to age of mother 
and according to sex. But the two-way classification of births with 
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respect to age of mother as well as sex may not be available. Here 
formula (22.40) cannot be applied, but an approximate value of the 
GRR can still be obtained if it can be assumed that the sex-ratio at 
birth, i.e. the ratio of the number of male births to the number of 
female births, remained sensibly constant over all ages of mother. 
Here we shall have, approximately, 


Then 


f B . 
B , 


=a constant, say, 


L 


so that 



fB 
B 9 


fB x =B,x-g and f i x =i x x~. 


An estimate of the GRR will, therefore, be given by 


fB " a 

- ( 22 . 41 ) 

B «1 

it should be noted, is just the TFR except for the usual multi- 
plier 1,000. 

For India, the sex- ratio at birth may be taken to be 105 males 
to 100 females. Hence for the year 1957-58, for which the TFR is 
approximately 5,176 per thousand females, the GRR is estimated at 


or 2*4. 


5-176x 


100 

205 


22.6.3 Net reproduction rate 

The principal drawback of the GRR is that it does not take 
cognisance of the fact that some of the females who are assumed to 
begin life together may die before reaching age 15, some may die 
between ages 15 and 16, and so on. In other words, the GRR takes 
into account current fertility only but ignores current mortality. 
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To take into consideration the factor of mortality in measuring 
population growth, we may, to begin with, construct a life table for 
females on the basis of the observed age-specific death rates for 
females, fm,. The values in the L x column of the table (denoted by 
* L x in this case) give the mean size of the cohort of f l 0 females in the 
age interval x to x+1 for varying x . Hence 

fi.JL. 

gives the number of female children that would be born to the cohort 
at age x l.b.d. The sum of these values, 

w i 

is the total number of female children that aie expected to be born 
to the f l 0 females during their life-time. Our new measure of popu- 
lation growth is 

), I'i'X'L, ... (22.42) 

Wl 

and is called the net reproduction rate (NRR). The NRR is also a hypo- 
thetical figure : it shows how many females would be born, on the 
average, per member of a group of females beginning life together, 
if they were subject to the observed rates of mortality and fertility 
throughout their life-time. 

Usually, the NRR is computed by the formula 

f \ 2 '*.*//. -2 
0 «i w i 

But this should be regarded only as an approximation to the value 
given by (22.42). The quantities f l x l f l 0 =ip 0 are called the 
survivorship values for females. 

With quinquennial fertility rates {« x , an estimate of the NRR is 
obtained as 

r Zo 2{‘'.x(i„ 

where f t L t - f L,+ f L ll+t + + / £.+ «• 

Obviously, the NRR cannot be greater than the GRR. The latter 
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may be regarded as a limit above which the NRR cannot be raised, 
with fertility as it is, simply by reducing mortality. 

The NRR is an excellent gauge for measuring the balance of births 
and deaths. It indicates how many future mothers would be bom 
to present mothers according to the current levels of fertility and 
mortality. If the NRR= 1, then it may be said that current fertility 
and mortality are such that a group of newly-born females will easily 
replace itself in the next generation. In such a case the population 
may be said to have a tendency to remain constant in size. It may 
be said to show a tendency to increase or decrease according as the 
NRR > or < 1 , for in that case a group of females is expected to be 
replaced by a larger or a smaller number of females in the next 
generation, in the light of the given rates of fertility and mortality. 
It is in this sense that the NRR may be looked upon as a good index 
of population growth. 

Useful as they are, the NRR as aiso the GRR should be used with 
caution. Both are based on the values * i M obtained from a short 
period of observation (such as a year). But these values, of 
necessity, relate to different generations of mothers. Thus these 
rates, in effect, use different generation values of f i M to forecast the 
number of births that may occur to a single generation. 

The NRR, not to speak of the GRR, should not be used for 
forecasting future population changes. For one thing, it does not 
take the factor of migration into account. A more important point 
to note is that rates of fertility and mortality are quite unlikely to be 
the same in future as at present. Thirdly, the NRR 9 as well as the 
GRR 9 ignores the actual age-sex distribution of the population. 
Thus despite the fact that the actual age-sex distribution determines 
the reproductive capacity of a population, the NRR and GRR give 
theoretical numbers of births based on a hypothetical life table 
population, whose age-sex composition may be completely different 
from that of the actual population. 

The GRR and the NRR for rural India are being computed below 
on the basis of the observed age-specific fertility rates for the year 
1957-58 (vide Table 22.7) and the life table for females for the 
decade 1951-60 ( vide Table 22.5), which is so adjusted that the size 
of the cohort at age 0 becomes 1,000. 
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TABLE 22.9 

Determination of Gross and Net Reproduction 
Rates for Rural India 


(1) 

Age in years 

(2) 

Age-specific fertility 
rate 

(3) 

Female life-table 
stationary population 

(*) 

col. (2)Xcol. (3) 

15—19 

0*1439 

3608 

519 2 

20—24 

0*2636 

3508 

924*7 

25—29 

0 2443 

3392 

828*7 

30—34 

0 1883 

3197 

602*0 

35—39 

0*1279 

291* 

372*7 

40—44 

0-0496 

2602 

129*1 

45 — 4° 

0-0176 

2291 

40*3 

Total 

1 0352 

— 

3,416 7 


The sex-ratio at birth for the country may be supposed to 
be 105 males to 100 females. Hence from the above table, we 
get 


and 


GRR- 5 x 1*0352 x *^=2*52 

/V /?/? ^ y 1 -67 

XRR - 1,000 X 205“ 1 67 - 


22.7 Measurement of morbidity 

In most countries there is no system of maintaining regular 
records of morbidity (i.e. sickness). Whatever data are available 
come from records of big hospitals. For some purposes, the number 
of cases of sickness or the number of persons involved will be of 
primary interest. But there are also many tasks that call for 
the use of rates for measuring morbidity, e.g. a comparison among 
communities or a study of time-trends. 

When we try to construct such rates, a number of problems crop 
up. First, there is the problem of definition of sickness. While there 
is a clear-cut distinction between the living and the dead, no such 
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line of demarcation can be said to exist between sickness and health, 
except in the case of acute illness. This is why we have to go by 
definitions or standards of good health and also by standards of 
diagnosis. Since such definitions or standards vary from community 
to community, the rates of morbidity of different communities may 
not be comparable. Secondly, we have to take note of the fact 
that illness is a state that continues for a period of time. As such, 
any case of illness observed during a given interval may be classified 
into one of 4 categories : (i) illness that began before the period but 
terminated during the period ; fii) illness that began before the 
period and terminated after the period ; (iii) illness that began as 
well as terminated during the period and (iv) illness that began 
during the period and terminated after the period. We may, then, 
have one type of morbidity rate considering new cases of the disease 
and another type considering all current cases. Thirdly, during a 
given period an individual may have more than one case ol sickness 
(morbid condition) either concurrently or separated by time 
intervals that are greater than those indicating relapses. Different 
measures of morbidity may, then, be obtained by taking the total * 
number of illnesses in the community and by taking the number of 
persons involved. Generally, the first type is considered^of primary 
interest. 

22.7.1 Morbidity incidence rate 

The term ‘incidence’ relates to the emergence of new cases of 
illness, and this rate is defined in terms of new cases of illness 
observed during a period, i.e. cases falling under categories (iii) and 
(iv) above. 

The morbidity incidence rate (MIR) is given by 

Af /.ft = 1,000 x^, ... (22.43) 

where J= total number of new cases of illness in a given period in a 
given community 

P= total population of the community during the period. 

An MIR may either be a crude rate (when it relates to the whole 
population) or an age-specific rate (when it relates to a specific age- 
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group). Again, an MIR may relate to a specific type of illness (or 
injury) rather than all kinds of illness. 

Apart from the difficulty in computing an MIR for lack of 
reliable data, it should be remembered that an MIR cannot be 
given a probability interpretation because of the way it has been 
defined. 


22.7.2 Morbidity prevalence rate 

The term ‘prevalence’ relates to cases of illness prevalent or 
existing during the given period, and the morbidity prevalence rate 
(MPR) is, therefore, based on a pooling of the categories (i) — (iv) 
considered earlier. The rate is thus defined by 

MPR= 1,000 «£, ... (22.44) 

where C=rrimber of cases of illness observed to exist in the given 
community during the given period 
and total population. 

Here, too, we may have a crude MPR or an age-specific MPR. 

' Again, an MPR may relate to a specific kind of illness rather than 
all kinds of illness. 

Usually, an MPR relates to a short interval of time, such as a 
day or a week, whereas an MIR generally relates to a longei period. 
In cases of acute illness of short duration, like influenza and typhoid 
fever, the MPR would approximate the MIR, provided <he period of 
observation is long enough. 

22.8 Graduation formulae used in vital statistics 
22.8.1 Graduation of population data 

We have seen that in the measurement of mortality or fertility 
for a given period, we need an estimate of the population preferably 
for the mid-point of this period. To get such an estimate, in cases 
where the registration figures are unreliable, and also to forecast 
future population changes, we need suitable graduation formulae 
for population data. A very satisfactok , formula is represented by 
the logistic curve. We shall see how this is developed as a suitable 
model for population growth and shall also consider some methods 
of fitting this curve. 
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22.8.2 Logistic curve 

Suppose a population has the size P at time t and the size P+AP 
at time t+At. The rate of increase of the population at time t is 

• dPjdt =* lim AP/At. We may consider the relative growth rate of P, 
At -* 0 

which is 

1 dP 

P' dt' 

and examine its behaviour as a function of time. 

If it is assumed that 

a constant, ... (22.46) 

then by solving this differential equation, which is equivalent to 

rflogP 

~di 

we get the following functional form of P : 

\ogP~ Jrdt=a+rt 

or P=Ae rt j ... (22.47) 

where A is some positive constant. 

Thus, with a constant relative growth rate (supposed to be 
positive), the population follows the compound interest law. When 
t-+— oo, P-* 0, whereas in case t-+ oo, P-> oo also. This second result 
appears unrealistic, because for a region with limited means of 
sustenance, it is unthinkable that the population can increase without 
limits. 

When the relative growth rate is supposed to be changing with 
time, it is proper to relate these changes to the changes in P. A very 
plausible assumption for a population that is growing in an area of 
fixed limits would be that the relative growth rate gradually 
decreases as i and P increase. One of the simplest forms of decrea- 
sing functions of P is r(l — kP), where r and k are positive constants. 
In this case, the difiprential equation for P takes the form 

p' d Tr r{l ~ kP) - (22,48 ) 
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This gives, on integration, 

log/>-log(l-/fc/>)=r<+C 


or 

or 


1 -kP 


— Ae T ‘ 


1 


1 ’ 

k + \e- 


(22.49) 


where also A is a positive constant. 

When P->0. On the other hand, when <->oo, P->1. 

k 

If we denote this upper limit to the population size by L , then the 
equation may be written as 

p= £ ... (22.49a) 

1 + r r ‘ 


Let p be the value of t for which P is Lj2 ; then we have 

1 = L 

2 X + L A e " B 

A 


or 


A=Le~ r B . 


Making this substitution in ^22.49a), we have 




L 

1 iB-0 * 


(22.50) 


This is the form in which the equation to the logistic curve is 
generally expressed. 

In order to study the properties of this curve, we see that the 
differential equation (22.48) has the form 



Since r, P and 1— PjL are all positive quantities, is also 

at 

positive, so that P is, according to the logistic law, continuously 
increasing with t. We have also 

d*P _dPl, P\<_nl 1 dP\_Jt 2 P\dP 
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Hence is positive, zero or negative according as P is less than, 

equal to or greater than £/2. The critical value L/2 occurs, as we 
have already seen, when <=*/?. Thus the curve has a point of 
inflexion at f=j9 and is concave upwards for « j8 and convex 

dP 

upwards for (>j3. Again, note that — =0 for P—0 and P—L, 

which values correspond to /-►— oo and t-*-ao, respectively. Hence 
the logistic curve has two asymptotes, viz. P—0 and P=L. The 
curve is shaped like an elongated S (see Fig. 22.1). 


22.8.3 Fitting a logistic curve 

To fit a logistic curve to a set of data, we have to estimate the 
constants L, r and /I from the observed figures. It will be assumed 
that population figures are given for jV equidistant points of time, 

say for t—0, 1, 2, , JV— 1 . The population at time t will be 

denoted by P,. Here we shall discuss two methods of fitting the 
curve, one due to R. Pearl and L. J. Reed and the other to E. C. 
Rhodes. 


Method of Pearl and Reed 

Since there are three unknown constants, these can be determined 
in such a way as to make the logistic curve pass through any three 
selected points (t, P,). These points should be so selected that the 
whole range of observations is more or less evenly covered. It will 
be supposed that these three points are equidistant on the time 
scale, so that these may be denoted by (i, Pj), (i+n, P i+B ) and 
(i+2», P i+1 „) or, through a change of origin of l, by (0, P„), (n, P H ) 
and (2n, P ta ). Since the curve is to pass through these points, 
we have 


1 

Po 

1 

K 


\+e ' 8 

“ T~ * 

l +*'<«-»> 
L 


1 

P s« 


1 

T. 


(22.51) 


and 


J 
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Writing 




1— L 

~P. Pn 


and 

we get from (22.51) 


and 

whence 


or 

Further, 


or 


or 


, 1 _ 1 

p — p— > 

L 

f= 1 (log,rf l -l°g,rf t ). 

fl 

1 -dtld^LdJe'B, 

Ai ='—=1—1 

d x -d t L P 0 L’ 

1= 1 

L Pq d\ d t 


... ( 22 . 52 ) 


... (22.53) 


We estimate r and L from equations (22.52) and (22.53), respec- 
tively. Using these estimates and the relation 


e 



-1 


or 




... (22.54) 


we finally determine j3. 

The values of L, p and r obtained in this way will, of course, 
be only rough estimates. Pearl and Reed suggest a method, based 
on the least-square principle, by which these can be improved 
upon. 
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Denoting the estimates found by the above ( method of three 
selected points 9 by Lq , r 0 and A, we may write 

r=r 0 +8 f 

and j8=j8 0 4-S fl , 

where Sl» and S 8 are the errors in the estimates. The population 
size P, regarded as a function of L, r and p, say 

may then be written as 

=/«+ s t *+ § r J'+Sa say. 

The errors S t , 8 r and 8 fl may be estimated by the method of least 
squares, which yields the normal equations : 

/of) = &l ^ r 

» i i i 


'Z.jtiP. -/of) = + s , 2^ < 2 + 8 a 

i , i i I 


where 


f — /oi ) = X x iZi + S r i + ^ e ^i 9 , 



1 

1 4. e , o(»o- < )’ 

A 

[l + 8’’°( fl 0- , )]« 

[l + /o(««-0]s 




and the sums are taken over i=0, 1, 2, JV— 1. 

The process may be repeated to get still better estimates of L, r 
and p. 
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Method of Rhodes 

If the observed population figures were given exactly by the 
logistic equation, then we would have, for t=i— 1 and t=i, 

1 _ 1 ^«' < 6 - 1+1 > 

Pi-t L + I 


1 

Pi L r ~TT' 


so that 


1 _l-«- 

P. L 


1 


This relationship may be put in the form 
yi=A+Bx i9 


where 


(22.55) 


a-LjC.b-'-. 


(22.56) 


Thus the two variables x and y should be exactly linearly related 
if the population precisely follows the logistic law. The problem is 
to estimate the constants A and B , assuming that the deviations of 
the points (* # , y { ) from an exact linear relationship arise from errors 
in both x { and The proper estimates of B and A are taken to be 

(*-*)' - (22-57) 

” i-i I i-i 


a—y — bx, 


... (22.58) 


where *= -V 5> f /( JV-1), y^j^y.K JV— 1)— “pj * 

The constants L and r of the logistic equation are estimated from 
the estimates of A and B. Finally, j9 is estimated by noting that for 
the logistic curve 

/J=si log. — l) +<• 

Taking (=0, 1,2 N— 1, and adi *ig the corresponding equa- 

tions, we get 

- <"•» 
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TABLE 22.10 

Census Population of U.S.A. and Population 
According to Fitted Logistic Curve 


Year 

Census population 
(in millions) 

Estimated population 
(in millions) 

1800 

5*308 

5-324 

1810 

7-240 

7-205 

1820 

9*638 

9*719 

1830 

12-866 

13*053 

1840 

17*069 

17*431 

1850 

23*192 

23*103 


31*443 

30*328 

1870 

38*558 

39*332 

1880 

50-156 

50*255 

1890 

62*948 

63*i80 

1900 

75*995 

77*571 

1910 

91*972 

93*256 

1920 

105*711 

109*457 

1930 

122*775 

125*407 

1940 

131*669 

140*383 

1950 

150*697 

153*831 

1960 

179*323 

165*432 

1970 

— 

175*100 

1980 

_ 

182*926 

1990 

— 

189*113 

2000 

— 

193*915 


We shall use Rhodes‘s method to fit a logistic curve to the U.S. 
population data obtained at the decennial censuses of 1800 — 1960. 
The observed population figures are shown in col. (2) of Table 22.10. 

With 1 = (year- 1800 )/ 10 , 

we have for these data 

2 IP,) =0*763117, 

tm l iml 

2 ( 1 //%)— 0 - 7591301 , 

tm % tm o 

2 y =0-0440893, 2 *,*=0-0795508, 

l-X <“l 

so that 

f ( Ciy) V 16=0 0233309, 

9m % tm% W«1 ' / 
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and, similarly, 

1 f(*i-i)*=0 0435334. 

•ml 

Hence, from (22.57) and (22.58), 


-vl 


0233309 


0*57631 17— bx 0-759 1 301 


=0 0012858125, 


giving r=0-3118748 and £=208-3717. 

Also, using formula (22*59), we have 

P=[ *£ log (J ( -l)+8xl7r log e y 1 7r logs 

= (8-46257 72 + 1 8-4205880) /2-3025735 = 1 1 -67527. 
The fitted logistic curve has, therefore, the equation 
„ _ 208-3717 

,== 1 3118748 ( 11 . 87627 - 1 ) ’ 

The population figures given by this equation are also shown in 
Table 22.10. The fitted curve is shown in Fig. 22.1. 



1800 1820 1840 1860 1880 1900 1920 1940 I960 1980 

YEAR 


Fig. 22.1 A logistic curve fitted to the census population data of U.S.A. 
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22.8.4 Graduation of mortality rates 

The age-specific death rates m x for any community, as computed 
from census data and registration data, are found to be subject to 
various irregularities. For any mathematical work involving these 
rates, especially for the construction of life tables which take for their 
starting-point these rates, it is necessary to smooth out these irregu- 
larities. It thus becomes necessary to obtain some explicit expression 
for m x as a function of x. 

Actually, we shall consider here, instead of w„, a related function 
called the force of mortality at age x. 

Let l B be the number of persons of exact age x and let — Al x be 
the number of persons among them who die between age x and 
age x+dx. The instantaneous death rate at age x, or the force of 
mortality at age x, is 


n,= lim 
Jv-*-0 '« 


1 

Ax 


1 


dl , 
dx 


( 22 . 60 ) 


On the other hand, denoting by d x the number of deaths between 
age x and age x+1 and by L x the number of persons in this age- 
group, we have 


m x 


d x 


Now, 


dl x 

dx 


l 



0 



supposing that the function 
l M+t is sufficiently well-behaved 


Hence 


— f * -f-i — Im — — d x . 




1 dL x 
L x dx 


and, since this is approximately equal to — 
following approximate equality : 


x+Ut 


... (22.61) 


^£±m, we have the 

dx 




(22.61a) 
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22.8.5 Malteham’s graduation formula 

Various attempts have been made to develop a suitable formula 
for pf A very successful attempt has been that of the English 
actuary Makeham. 

Makeham assumes that death occurs from one of two general 
causes. The first factor is accidents , whose effect may be supposed to 
be constant throughout the life span ; tor although younger people 
are more active than older people and have greater recuperative 
power, they take greater risks. The second factor is the decrease in the 
capacity to resist disease . As regards this factor, one may assume that 
the force of mortality would vary inversely as a function g(x), which 
represents the force of resistance to disease, if the factor of accidents 
were absent. One may, therefore, write 


»*= A + g * x y - (22.62) 

where if>0, B > 0 and g(x) is a decreasing function of x. 

Makeham further assumes that in a short interval a person loses 
a constant proportion of such force of resistance to disease as he or 
* she still has. He thus takes 


This leads to 


and 


J </ s( x ) == _ r 

*(*)' dx 


('> 0 ). 


g(x)=Ce~'* 

t =A+B’c*, 


(22.63) 


where A, B ' and c are constants. 

Because of (22.63), one gets a corresponding formula for l x . 
One has 

log,/„ = - fu.dx-^-F-Ax-^ 

or l t =e- F ~ A ’- D ‘ M =k'’z c * , say. ... (22.64) 

This formula may be used to gradi fe the l, figures m a life 
table. 

Prior to Makeham’* work, Gompertz had developed formulae for 
li„ and l M , taking the force of resistance to disease into account 
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in the same way as Makeham did, but overlooking the factor of 
accidents. This had the effect of making B= 0 and j= 1 in the above 
formulae. 

Makeham’s modification has been found to be highly satisfactory 
for all ages from about 20 upwards. 

22.8.6 Fitting Makeham’s formula 

We shall indicate the procedure to be followed in fitting 
Makeham's formula to a set of data. It will be assumed that the 
data relate to the l„ function rather than the p, (or m a ) function. 

In Makeham’s formula for l,, there are four unknown constants, 
which can be determined from four independent equations. The 
estimates will be so determined that the resulting curve passes 
through four chosen points. For solving the equations, it will be 
convenient to make these points correspond to four equispaced values 
of* (say x=0, n, 2 n, 3 », with a proper change of origin). In terms 
of the logarithms of l x , we then have the following equations : 

log f 0 =log A:+log g, 
logi«=log*+Blogr-H" log g, 
log /*„ =log k+2n log s+c tm log g, 
log !»« == log A + log log g. 

For solving the equations, we first form the d 

A log /„=« log (c" - 1 ) log g, 

A log/„=nlogx+c" (t" — l) log g 9 
A log l ta =n log r + «*" (c* — 1) log g, 

and d*logt,=s(r* — l)*logg, i 

•d* log f„=c"(e*— l)*logg. J 

From this pair of equations, we also get 
A* log 1„IA* log/o=c". 

(The ratios d* log 1,,/d* log/,, d*log/„/d* 
equal to c*. This fact provides a method of checking, by taking 
more than 4 equispaced ‘values of x, whether Makeham’s formula 
would be suitable for graduating any given set of values of /„.) 


1 

r • 

j 

ifferences : 


} 


(22.65) 


( 22 . 66 ) 

(22.67) 


... ( 22 . 68 ) 
In or afr arw all 
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An estimate of c is obtained from (22.68). Substituting this 
estimate in one of the equations of (22.67), we get an estimate of g. 
Next, substituting these estimates of c and g in some equation of 
(22.66), an estimate of s is obtained. Lastly, the substitution of 
these three estimates in some equation of (22.65) yields an estimate 
of*. 

One may expect to get somewhat better estimates by using as 
much of the data as possible, and not just four observed values of /„ . 
Here one would use, instead of the logarithms of / 0 , l ln and 
the sums 

‘So == 2 

* =o 
a»-i 

5*1 = I log/,, 

*=* 

8 1 

•S , 2= I log l. 

M-2 " 

and S 3 = 4 *f 'log/,. 


According to Makeham’s formula, 

S 0 =n log log s + log £> 'j 

S,=Blog*+|n s +^^^jlog< + c ^ C _~ — logg, J 

S t =n log *+ ^2n* + — 1 1 j l°g - f+ — l°g£» 
S,~«iog*+[3 B *+ , i^L^ „ 


(22.69) 


Also, 


d S. — n* log s H- log gi 

d S, =n* log f + £_!f_zil leg£, 
d S t =n* log t + f*! ^7 1 — log g. 


y ... (22.70) 
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Again, 

J.5.=l£j£dl , |o Si , | 

and 4*^/4* S 0 =<r" 


(22.71) 

(22.72) 


The estimates of c , g , s and k are obtained successively from 
(22.72), (22.71), (22.70) and (22.69) in the same way as the estimates 
were obtained from (22.65)— (22 68). 


22.9 Population projection 

The problem here is to predict, on the basis of the size and 
composition of the current population, what the size and com- 
position of the population will be at some future date. Generally 
such projections are made with respect to age and sex, so that 
elaborate predictions have to be made of the population size 
for each separate age-group and separately for males and females. 
While it is possible to apply for this purpose some graduation 
formula like the logistic to each segment of the population, usually a 
different method is used in this case, which is based on registration 
data. 

The starting-point for the projection may be either the latest 
census figures or the most current estimates. The age-distribution 
of the population is generally considered for 5-year age-groups, 
starting with the group 0—4 l.b.d. This type of grouping facilitates 
the computations since the projections are made in most cases for 
every fifth calendar year. 

The method we shall discuss / here is called the component method , 
where projections are first made separately for the three components 
that contribute to population changes, viz survivorship, migration 
and births. At the next step, these three projections are combined 
to guess what the net size and composition of the future population 
are likely to be. 

Survivorship : It will be assumed that a life table has already 
been constructed on the basis of the observed (or assumed) mortality 
rates for the whole 5-year calendar period. From the life table we 
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then form the ratios 


by means of which the population at the beginning of the calendar 
period is carried forward, with allowance for mortality, to the end of 
the period, when it will be 5 years older. Thus if the population 
at ages x to *+4 (l.b.d.) at the beginning of the period be 5 P X and 
the population at ages r to jf+4 at the end of the period be gPJ 5 , 
then 

... (22.73) 

To find the projected population in the age-group 0 — 4 l.b.d., 
one starts with an estimate of the number of births for the whole 

b 

5-year calendar period, i.e. with an estimate of Then one 

»=i 

estimates the population in the age-group 0—4 l.b.d. by means of 
the formula 

5^* = (i^ + ‘jx4 ? - - (22.74) 

i'= 1 6*0 

In case the number of births for each year of the calendar period 
has been estimated, one uses the more precise formula 

• =t *0 

=fl +1 xf-*+B +s x^ + , +£ +s xf°. ... (22 74a) 

*0 *0 *0 

Migration : In this case an estimate is made of projected annual 
migration by regarding recent migration trends as typical for the 
community. Further, in line with recent experience, the distribution 
of net migration by age and sex may be ke^t unchanged. 

To simplify the computations, the net migration during the 
5-year calendar period is assumed to be concentrated on the last day 
of the period. In this way, births and deaths among migrants during 
the 5-year period are not taken into account. However, this is likely 
to introduce no serious error, for the number of births or of deaths 
will usually be small. 
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Births : It will be assumed that the projected data available 
consist of a distribution of females in 5-year age-groups within the 

.reproductive period ({P,„ {P w ) and a corresponding 

set of fertility rates ( ( t M> 8 t N , 8 i w ) for the same age-groups. 

Then the projected total number of births for each successive fifth 
calendar year is 

••• (22.75) 

the sum being taken over all 5-year age-groups in the reproductive 
period. In case the projected fertility rates relate to births of both 
males and females combined, the number of male births and the 
number of female births may be estimated with the help of the sex- 
ratio at birth. As to the numbers of annual projected births for years 
intermediate between the successive fifth calendar years, thc.se may 
be estimated by linear interpolation. 

For a more detailed treatment of the subject of population 
projection, . the reader is referred to the books by Cox [3] and 
Spiegelman [10], 


Questions and exercises 

22.1 Explain why the mortality situations of two places cannot 
usually be compared on the basis of crude death rates. Describe the 
construction of standardised death rates for this purpose. What is 
a OMI and how is it used ? 

22.2 Describe the structure of a complete life table. Explain 
how the different columns of a life table may be computed on the 
basis of observed age-specific mortality rates. 

22.3 How does an abridged life table differ from a complete life 
table ? Describe some methods of constructing an abridged table. 

22 A Derive, by starting from a suitable functional form for 
the formulae 

( 1 ) 

and (2) L,=(/,-/,+i)/(log,/,-log,/, +1 )=rf,/colog,p,. 

Why is the first formula considered unsuitable for the early yean 
of life, say for x**0, 1 ? 
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22.5 Show that 



o o 


Hence establish the formula for as the total number of years 
lived by the cohort between age x and age #+ 1. 

22-6 Show that the CDR for a life table stationary population, 
except for the multiplier 1,000, equals 1 /*g. 

22.7 Define reproduction rates. Explain how far they may be 
looked upon as indices of population growth. 

22-8 What is meant by saying that the JVRR for a country is 
1*129? Show that for any community the JVRR is necessarily less 
than the GRR . 

22-9 The length of a female generation has been defined as the 
average age of mother at the birth of a female child Show that this 
may be taken as 

lix+ti'i.'L.ll'R' 

where /? 0 is the net reproduction rate and the other symbols have 
their usual significance. 

22-10 Examine the following statements : 

(a) Birth rate in a year may be computed by relating the 
number of births occurring in the year to the number of marriages 
registered during the year. 

(b) The relative effectiveness of public health measures of two 
countries may be gauged by comparing the expectations of life at 
birth ; the hazards of any two occupations in the same country may 
be compared through a comparison of the percentages of deaths in 
the two cases. 

(c) The enumerated population and age-specific death rates 
for children have been recorded as follows : 

Age l.b.d. 0 1 2 3 4 5 

Population (millions) 4*584 8 864 6*423 6*768 5*970 8*014 

Mortality raff (per thousand) 8*91 29-67 6*85 5*14 3-86 3*04 
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22.11 Starting from a suitable assumption regarding the relative 
growth rate of population, derive the logistic equation. Describe 
some method of fitting this curve. 

It has been found that the logistic curve gives a bad fit to the 
population of U.S.S.R. How would you account for this ? 

22.12 What is meant by the force of mortality at age x ? Derive 
Makeham’s formula, starting from suitable assumptions. Describe a 
method of fitting this formula. 

22.13 With the help of the following data relating to New 
Zealand, 1958, determine the crude death rate and the age-specific 
death rates, separately for males and females. 


Age 

1 Population (000) 

i 

Number of deaths 

Male 

Female 

Male 

Female 

0 

29-8 

28-5 

807 

609 

1— 4 

109-3 

104-9 

192 

138 

5— 9 

126*1 

120-7 

88 

65 

10-19 

198-2 

189-7 

182 

82 

20 — 29 

150-8 

142-7 

247 

117 

30—39 

156-9 

151-0 

284 

203 

40—49 

139-5 

138-3 

565 

425 

50 — 59 

1100 

106-7 

1,230 

746 

60—69 

701 


2,083 

1,464 

70—79 

45*4 

54*5 | 

3,308 

2,650 

80— 

13-7 

18-1 

2,195 

2,621 

Total 

1,149*8 

• 

1,136-8 

11,181 

9,120 


Partial am * CDR^ 8-881 (per thousand). 


22.14 A part of a life table is given here with most of the entries 
missing. On the basis of the available figures, supply the missing 
ones. 
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Hence determine the probability (aj that a child of age 10 will 
live at least 5 years more, (b) that two children aged 10 and 11 will 
each live at least 5 years more, and (c) that of two children aged 10 
and 1 1, at least one will die within 9 years. 

22.15 In the 2nd and 3rd columns of the following table are given 
"the age-specific death rates for Poland and Sweden for the year 1957. 
The figures in the 4th column give the age-distribution of a standard 
population adopted by the International Statistical Institute (ISI). 


Age 

Death rate 
(per thousand) 

Number in 

ISI standard million 

Poland 

Sweden 

0— 4 

18*870 

4*348 

119,900 

5—14 

0*759 

0'4t>5 

206,900 

15—24 

1*385 

0-767 

183,200 

25-34 

2*048 

1*075 

147,900 

35—44 

3*326 

1*882 

120,500 

45—54 

7*006 

4*669 

93,900 

55—64 

18*111 

12*477 

70,800 

65-74 

45*795 

34*060 

40,500 

75 and above 

124*258 

116*433 

16,400 


ra(u) — 16 
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Compute the standardised death rates for Poland and Sweden, 
taking the ISI population as standard. Ans. 9*210 ; 5*754. 

22.16 The number of births occurring in New Zealand in 1958 
is shown here classified according to age of mother, together with 
the female population in each age-group of the child-bearing 
period : 


Age 

Female population 
(000) 

Number of births to mothers 
in the age-group 

15—19 

84-79 

2,343 

20 — 24 

7001 

14,541 

25—29 

72 66 

16,736 

30—34 

75-92 

10,218 

35-39 

75 10 

5,134 

40-44 

71-62 

1,422 

45—49 

66-66 

93 

Total 

516 76 

50,487 



5St 


The total population of New Zealand in 1958 was 2,285-8 
thousand. 

With the above information, determine (a) the ciude birth rate, 
(b) the general fertility rate, (c) the age-specific fertility rates and 

(d) the total fertility rate for New Zealand, 1958. Also compute 

(e) the gross reproduction rate, assuming that the sex-ratio at birth 
was 104*5 male births to 100 female births in 1958. 

Partial am. (a) 22-09 (per thousand) ; 
(b) 97-70 ; (d) 3,449-33 ; (e) 1*69. 

22.17 The quinquennial fertility rates (computed on the basis of 
female births alone) ^or England and Wales, 1954, are shown in the 
following table, together with the survival factor for each 5-year 
age-group (which is the probability for a newborn female to survive 
till the mid-point of the age-group and is approximately equal to 

{£./5'i.) : 
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Age 

Fertility rate 
(female births) 

Survival factor 

15—19 

00108 

0-969 

20—24 

0-0662 

0-967 

25—29 

00675 

0-963 

30-34 

0-0413 

0-958 

35-39 

00216 

0-952 

40—44 

0-0063 

0-942 

45—49 

0-0004 

0 928 


Compute the GRR and XRR for England and Wales for 1954 on 
the basis of the above data. Ant. 1 *07 ; 1 *03. 

22. IS ll.c population of India, as recorded in each of the last 
eight decennial censuses, is shown below : 


Census Tear 

Population ( millions ) 

1901 

238-3 

1911 

252 0 

1921 

25 K 1 

1931 

278-9 

1941 

318-5 

1951 

361 0 

1961 

439 1 

1971 

547-0 


Fit a logistic curve to the data. In case you find the fit to be 
unsatisfactory, suggest reasons for the same. 
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STATISTICAL METHODS FOR 
PSYCHOLOGY AND EDUCATION 


23.1 Introduction 

Psychometry is the branch of psychology which deals with the 
measurement of psychological traits or mental abilities like intelli- 
gence, aptitude, interest, opinion, attitude or, simply, scholastic 
achievement. Educational statistics may be considered to be a part 
of psychometry where our main purpose is to rank a group of 
individuals according to their scholastic achievement. Although this 
task of ranking does not seem to present immediate problems, a 
close examination will reveal a number of pitfalls and weaknesses 
of the prevalent system. Statistics, however, has provided us with 
some techniques to remedy some of the defects of the old system. 

Unlike physical or biological characteristics, psychological 
^characteristics are rather abstract and hence can be measured only 
with some degree of unreliability. For the purpose of measurement, 
one has to develop a certain scale, which bears a strong analogy w r ith 
a foot-rule used for measuring or comparing lengths. As on a foot- 
rule, equal distances on a psychological scale stand for empirically 
equal differences in the psychological trait being meas^ >ed. But the 
zero-point of the psychological scale, unlike that of th * foot-rule, is 
arbitrary. However, distances from the arbiti ary zero are additive. 
In other words, a psychological scale is an interval scale and not a 
ratio scale , since there is no absolute zero-point on it. 

23.2 Some scaling procedures 

Most of the scaling procedures used for psychological or educa- 
tional data are based on the assumption that the trait under 
consideration is normally distributed. The zero-point and the units 
of the scale are chosen arbitrarily, b. " the scale-units should be 
equal and remain stable throughout the scale. We shall discuss 
in this section some of the common scaling procedures used in 
psychology and education. 
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23 2.1 Scaling individual test-items in terms of difficulty 

Here we have a number of items in a test administered to a large 
group of individuals. The proportion of individuals successful in 
eich item is known. We assume in the construction of the difficulty 
scale that the ability ( x ) which the group of items is measuring is 
normally distributed with some mean p and some s.d. a. We can 
arbitrarily take the origin at /a and write ^=0. 

Let p % be the proportion of individuals passing the ith item. We 
determine the point on the x-axis for which the area to the right of 
the ordinate is p t . Let the point be k^a. Thus is the amount of 
ability required for passing the item and hence may be taken as at 
measure of difficulty ( d t ) for the ith item. Thus an equal diffeicnce 
in d will mean an equal difference in ability required for passing the 
items. 



Fig. 23. 1 Determining the difficulty-value of an item from 
the proportion of individuals passing the item. 

Ex. 23*1 Suppose there are four items, A , B> C and D, passed, 
respectively, by 90%, 80%, 70% and 60% of the individuals. 
Compare the difference in difficulty between A and B with the 
difference in difficulty between C and Z). 
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To find the difficulty value d A of the item A we find the point, on 
the normal distribution with mean 0 and s.d. o, the area to the right 
of which is 0-90. From the table of the areas under the normal 
probability curve (Table I, Appendix B), we have 


Similarly, 

— l'28cr. 

— 0*84a, 

and 

</ c = — 0*52(7 

r/p= — 0*2 jct. 

Hence 

^-<< = 0-44a 3 

Thus 

dft — d ^ 0 44 <r 

tl u — 0*jJ7a 

The difficulty of B relative to .• 

difficulty of D relative to C. 


whereas d D -d c —0-27a. 


23.2.2 Scaling of test-scores in several tests 

The main defect of the prevalent system of ranking in scholastic 
tests consists in the adding of the raw scores of an individual on 
several tests to get his composite or total score and ranking all indivi- 
duals on the basis of the total score. This is not a valid procedure 
since the same raw score x on different tests may involve different 
degrees of ability and hence may not be equivalent in different tests. 
Hence the raw scores have to be scaled under some assumption 
regarding the distribution of the trait which the test is measuring. 
Percentile scaling 

Here we assume that the distribution of the trait ui Jer considera- 
tion is rectangular, under which we shall have percentile differences 
equal throughout the scale. To determine the scale value corres- 
ponding to a scoie * on a test, we have to find the percentile 
position of an individual with score x, i.e. the percentage of indivi- 
duals in the group having a score equal to or less than x, which can 
be easily obtained from the score-distribution assuming that ‘score’ 
is a continuous variable. Regardless of the form of the original raw 
scores distribution, the distribution of percentile scores will be 
rectangular. However, the distributi m of raw scores is rarely 
rectangular, so that the basic assumption underlying the percentile 
scaling may not always be realistic. Thus, while using this scaling 
method one should beware of its limitations. 
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Z-scaling or <j- scaling 

Here we assume that whatever differences that may exist in the 
forms of the raw score distributions may be attributed to chance or 
to the limitations of the test. In fact, the disti ibutions of the traits 
under consideration are assumed to differ only in mean and s.d. 
Hence the scores on different tests should be expressed in terms of 
the scores in a hypothetical distribution of the same foim as the 
trait-distubution with some aibitraiily chosen mean and s d. The 
transloimed scores aie called linear derived scores. In particular, if the 
mean is aibitrarily taken to be zero and the s.d. to be unity, the 
scores are called standard scores or a-scores or z-scntes. To avoid negative 
standard scores, in linear deiived scores the mean is generally taken 
to be 50 and the s d. to be 10. If a particular test has raw scoie 
mean and s.d. equal to p and ct, respectively , then the linear derived 
score conesponding to a score x on that test is given by 
x— n__w — 50 
10" 

or w = 30 | — 50-t 10$, ... (23 1) 

a 

where w is the linear denvcd score with mean 50 and s d. 10 and z 
is the standard score. 

This linear transformation changes only the mean and the s.d., 
while retaining the form pf the original distribution. 

T-scaling 

In this case we assume that the trait-distribution is normal. The 
raw score distribution may deviate from normality, but the devia- 
tions from normality are attributed to chance or to limitations of the 
tests. The mean and s.d. of the normal distribution of the trait may 
be arbitrarily taken to be 50 and 10, respectively. To get the scaled 
score corresponding to a raw score x , first we find, as in percentile 
scaling, the percentile position ( P ) of an individual with score x and 
then find the point ( T ) on a normal distribution with mean 50 and 
s.d. 10, below which the area is P/ 100. This is given by 



where <P(r) is the area under the curve of the normal deviation from 


— oo to r. 



STATISTICAL METHODS FOR PSYCHOLOGY AND EDUCATION 249 


The scaled score obtained by this process is called T- score in 
memory of the psychologists Terman and Thorndyke. The scale is 
<lue to McCall. 

Normalised scores are also expressed as stanine (standard nin?) 
score f. The stanine scale takes nine values from 1 to 9, with mean 
5 and s.d. 2. When a distribution is transformed to a stanine scale, 
the frequencies are distributed as follows : 


TABLE 2'.1 

Stanine Distribution 


Stanine score 

1 

2 

s 

4 

5 

G 

7 

8 

9 

Percentage on eacli 
score (rounded) 

n 

n 

12 | 


20 

17 

12 

7 

4 


A transfc*mation is nonlinear if it changes the form of the 
distribution. Normalised scores and percentile scores are merely 
special cases of nonlinear transformation of the raw scores. Tor 
nonlinear transformation any form of distribution may be chosen. 

• 

Method of equivalent scores 

Here we do not make any assumption about the distribution of 
the trait under consideration. The appropriate trait distribution is 
obtained by graduating the raw score distribution by an appropriate 
Pearsonian curve. 

Let x and y be the scores on two tests, having probability-density 
functions f(x) . nd h{ y), respectively, obtained by some process pf 
graduation. Now, two scores on the two tests, x t and y iy arc to be 
considered equivalent , in the sense that they bring into play equal 
amounts of the trait, if and only if 

ff(x)dx~ J h(y)dy. ... (23.3) 

— CT -CD 

For practical convenience, an equivalence curve may be obtained 
by computing a number of pairs of equivalent scores, (x if y ( ), and 
fitting to the corresponding set of points an appropriate curve, say 
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Equivalent scores can also be obtained from the score distri- 
butions for x and y without going into the process of graduation. 
First, two ogives are drawn on the same graph paper. Two scores ** 
ind with the same relative cumulative frequency are then regarded 
as equivalent (see Fig. 23.2). 

For the purpose of comparison or combination, the raw scores on 
different tests may be converted into equivalent scores on a standard 
test. In this method the form of the distribution of equivalent 
(transformed) stores is the same as that of the standard test. If, 
however, the standaid test score has a normal distribution, the 
method reduces to normalised scaling. 

Ex. 23 2 The raw score distributions for Vernacular and English 
for a group of 300 students are given below. One of two students 
got 80 in Vernacular and 40 in English, while the other got 60 
in both. Compare their performances by (i) percentile scaling, 
(ii) linear derived scores, (iii) T-scaling and (iv) equivalent scores 
(ogive method). 

First, we have to remember that a score of 80 is to be 
considered as an interval from 79-5 to 80 5, and similarly for the 
other scores. 

To obtain the percentile positions, we obtain the cumulative 
frequencies (less-than type) for both Vernacular and English. They 
are shown in Table 23.3. 

Hence the percentile positions corresponding to 80 5 and 60-5 in 
Vernacular are given by 

P»»-»(Vern ) = - %q 0 — X 100=99 52 

and 

P M . # (Ve rn.) X 100 = 88-64. 

Similarly, for English, 

»(Eng.) = 270 5 ^ 0 156 X 100=57-12 

and 

P w . l (Eng.)=t 7 -^ ) ^x 100=95-92. 
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TABLE 23.2 

Distributions of Scores in Vernacular and 
English of a Group of 500 Students 



Score 

Vernacular 

Frequency 

English 


0— 4 



3 


5— 9 



6 


10 — 14 



12 


15 — 19 

6 


23 


20—24 

7 


35 


25-29 

18 


45 


30—34 

34 


74 


35—39 

56 


72 


40—44 

84 


78 


45—49 

74 


53 


50—54 

104 


46 


55—59 

53 


29 


60- 64 

36 


18 


65—69 

16 


5 


70—74 

9 


1 


75—79 

0 




80—84 

3 



» 


TABLE 23.3 




Cumulative Frequency Distributions of 

Scores in 



Vernacular and 

English 



Score 

Cumulative frequency 



Vernacular 


English 


0— 4 

— 


3 


5- 9 

— 


9 


10-14 

— 


21 


15-19 

6 


44 


20—24 

13 


79 


25—29 

31 


124 


30—34 

65 


198 


35—39 

121 


270 


40- 44 

205 


348 


45-49 

279 


401 


50—54 

383 


447 


55—59 

436 


476 


60-64 

472 


494 


65-69 

' 488 


499 


70—74 

497 


500 


75—79 

497 




80—84 

500 
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Hence the total scaled score for Student 1, getting 80 in Verna- 
cular and 40 in English, is, by percentile scaling, 

99-52+57 12 = 156 64, 

and that of Student 2, getting 60 in both Vernacular and English, is, 
88-64 + 95-92 = 184-56. 

Thus we see that the relative performances of the two students 
are quite different although their total raw scores are equal. 

For linear derived scores with mean 50 and s.d. 10, we require 
the means and s d.s of scores in the two subjects. Denoting by x 
the score in Vernacular and by y the score in English, we have 

x =47-07, *, = 11-32, 

j>= 37-87 and *, = 13-10. 

Hence the w scores are given by 

Wgo (Vern.) = 50+ 80 ~ 4 : J 2 09 x 10=79-07, 

W , 0 (Vern.) =50+^^? x 10=61 40, 
tMEng.) =504 X 10=51 -63 

and 

WtD (Eng.)=5P+- Q ~ 3 1 7 a 87 X 10=66 89. 

As such, the total w-score of Student 1 is 
79-07-)- 5 1-63 =130- 70, 

and that of Student 2 is 

61-40+66 89=128-29. 

Linear derived scores, however, show that Student 1 is slightly 
superior to Student 2. 

Now, for T-scaling, percentile positions have to be converted into 
T-srores. We have 

T 8o (Vdm.)=50+r., Mt x 10=75-90, 
I’ M (Vem.)=50+r.g M4 x 10=62-08, 
J’ 40 (Eng.)=50+T. WM x 10=51-79 
I , w 'Eng.)=50+T. #Hl x 10=67-41. 


and 
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Hence the total T-score of Student 1 is 


75*90+51 *79= 127*69, 
and the total T-score of Student 2 is 

62*08+67 41 = 129-49. 

Thus T-scaling shows that Student 2 is slightly superior to Student 1. 



Fig. 23.2 Determination of equivalent scores in English 
and Vernacular from the ogives. 


In the equivalent scores method, let us take Vernacular as the 
standard. From Fig. 23.2, we §nd that a score of 40 in English is 
equivalent to a score of 49*8 in Vernacular and a score of 60 in 
English is equivalent to a score of 66*9 in Vernacular. 

Hence the total score of Student 1 in terms of Vernacular 
score is 

80+498 = 129*8 

and that of Student 2 is 

60+66 9=126 9. 

This method again shows that Student 1 is slightly superior to 

Student 2. 
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23.2.3 Scaling of rating or ranking in terms of the normal 
curve 

In many psychological problems, individuals are rated or ranked 
by judges for their possession of some characteristics not readily 
measurable in terms of performance. Honesty, responsibility, tact- 
fulness, etc., are examples of such traits. Suppose that there are 
two judges rating a group of individuals and that the frequency 
distributions of ratings for the two judges are known. The problem 
is to assign ‘weights’ or numerical scores to the ratings, so that the 
ratings of the two judges may be compared or combined. 

Let us assume that the distribution of the trait (say x) is normal 
with mean 0 and s.d. 1. Now suppose that the individuals with 
trait values from x x to x 2 are given a particular rating. The scale 
value for the rating is taken to be the mean trait value of all these 
individuals and so is given by the formula : 


*2 

/'•^" pr ~ mdx 


* i 

Scale value=-- 


•• 




, ... (23.4) 


X 

where (f>(x)—~ -^-exp[— **/2] and #(*) = J exp[— « 2 /2]rftt. 


From the observed distribution of the ratings, it is easy to find 
<P(x,) and #(x 2 ), and hence (f>(x t ) and ^(x 2 ). 

The method is due to Likert and the scale is known as Likert's 
scale. This is also called the categoryscale method . 

If, on the other hand, the n individuals in the group are ranked 
by different judges, the scale values corresponding to the ranks can 
be obtained under the same assumptions as before, i.e. under the 
assumption of normality of the trait concerned. 
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Suppose there is no tie. Then the percentile rank (PR) of an indivi- 
dual with rank R, i.e. the percentage of individuals who are ranked 
below him, is given by 

100 say, ... (23.5) 

since the rank R of the individual really represents the interval from 
R — £ to R+%. The scale value corresponding to this PR can now be 
obtained as the value of a normal deviate below which the area is 
PI 100. In the case of tied ranks, the PR values can be obtained 
from the frequency distribution of ranks 

Ex. 23-3 A group of 100 workers was rated by a supervisor on a 
five-point scale — A , B , C, D and E — with respect to efficiency, A being 
the highest rating and E the lowest. Obtain the scale value for each 
rating from the following frequency distribution of the ratings : 


Rating 


B 

C 

D 

E 

Frequency 


24 

45 

23 

3 

Under the usual 

assumption 

of normality lor the trait under 

consideration, we obtain, for the i 

aiings, 

the scale values as 

follows : 

Rating 

pn 

B 

C 

D 

E 

Area covered by the rating 
$(**) -$(*i) 

001 

0-24 

0*45 

• 3 

003 

Area below the rating 
<M*i) 

0*95 

0-71 

0 26 

003 

0 

Lovver limit of the trait 
*1 

1*645 

■553 

-•643 

-1*881 

— - CO 

Upper limit of the trait 

*• 

00 

1 645 

*551 

- 043 

-1 381 

Ordinate at the lower limit 

<K*i) 

*1031 

•3424 

•3244 

0680 

0 

Ordinate at the upper limit 
*(*«) 

0 

•1031 

•3424 

•3244 

0680 


2-062 

0-997 

-■040 

—1*115 

-2-267 
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23.2.4 Scaling of qualitative answers to a questionnaire 

The answers to the items in an attitude or personality test or a 
test of a similar type will be qualitative, e.g. ‘Yes’ and ‘No*, or 
VStongly approve*, ‘Approve*, ‘Undecided’, ‘Disapprove’ and 
‘Strongly disapprove’. It is necessary to allot numerical scores to the 
answers so as to obtain the total scores of an individual measuring 
his attitude or personality. The method of scaling is exactly similar 
to Likert’s rating scale described in Section 23.2.3. The question- 
naire is first administered to a group of individuals and the frequency 
distribution of the answers is obtained. From the observed distri- 
bution, Likert’s scale values are then obtained for different answers 
to the questionnaire. 

23.2.5 Scaling of judgments of a number of products : product 
scale 

It often happens that the ability oi the trait in which we are 
interested cannot be expressed as a test score. This necessitates the 
construction of product scales. In such scales, excellence of perfor- 
mance is determined by comparing an individual’s product with 
various standard products, the values of which are already deter- 
mined by a number of competent and expert judges. Hagd-writings, 
compositions, drawings, etc., aie well-known examples. 

We shall discuss the method of paired comparisons due to 
Thurstone. Suppose there are k standard products judged by a 
group of JV judges. All possible pairs of products, k(k—l)l2 in all, 
are presented to a judge and he is to select one member of each pair 
in preference to the other. The data can be presented in the form 
of a proportion matrix : 



1 

Product 

2 

k 

1 

Pn 

Pti 

Phi 

Product 2 

* : 

Pit 

Pit r 

Pit 

k 

Put 

Ptk 

Pkk 


Here py is the proportion of judges preferring the tth product to 
the jth one and ^,== 1 — p i$ . By convention, p u = 1 /?. 
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Now, suppose that the distribution of difference in judgments 
( T ) of the ith and jth products is norma] with mean S t —$] (the 
difference of their scale values) and s.d. Thus 


CO 



{T-(S,-S,)}* -\ dT 
2a*_, f 


~VTu / ex Pt- T W. 


so that .S’,— ^23.6) 

where x %] is the value of the normal deviate the area to the right of 
which is p %) . Equation (23.6) is known as Thurstone’s law of compara - 
tive judgment. Assuming that the distribution of judgment for each 
product has the same s.d, a and that judgments for any two products 
are uncord h a,_ ; = ay/2, a constant. 

Taking —ay / 2 as the unit of the scale, we have 

... (23.6a) 



Fig. 23.3 Determining the difference of scale-values of 
judgments [S x —Sj) from the proportion p t j. 


fs(ii) — 17 
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Thus we get the (Si—Sj) matrix : 



1 

Product 

2 

k 

1 

Si—Sx 

iSj— S\ 

... S t -S x 

Product 2 

* 

1 • 
0? 


... Sk—S% 

k 

& 

1 •• 

& 

... 

... S k — s k 


The column means give S 19 $29 ••• ..., S k as deviations from 

2 Si*. If we take the origin at S , then the column means 

k i=i 

provide us with the scale-values for the k products. Alternatively, 
we could take the origin at the minimum scale value and adjust the 
scale values accordingly. 

Ex. 23*4 200 individuals were asked about their preferences for 
4 different types of music. The proportion matrix is given below. 
Find the scale values. 



1 

Music type 

2 3 

4 

1 



•878 

•892 

2 

Music type 

■230 

*500 

•743 

•815 

3 

.•122 

•257 

500 

•797 

4 

•108 

•155 

•203 

*500 


Under the usual assumption of normality of the distribution of 
difference in judgments with means Sf—S, and s.d. c and with the 
constant taken as the unit of the scale, ^e get the matrix of scale 
separations Si—Sj as follows : 

Scale Separation Matrix 


i 

i 

1 

Music type 

2 «3 

4 

1 

0 

•739 

1165 

1*237 

2 

Music type 

-•739 

0 

•653 

1015 

3 


-•653 

0 

•831 

4 

■Ell 

-1-015 

-•831 

0 

Column mean 

-•785 

-•232 

•247 

•771 
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With the origin at S, the mean scale value, the column means 
give us the corresponding scale values for the four music types. 
With origin at S v on the other hand, we get the following scale 
values : 


Music type 

1 

2 

3 

4 

Scale value 

! 0 

•553 

1*032 

1-556 


23.3 Test theory 

The measurements on the psychological characteristics considered 
in previous sections were collected by various types of methods such 
as tests, questionnaires 01 ratings. Whatever may be the method of 
obtaining measurements, we made the assumption, though not 
explicitly tin* the measurements were meaningful and reproducible. 
To be more exact, we assumed that the measuring instrument used 
would give us a stable and consistent measure of the trait if we 
remeasured the trait under identical conditions. Technically, this 
•aspect of the accuracy is known as the reliability of the measuring 
instrument. The second requirement is that the measuring instru- 
ment measures the trait which it is intended to measure. And, 
technically, this is known as the validity of the measuring instrument. 

With physical measurements these present no problems at all. 
For we know that if we use a non-flexiL3c accurate r» asuring tape 
in the correct way, we shall get the exact length of la object, and 
this can be reproduced if remeasured under similar conditions. 
So physical measurements are, usually, always reliable and valid. 
But we are not so sure about psychological measurements. We 
have to verify in each case that we are getting reliable and valid 
measurements, and then only can we use them with confidence. 

Before we actually discuss reliability and validity, we shall consider 
some simple results in te«t theory under a very simple model. 

23.3.1 Linear model of test theory 

We are interested in getting the true measure of an individual’s 
performance on a test. By applying a measuring instrument what 
we get is the individual’s raw score (obtained score) on the test. 
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We can consider various types of relationship between the true 
score of the ith individual (/<) and his raw score (*i). But the 
relationship that is usually adopted is the simplest one— a linear 
Felationship. We assume that 

for i=l,2, n, ... (23.7) 

where e { = xt-tf is the error of measurement for the ith individual. 
The obtained score (*) does not equal the unknown true score (/). 
The difference (x—t), which may be due to various factors, is the 
error score (*). 

In test theory we always consider only random errors (*). 
Constant or systematic errors are assumed to be absent in test 
theory. Since we consider only random errors, it is reasonable to 
make the following assumptions for the t/s : 

P,.= 0, \ ... (23.8) 

In words, the mean of error scores is zero, the correlation between 
true scores and error scores is zero, and the correlation between 
error scores from different testing occasions (or for two parallel tests, 
g and A, to be defined # shortly) is zero. We note that under 
this model the estimates of p i9 p lt and p 4 e will approach zero if 
the number of individuals («) approaches infinity. In practice, 
however, the estimates are assumed to satisfy these relations for the 
given sample. 

Since only random errors are considered, for a large number of 
cases (« large), the positive and negative errors of all magnitudes 
(small and large) will cancel each other with the result that the mean 
will be zero. Similarly, since only random errors are consideted, 
there is no reason to expect any correlation between true scores and 
error scores for a large number of individuals. Large or small true 
scores will be expected to occur equally often with large or small 
error scores. This is reasonable for both positive and negative scores. 
Thus we assume p, # = 0. A similar argument will show that 
is also a reasonable assumption. 
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23.3 2 Definition of parallel tests 

Two tests are said to be parallel when it makes no difference 
which one is used. If g and h are two tests and if for the ith indi- 
vidual t lg ^t ih , then we cannot say that it makes no difference 
whether we use test g or h. So, in order that g and h may be parallel 
tests, it is reasonable to assume that 

tig — tih* 2, ■ 9 n 5 (23.9) 

i.e., the true score of any individual should be the same on the two 
tests. 

Next, consistent with the definition of error scores (23.8), we 
assume about the error scores on two parallel tests that 


<T. f =a. fc ; ... (23.10) 

i.e., the standard deviations of errors on the two tests should be 
the same Thus (23.9) and (23.10) define parallel tests in terms 
of unknown quantities. These can be expressed in terms of the 
distributions of the raw scores, using the relations (23.7), (23.8) and 

(23.9) as follows : 

From (23.7), since /*,=0, we have =fi x for any test. From 

(23.9) , we have p, t =p, h , %=% and (>» r « A = 

Also, from (23.7) and (23 8\ we have a*— a,* l-a? for any test. 
Then we have 

and ••• (23 11) 

for two parallel tests g and h. 

Thus the means of raw scores on two parallel tests are equal ; 
and so are the standard deviations. 

If we have more than two parallel tests (at least three — say g, h, 
and k ) , we have another condition to check, besides (23.11), before 
we can conclude that the tests g, h and k are parallel. And this 


condition is 


PxtMh—PtlU—P'h'k’ 


(23.12) 


the condition of equality of all inter-correlations between raw scores 
of the parallel tests. 

Now we establish (23 12) by first obtaining an expression for 
p, t , h in terms of a} and <r*. 
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P> 


l*h ‘ 


_cov(x„ A*) 


_covf< i , tj,) 4 cov(<, , « J> )+cov(f t , fjl+covtr,, **I 

<r* .<7*. 

*1 * h 

__cov(/ g1 / A ) (since £, /r are parallel tests, the remain- 
ed ing covariance terms are all zero and 

'V*%% 


=0 * t l a *, (since /j <4<a = 1 and o, t =*o, A , g and A 
being parallel). 

Thus, for two parallel tests g find A, 

“ 0 V W S* ( since % =%> a », =*»*)• 


(23 13) 


Equation (23.13) easily establishes equation (23.12) for a number of 
parallel tests. 

Thus, for three or more parallel tests the means of raw scores are 
equal ; so are the variances and the intercorrelations. Ih addition 
to satisfying these criteria, parallel tests should also be similar with 
respect to the content and nature of items, etc , which may be 
verified by expert judgment only. 


23.3.3 Definition of true score 

Equations (23.8) define error score. Then the true score (/) can 
be regarded as the difference (a — e) between the raw score and the 
error score. Thus, 

Alternatively, we may define the true score of an individual as 
the limit of the average of the raw scores of the individual on a 
number of parallel tests when the number of parallel tests k appro- 
aches infinity, i.e. 

^[^4 ... (23.14) 

With this definition of t, the error score is defined as the difference 
x—t ; i.e., e=x—t. 
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23*3.4 Error variance (standard error of measurement) 

From equations (23.7) and (23.8), we have 

o*=o?+a * 9 

and from equation (23.13), we have 

a} =p x g x h °h where g and A are parallel tests. 

Thus, combining the above two relations, we get 
a 2 x =olp XgXh + <j'i 

OT *?="?(! -px m * H ) 

or <j € =o x Vl —p XgXh - (23.15) 

Equation (23.15) gives the standard deviation of the error scores, 
which is technically known as the standard error of measurement . 


23.3.5 Definition of reliability 

We define reliability as the reproducibility of the measurements 
when remeasured under identical conditions. Spearman first intro- 
duced the term ‘reliability*. The reliability of a test (a measuring 
instrument) is given by the correlation between the raw scores of 
the given test and a parallel test. Thus, if g be the given test and A 
any other test parallel to g, then the reliability of g is measued by 
p KgX h an d wdl k e denoted as p gg . 


From equation (23.13), we know that 
Pst= (J ‘ g l a ’ / , \ 

-1 —!,/*!. I 


(23.16) 


by virtue of the relation af=o'i — o*. 

Reliability can thus be defined as the ratio of the true score 
variance to the raw score variance or as the proportion of the raw 
score variance that is the true score variance. Reliability ranges 
from zero to one. p g g = 1 when a, =0. But a, =0 if and only if all 
* i= =0 f since p, =0. Thus, a test is perfidy reliable {p gg * - 1) if 
for all i, and then the raw scores are the true scores. p gg =0 if a t =0 
(or, equivalently, if <j # =o r x ), i.e. when f° r all *\ and then 

the test is unreliable (here t denotes true score for all t). For any 
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test g y therefore, 

® ^ Pt t ^ ^ • 

It may be noted, however, that when the reliability is measured 
from a sample of individuals, one may obtain a negative coefficient. 


23.3.6 Effect of test length on the reliability of the test 

By the length of a test we mean the number of items in the test. 
Let us augment the length of the test by adding to it ( k - 1) parallel 
tests of the same length. So the composite test is now made of k 
parallel tests of the same length and the length of the composite test 
is k times the length of the original test. The effects of this increase 
in length on the true score variance and raw score variance are the 
following : 

Denoting the k parallel tests by g 19 g t , g k and the composite 
test by G 9 we have 


o o 


+«. 


=Jfc*a? 


V y 

(summation over all i,j=l 9 2, , k) 


And 


(since the component tests are parallel, 
P,,t =1 and 0 , - 0 . for all i,j). 


(23.17) 






=kal, +k(k-l) P „o* t , ... (23.18) 


sine (i- e - reliability) and 0 ,^= 0 ,^ for parallel tests 
li> Sr 

Using the equation (23.16), we may write down the reliability of 
a test whose length is increased k times (by adding k— 1 parallel 
tests) as 

PcG =a ? c / ff *c , 

which can be expressed in terms of p tt , by using equations (23.17) 
and (23.18), as 

Pcg= **2, i [1+(*-1)p„] 
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where p gg is the reliability of the original test and p GG is the 
reliability of the lengthened test G, whose length is equal to k times 
the length of g x . 

Formula (23.19) is known as the general SpearmanSrown formula. 
In the usual case where k =2, the Spearman-Brown formula for 
doubled test length is 

j£“— - (23.20) 

1 -rPge 


The derivation of formulae (23.19) and (23.20) involves the assumption 
that the additional test parts used in lengthening the original test 
are parallel to those in the original test. 

The formula for determining k is obtained by solving equation 
(23.19) for k : 

lr PGG^ ^ Pgg) 

Pr/O—PGc)’ 



where p gg is the reliability of the original test and p GG is the desired 
reliability of the lengthened test after the original test is lengthened 
k times. 


Ex. 23*5 What would be the reliability coefficient when the 
original test of reliability 0-50 would be doubled in length ? 

We have in this case p^=0*50 and A=2. Then by equation 
(23.20) we get, as the reliability of the lengthened test, 


Pgg — 


2 x *50 
1 + -50 


=0-67. 


Ex. 23*6 By what amount should the length of a test of 
reliability 0 66 be increased so as to get a reliability of 0*95 for the 
lengthened test ? 

Here p gg =0-67 and p GG = 0-95. Then by equation (23.21), we 
have 


k 


*95(1— 67) _ -95 x -33 
•67(1 — *95) *67 x 05 


1)135 = 9 •>p» ,roximatcl y)' 


23.3.7 Practical methods of estimating, test reliability 

Reliability, as defined above and denoted by p gg> is based on 
population data (an infinite number of individuals being tested). In 
practice, we have only a sample of finite size n and the correspond- 



266 


FUNDAMENTALS OF STATISTICS 


ing sample correlation estimates the reliability. There are available 
mainly four methods for estimating test reliability. These are : 

(1) the parallel- test method, (2) the test-retest method, (3) the 
split-half method and (4) the Kuder-Richardson method. 

Parallel-test method 

Reliability was defined as the correlation between raw scores on 
two parallel tests. In this method, two tests are constructed satisfying 
as far as possible the conditions for parallelism. Then the two tests 
are administered to the same group with a suitable time lag and the 
reliability ( p gg ) is estimated by the correlation (r gg ) between the 
raw scores of the parallel tests obtained from the sample. 

For many situations, this is the best method of estimating test 
reliability. However, the ability measured should not change in 
the time interval between the administrations of the tests. For many 
scholastic achievement and mental ability tests, this condition is 
fulfilled. But there are cases where the ability tested will change, e.g. 
in performance tests like type-writing tests, athletic skills tests, etc , 
if the individuals continue practising during the interval between 
the two administrations. 

The parallel-test reliability may also be obtained by adminis- 
tering both the tests at the same session. In this case also, the 
scores on the second tfcst may be influenced either by familiarity 
with the material in the first test or by fatigue. 

Generally speaking, parallel-test reliability will give a satisfactory 
result. But the difficulty is to construct two parallel tests. So when 
only one test is available, w.e are to use one of the other methods. 

Test-retest method 

This method consists in administering the same test twice after a 
suitable time interval to eliminate familiarity with the material, test 
fatigue, etc., and then finding the correlation between the test scores 
and retest scores. If, however, the individuals duplicate their first 
performance, then the reliability will be over-estimated by this 
method. 

If the test is repeated -immediately, the memory effect, practice 
and confidence will increase the scores on retesting. If sufficient 
time elapses before the second administration, then these effects will 
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be absent and the test-retest correlation will give an estimate of the 
stability of the test scores. 

As in the parallel-test method, here also, the experimenter will 
have to adjust the time interval and control the activity of the indivi- 
duals within the time interval so as to minimise the effects due to 
memory, fatigue, practice, etc. 

The difficulty with both these methods is that sometimes it is 
difficult to get the individuals again after an interval of time. 
In such a case, we cannot apply either the same test twice or two 
parallel tests. For such cases, wc have the following methods. 

Split-half method 

Here one test is applied once and then the score is divided into 
two equivalent halves, and the correlation between the scores on 
the half-tests estimates the reliability of each half-test. Then by 
Spearman-Brown formula (23.20) we may estimate the reliability of 
the original (full) test. 

The test may be split into two parts in a number of ways. The 
commonest way is to split the test on the basis of odd-numbeied and 
even-numbered items. 

In many performance tests or personality tests, it is difficult to 
construct parallel tests or to retest with the same test. So the split- 
half method is regarded as the best method in such cases. The 
objection that is often raised is that there is no un’ le way of 
splitting the test and so no unique split-half correlation. In most 
power tests (where one does not emphasise the speed or quickness 
with which the work can be perlormed), the items are arranged 
in order of difficulty, and the odd-even split provides a unique 
estimate of reliability. 

Rulon piesented the following formula for estimating reliability 
from two subtest scores (of the same test) : 



where is the variance of raw scores and s\ is the variance of 
the difference of raw scores on the two halves of the test. 

Similar results may be obtained by using the formula due to 
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Guttman, which is simpler to apply : 

r " =2 [ 1_jj 7r]’ - ( 23 - 23 > 

* 

where s\ and j| are the variances of raw scores on the two halves. 

Equations (£3.20), (23.22) and (23.23) will give the same reliabi- 
lity coefficient when i.e. when the two halves have equal 

raw score variances. If then the split-half reliability given 

by equation (23.20) will be the highest. 


Kuder- Richardson method 

We shall obtain the Kuder-Richardson formulae for estimating test 
reliability by making the same assumptions as were made originally 
by Kuder and Richardson. Let us consider a test of length k which 
is made up of h parallel items. Then the raw score variance is 
given by 


k 


1+ * a + +* k )= 2 a ! 

1 2 * gw | * g*h 8 n g n 

Since the items are all parallel, p Mg x h will be equal to p g g (reliability 
of item $) for all g and h, and a M * will be the same for all g . Thus, 

al-kvl* +*(*—! )pg g <rl g > 


so that the item reliability (p f *) can be expressed as follows : 

P*,= *- =J t .since la* =Aff* 

g- 1 * 

Next, to obtain the reliability of the test of k parallel items from 
p gg > we apply the general Spearman-Brown formula (23 19) : 




kp gg 

P0G ~l + (*-!)<>.« 

i*!, 

=k fc 3 * 8 


. k 


f * 1 


It-iJ 

1 a! 1 


.H)/'*-' 1 , J> ! .] 


(23.24) 
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This is the Kuder-Richardson "formula 20” for obtaining the reliabi- 
lity of a test of k parallel items in terms of k , a* and a* g . In practice, 
this is estimated by 


r GG 



(23.24a) 


L11C 


where s J is the sample variance of raw total scores and tj 
same for item g. 

If the scoring of items be 1 for a correct response and 0 for a wrong 
response, then s\ where p g is the sample proportion of 

correct responses for item g. Then formula (23.24a) simplifies to 


°ui.] 


(23.25) 


If in formula (23.24) we assume that the k parallel items are of 
equal difficulty, the scoring being 1 for a correct and 0 for a wrong 
response, with i t as the common difficulty value for all items, then 

f =7r (l — ir) = 7T — 7T 2 . 

Now, the mean of obtained scores on the test is 


Thus, 


H x ~klT. 


k 


Then, from formula (23.24), we have 


Pgg 







(23.26) 


This is the Kuder-Richardson "formula 21” for obtaining the 
reliability of a test of k parallel items of equal difficult v in terms of k, 
o\ and In practice, this is estimated by 



... (23.26a) 


where Sc and j? are the sample mean and variance of raw total 


scores. 
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We have derived the Kuder-Richardson formulae under original 
assumptions. It is also possible to derive them under less restrictive 
conditions, as shown by Gulliksen [6]/ 

The determination of reliability by the Kuder-Richardson 
formulae is also known as the method of rational equivalence . 

23.3.8 Validity 

In the previous section we considered one essential propeity of a 
measuring instrument — the reliability. Now we shall consider the 
second essential property — the validity. A psychological test (a 
measuring instrument) should not only be reliable, but it should also 
be valid. By this we mean that the test should measure what it is 
supposed or intended to measure. If we want to measure a trait A 
for a group of individuals with the test, we must be sure, before 
we can use the test confidently for that purpose, that# it actually 
measures trait A and also measures it reliably. The term ‘validity* is 
a relative term — a test is valid for a particular trait for a particular 
group or for a particular situation. We may use the same test for 
measuring different traits and then we must obtain its validity 
separately for each case. 

As with the reliability of physical measurements, tn the case of 
the validity of such measurements also, we face no great problem. 
But the situation is different with psychological measurements. 

To estimate the validity of a test we must know which particular 
trait we want to measure. We make use of some known measure 
of the trait called the criterion variable . The validity of the test is then 
estimated by computing a coefficient (the coefficient oj validity) which 
determines the relationship between the scores obtained on the test 
and the values of the criterion variable. The difficult part here is 
the proper choice of the criterion variable and getting measures on 
this variable which are to be compared with the scores on the test. 
Often it is difficult to get reliable measures on the true criterion. 
What we get are only approximate measures on the criterion variable. 
Depending upon the situation, the criterion scores may be of any of 
the following kinds : ratings by judges (experts who know the group) 
on the trait measured, scores on another valid test of the trait (we may 
validate a newly constructed test for trait A by selecting as the crite- 
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rion variable the score on a well-established test for trait A)> measures 
of later success (for a test for recruiting persons in a vocation), etc. 

We discuss below the different concepts of validity : 

Predictive validity 

This type of validity arises when we use a test for selecting appli- 
cants for a particular course or job and the criterion variable is the 
degree of success at a later period, i e. after the recruits have 
completed the course or have been on the job for a sufficient period. 
The criterion variable is the performance at that later peoiod — grades 
or ratings on completion of the course or after a certain period of 
employment. A test has a high predictive validity if it can forecast 
efficiently later performance on a particular measurable aspect of life. 
And this is of importance in the selection or recruitment of indivi- 
duals for different courses of study or training programmes or jobs. 

Concurrent validity 

Concurrent validity is obtained for tests for which the criterion 
variable is also available at the same time as the test results and we are 
not to wait as in the case of predictive validity. Tests are constructed 
for measuring a variable for which the result also may be obtained 
without ^vaiting, because it is easier and sometimes saves time and 
expenditure, while giving the same result as the criterion variable. 

Concurrent validity is used for diagnostic tests (e.g. in clinical 
diagnosis). Both types of validity (predictive and concurrent) are 
obtained by computing the correlation between the t. 1 scores and 
criterion scores, and the validity is the correlation coefficient. 

Content validity 

Sometimes tests are constructed to study the knowledge of the 
individuals on certain specific areas of study, say verbal ability, 
geometrical drawing ability, etc. There are a large number of items 
which measure these areas and, in a test, we have only a sample of 
these items. In content validity of a test, we try t< ascertain how 
far the test covers the field of study under investigation or, in other 
words, how good the items of the test re as a sample iiom the 
totality of all items for that test. 

It is, however, not possible to express content validity as a validity 
coefficient, as is possible with the previous two validities. 
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Construct validity 

This is comparatively a new concept in validity theory. This 
concept is found useful when either there is no external criterion 
* or it is difficult to obtain measurements on the criterion variables. 
This validity cannot be expressed in a single measure as the correla- 
tion between test scores and criterion scores. Validity in this case is 
demonstrated by showing that the predictions expected on the basis 
of theory may be confirmed by the test. Some of the common wa\ s 
of establishing construct validity are the following : 

(1) Correlating different items or parts of the test. These 
correlations should be high if the test is measuring a unitary variable. 

(2) Correlating different tests which measure the same variable. 

23.3.9 Effect of test length on test parameters 

We have seen in Section 23.3.6 the effect of test length on true 
score variance (equation 23.17), on observed score variance (equation 
23.18) and on reliability of a test (equation 23.19). 

Using notations already introduced, it is easy to see the effect of 
test length on true score mean and observed score mean ; 

- ( 23 .^ 7 ) 

and ^ ••• (23.28) 

To find the effect of test length on the validity of a test, we first 
consider the case where the original test is lengthened by adding to 
it (£—1) parallel tests of the same length and the original criterion 
variable is lengthened by adding to it (/— 1) parallel criterion 
variables of the same length, such that each pair of component test 
and criterion variable gives the same validity coefficient. 

Let us denote the total test score by Xq : 

x G ==x i l + x t i + + X i k 

and the total criterion score byy H : 

yH=yh l +yhi+ +jv 

Now we obtain the correlation coefficient of augmented test 
scqres with the augmented criterion variable scores. 
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cov (** t +**1+ t x t k >y»x +.?*„+ +•?*» > 

Vvar V A 4i -rA f 3 t +*,^ var (.n,'hn* + 


* 

V 

1=1 h = i 


X P* t , h °*°r h 


{kc 




1/S 


Mp* t *h a * t° y h 


kl P’ t ’H 


(23.29) 


where is the validity of the original test with the original 

criterion variable, 

P* g j h is the validity of the lengthened test (lengthened A; times) 
with the lengthened criterion variable (lengthened / times), 
p g£ is the reliability of the original test and 
p hh is the reliability of the original criterion variable. 


If the criterion variable is not lengthened, then the effect of 
increasing only the test length on the validity is obtained from 
(23.29) with /=1 : 


kpx *>h 

P ’C>H {*+*(*-) p it \ il2 ' 


(23.30) 


23.4 Intelligence tests and IQ 

Interest in the nature and measurement of intelligence is 
gradually increasing. Tests of intelligence and other mental qualities 
are being used in different spheres of life. 

By intelligence is meant the capacity for relational and construc- 
tive thinking for the attainment of soi -e goal. In the discussion of 
intelligence, Spearman’s two-factor theory holds an important place. 
According to t his theory, there is a common element, a gtturol 
JocUtTi in all our cognitive abilities— abilities that are concerned 

ara(n)— 18 
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with the intellectual aspects of mind. Spearman named this as 
the g-factor and this g-factor can be identified with intelligence. 
Besides the g-factor, which is present in all abilities, there is, 
According to Spearman, a specific factor for each ability. Spearman’s 
theory was not, however, universally accepted. Thomson proposed 
a group-factor theory. According to Thomson, there are group 
factors each of which is present in a number of different abilities. 
Thus, while they are more restricted than Spearman’s g-factor, they 
are less restricted than his specific factors. Some of the group factors 
are the following : (i) verbal ability ; (ii) numerical ability ; 

(iii) musical ability ; (iv) mechanical ability. 

All attempts to describe intelligence by a recourse to physiology 
have failed. Though differences of opinion exist on the nature 
of intelligence, there is more or less general agreement as to 
the procedure for measuring intelligence. In an intelligence test, 
the following types of problems find a place : (i) synonyms 

and antonyms ; (ii) classification ; (iii) analogies ; (iv) number 
series ; etc. 

Intelligence tests may be designed for application to individuals 
or for application to groups of individuals. One of the well-known 
individual tests is Binet’s test. The revised version of thisnest is now 
being widely used for measuring intelligence of young children and 
for detecting mental deficiency. Group tests were first widely used 
by the U.S. Army authorities for recruitment, placement or promo- 
tion of personnel. The Alpha test was meant for the majority and 
the Beta test for illiterates or non-English-speaking persons. 

Intelligence tests, like other tests, may again be verbal or 
non-verbal. The former demand the intelligent manipulation of 
ideas expressed in words, while the latter call for the intelligent 
manipulation of objects. 

After constructing an intelligence test, we must check its reliability 
and validity by one of the methods discussed previously. When we 
are satisfied that the*intelligence test is reliable and valid, we must 
compute some standard or norm which will aid us in assessing any 
given individual’s score. We may compute either the mean and 
standard deviation or the percentile norms, standard scores or T scores 
for this purpose. It was in this connection that Binet introduced the 
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concept of mental age. An individual’s mental age [MA) is the age 
at which an average person can pass the tests that the individual 
passes. Later, mental ratio {MR) was defined as 


mental ratio = 


mental age 
chronological age* 


(23.31) 


Thus, if a boy of 10 years possesses an MA of 9 years, then his MR 
is 0-9. He is thus a retarded child, his MR being less than 1. A 
child will be regarded as advanced if his MR exceeds 1, and he is of 
average intelligence if his MR equals 1. 

The intelligence quotient, or IQ^ior short, has now replaced the MR. 
The IQ_ is defined as 


/Q=100x" 


^lOOxMff 


IA \ 
A 

iR. 1 


... (23.32) 


We now make some observations concerning the interpretation 
of Id in its classical form. The Id will be 100 (lower than 100/ 
greater than 100) for all children who have the same (a lower/a 
higher) level of intellectual development as (than) the average child 
of the same age. It is necessary that the standard deviations of the 
Id distributions of all age groups be approximately the same for 
the same Id to have same relative position on the distributions for 
different ages. This is essential for an interpretatioAi of an indivi- 
dual Id But as this is not fulfilled in many cases the ^resent trend 
in standard tests is that the test is standardised and normalised into 
a set of normalised scores (called /(^-equivalents) for each age with 
mean 100 and standard deviation 15. Thus it is immaterial whether 
we use a T-scale or an /(^-equivalent scale for the norm. 

The use of intelligence tests has shown that intelligence may be 
supposed to be normally distributed and that it depends on heredity. 
It has also been found that intelligence grows with age, which 
continues up to age 16 or 17, and then it remains steady. There 
is no evidence that intelligence and x are related. It has also 
been found that different occupations require intelligence to varying 
degrees. 

Intelligence tests have found many uses. They are used for 



276 


FUNDAMENTALS OF STATISTICS 


vocational guidance and selection, in the grading of pupils and in 
diagnosing mental deficiency. 

^ Thus an intelligence test, properly constructed and standardised, 
is of immense use for various purposes. 


Questions and exercises 

23.1 What is the problem of measurement in education and 
psychology ? Explain clearly the terms scaling , reliability and validity , 
as used in problems of measurement in education and psychology. 

23.2 Explain how you will combine the ranks of a number of 
subjects given by several judges. 

23.3 Explain the different methods of combining and comparing 
scores in several tests, stating clearly the assumptions made in each 
method. 

23.4 Describe how qualitative answers to a questionnaire may 
be scaled. 

23.5 Explain the use of parallel tests in pschological studies. 

23.6 Give an outline of the different methods of estimating 
reliability of a psychological test and give a comparative study of 
the coefficients of reliability obtained by these methods. 

23.7 Obtain the general Spearman-Brown formula and explain 
how it is used for estimating reliability by the split-half method. 
What is the effect of increasing the length of a perfectly reliable test 
on its reliability ? 

23.8 Derive, under suitable assumptions, the Kuder-Richardson 
formulae for estimating test reliability. 

23.9 Define the term validity and discuss the different concepts 
of validity. 

23.10 Discuss the effect of test length on different test parameters. 

23.11 What are intelligence tests and how are they used in 
measuring intelligence ? 

Define the terms ‘mental age* and *IQJ in this connection. 

23.12 Four items are to be constructed so that they are equi- 
spaced on the difficulty scale. If the easiest hem is passed by 80% 
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of the group and the most difficult item by 20%, find approximately 
the percentages of the individuals in the group passing the other two 
items - Am. 39% and 61%. 


23.13 The frequency distributions of scores ft 
given below : 

Frequency 

Score 

Test A 

Test 

0 

5 

1 

1 

7 

2 

2 

10 

4 

3 

18 

8 

4 

20 

10 

5 

12 

16 

6 

10 

22 

7 

8 

25 

8 

5 

9 

9 

3 

2 

10 

2 

1 


•Compare a score of 4 in test A with a 'core of 4 in test B, by 
(i) percentile scaling, (ii) ^-scaling, (iii) 7“-scaling and (iv) equi- 
valent scores. 

% 

Partial ans. P 4 (Test i4)=60 ; P 4 (Test B) =25 ; 

Mean (Test A)= 4«24 ; Mean (Test B)=5 61 ; 
s.d. (Test i4)=2 04 ; s.d. (*■ it £) = l-89. 

23*14 Letter-grades A, B, C D and E ( A being the highest) are 
assigned by three supervisors to 50 workers in i factory. The 
fiequency distributions of grades are given bHow : 


Frequency 


Grade 

Supervisor 1 

Supervisor 2 

Supervisor 3 

A 

3 

10 

15 

B 

15 

12 

12 

C 

25 

13 

10 

D 

5 

8 

8 

E 

2 

7 

5 


Find the numerical score corresponding to each grade for each 
supervisor. 
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Compare the performances of three workers whose grades are as 
follows : 


Worker 

Supervisor 1 

Grades obtained from 
Supervisor 2 

Supervisor 3 

1 

A 

C 

B 

2 

B 

C 

A 

3 

C 

A 

B 


Partial ans. Workers in descending order of performance : 1, 2, 3. 

23.15 What would be the reliability coefficient if the original 

test of reliability 0*75 be increased three times in length ? By what 
amount should the length of the original test be increased so as to 
get a reliability of 0-95 ? Ans. 0 90 ; 6 times. 

23.16 Below are given the scores on odd-numbered items and 
even-numbered items in a clerical aptitude test of 100 items : 

Serial No. Marks obtained in 

of subject odd-numbered items even-numbered items 


1 

30 

37 

2 

29 

32 

3 

22 

24 

4 

28 

30 

5 

30 

33 

6 

27 

30 

7 

20 

31 

8 

29 

29 

9 

21 

22 

10 

31 

31 

if 

20 

27 

12 

20 

28 

13 

29 

33 

14 

22 

27 

15 

24 

28 

16 

18 

21 

17 

27 

30 

18 

19 

30 

19 

-28 

32 

20 

20 

27 


Obtain the test-reliability. 


Ans • 0*83. 
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23.17 The following values were obtained by administering a 
100-item geometrical drawing ability test to a group of 250 students 
of a local technical school : 

mean score=49 95, 
s.d. = 12-53. 

Obtain an estimate of test-reliability by the Kuder-Richardson 
method. Arts. 0-85. 
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NUMBERS 


24.1 Introduction 

An index number may be defined as a measure of the average 
change in a group of related variables over two different situations. 
The group of variables may be the prices of a specified set of 
commodities, the volumes of production in different sectors of an 
industry, the marks obtained by a student in different subjects, and 
so on. The two different ‘situations’ may be either two different 
times or two different places. 

The purpose of an index number and the problems faced in its 
construction may be well illustrated if we take the most commonly 
used index number, viz. the index number of prices. Changes in the 
prices of commodities have in present times attracted the attention 
of a great many people engaged in various capacities — employers, 
employees, trade union leaders, the government, and so on. The 
dearness allowances, and even the pays in certain cases, of employees 
of a number of commercial organisations aie changed With a change 
in the prices of one or more of the commodities marketed. This 
necessitates the construction of a readily intelligible index that will 
reflect the change in the prices of commodities or in the cost of 
living. This purpose is served by the consumer price index number or, 
which is the same thing, the cost of living index number . Another 
important use to which a price index number is put is in the 
measurement of change in the general price level of a country. This 
is achieved by using the wholesale price index number. 

Let p 0 and p x denote the prices of a commodity in suitable units 
in the two situations denoted by *0* and c l\ Any change in the 
price of the commodity from ‘O’ to 4 T may be expressed either in 
actual or in relative terms. Actual change is' given by p t — p 9 ; the 
relative change is given by pi jp^ which is called a price^ relative. Now, 
for each of the commodities marketed we have one of these two ways 
of reporting the price change. The problem is to combine these 
various individual changes in prices and get a measure of the overall 
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change in the prices of the set of commodities. The difficulty in 
dealing with actual changes is that for each commodity the change 
depends on the units in which the price is reported. Relative changes 
are better in this respect, being puxe numbers and independent of 
the choice of units. A price index number is a sort of average of 
these individual price relatives, and it measures the price changes of 
all the commodities collectively, 

24.2 Problems in the construction of index numbers 

Let us discuss the various problems that arise in the construction 
of a price index number for any country. The problems may be 
enumerated as follows : 

(a) Purpose of the index. 

(b) Choice of the base period. 

(c) * Choice of commodities. 

(d) Collection of data. 

(e) Method of combining data. 

(f ) Choice of weights. 

(g) Interpretation of the index. 

24.2.1 Purpose of the index 

The purpose for which the index number is being constructed 
should be clearly and unambiguously stated, since most of the later 
problems will depend upon the purpose. For instance, if we want to 
construct an index number for measuring the change \ the general 
price level, we have to take the wholesale prices of finished products, 
intermediate products, agricultural products, mineral products, etc. 
Similarly, the retail prices of consumer goods and the costs of services 
like electricity charges form the basis for the construction of a cost of 
living index number. 

24.2.2 Choice of the base period 

Suppose we want to compare the price levels of two time periods, 
say the price level of 1970 with that of 1949. We call the year 1970 
the current period and the year 1^49 the base period . The base period 
thus constitutes the basis of comparison. The price level of the base 
period is arbitrarily taken as 100 and the price level of the current 
period is expressed relative to l;hat. 
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The base period should be a normal period in the recent past. 
It should be a normal period, i.e., the prices of that period should 
not be subject to boom or depression or effects of catastrophes like 
wars! floods, famines, etc. It is also desirable to select a base period 
which is not too far in the past, for then we may not get comparable 
figures. Market conditions, i.e. tastes and habits of people, may 
undergo some change, resulting in the replacement of old goods by 
new ones. Thus we find that when a base, on being used for a 
number of years, becomes a period in the remote past, it is to be 
shifted to a period in the recent past for all subsequent comparisons 
.The base period should not be too short or too long. It should 
not be too short, e.g. a single day, because the prices for too short a 
period are highly unstable and unreliable. Again, it should not be 
too long, e.g. six years, for then the average price for that period 
may smooth out some important fluctuations. 

The base period should be a period for which reliable figures are 
available and preferably a period of some economic importance for 
the country concerned. For example, the year 1951 may have some 
economic importance for India, being the inaugural year of India’s , 
five-year plans. 

24.2.3 Choice of commodities 

It is practically impossible to include the prices of all commodities 
of an economy in constructing a price index number. The reason 
is that it involves too much time, money and labour. Most of the 
practical users of index numbers require that current index numbers 
should be available quickly. So we are to take a suitable sample of 
commodities so that the index number may reflect the change in the 
price level, keeping in mind the purpose it is to serve. The selection 
of commodities should be by judgment sampling and not by random 
sampling, since to make the index representative of the price fluctua- 
tions we have to select the important and relevant commodities. 
Different groups of commodities display different patterns of price 
movements. So the commodities are to be classified into groups 
showing similar patterns: of price fluctuations, and a number of 
commodities representative of each of these groups are to be selected. 
For constructing a wholesale price index number to measure the 
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change in the general price level, the commodities may be classified 
according to the following scheme : 

Commodities 

Unmanufactured articles Manufactured articles 

! ! 

Agricultural Farm Mineral Forest Others Semi-manufactures Finished 
products products products products or intermediate products 

[ goods 

I I 

Food Non-food 

articles articles 

The quality of the selected commodities should not vary much 
from period to period, and no commodity should disappear from the 
market. Reliable figures should also be available for the selected 
commodities 

The exact number of commodities included in the index should 
depend on the purpose of the index. Thus, if we construct an index 
number based on a few commodities most of which are food-items 
•(which are known to be highly sensitive to price changes), the index 
, may be useful for certain purposes, but cannot be used for measuring 
the change in the general price level. No rigid rule, however, can 
be laid down for the number of commodities to be included. But 
it may be stated that the number should not be too large or too 
small. 

24.2 4 Collection of data 

Makers of price index numbers take great pains to collect the 
necessary data in each period for all the commodities included in 
the index number. The price of a commodity at a particular period 
of time will vary from one market to another and also for different 
grades. So we are to collect prices of a commodity from a number of 
representative markets for a few important grades of the commodity. 
Each of these prices is referred to as a price quotation. In the case 
of wholesale price index numbers we to collect wholesale prices 
of commodities, and for cost of living index numbers retail prices are 
required. As in all other cases of collection of statistical data, here 
too utmost care should be taken to get accurate data. 
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24.2.5 Method of combining data 

The price fluctuations of different commodities are reflected in 
the price relatives. We want to represent the changes by means 
**>f a single number. So we sure to consider some means of combining 
these individual price fluctuations. Although different commodities 
may have peculiar characteristics in their price fluctuations, it has 
been empirically found that, taken as a whole, the distribution of 
price relatives is bell-shaped with a marked central tendency, 
provided the base period is in the recent past. So we are justified 
in taking an appropriate measure of central tendency in combining 
the different price relatives. 

Amongst the various measures of central tendency, the arithmetic 
mean and the geometric mean of price relatives are generally used. 

Let us denote by p oi the price of the zth commodity in the base 
period and by p u the price of this commodity in the current 
period. 

If we use the arithmetic mean of price relatives for constructing 
the index number, then 

^LPulPot 

7 0l =,-L__, . (24. 1 )* 

where Ah is the index for the current period and 2 denotes summa- 
tion over the k commodities This is a simple or unweighted index 
using the arithmetic mean of price relatives. 

Similarly, the formula for the index number using the simple 
geometric mean of price relatives will be : 

/st-OlA^) 1 '*- •• (24.2) 

« 

In the same way, the simple harmonic mean, median or mode of 
price relatives may be used. 

So far we have considered some kind of average price relative to 
get the index number. We can also get a simple index number 
by comparing the simple aggregate of actual prices for the current 
period with that for the base period. Symbolically, 

'ZPu 

*" (24.3) 

This is called a simple aggregative index. 

We are to multiply each formula by 100 to express die Index in 
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the percentage form. However, this factor is generally omitted from 
the formula and introduced at the last stage. 

Formula (24.3) has a serious drawback. It depends too much on 
the units in which the prices are quoted. 

24.2.6 Choice of weights 

The commodities included in the index number are not of equal 
importance. For instance, in constructing a wholesale price index 
number for India, ‘rice* should have greater importance than 
1 tobacco*. So we must consider the problem of weighting the diffe- 
rent commodities included in the index number according to their 
importance. If we ignore weights, we shall not get an unweighted 
or a simple index, but an inappropriately weighted index. E.g., the 
simple arithmetic mean of price relatives may be written in the 
following form : 

^tPulPoi 

hi-- — I — =- — ^ 

i Pot 

which is a weighted aggregative index of prices , each weight being the 
reciprocal of the base year price or the number of units of the 
commodity that can be purchased by one unit of money in the base 
period. It is also easily seen that in the simple average of price 
relatives, each relative influences the index number according to 
its percentage of increase or decrease over the base *riod. The 
influence which a commodity exerts on the simple aggregative index 
depends on the price per unit in which it is quoted. 

Thus we must adopt a system of weighting for the price relatives 
or prices that will truly reflect the importance of each commodity. 
Since our index should not depend on the units in which the prices 
or quantities are reported, we shall weight the price relatives by 
values and the prices by quantities. The quantity used for deter- 
mining weight may be the quantity of the commodity produced, 
marketed or sold, imported or exported. The prices and quantities 
required for the weights may relate either to the base period or to 
the current period. 

If W{ be the weight attached to the price relative for the it h 
commodity, then the weighted arithmetic mean of the price relative 
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is given by 


2jS 

j _ i Pm 


the weighted geometric mean by 

mpsjt* 

and the weighted harmonic mean by 


2»i 


(24.5) 


(24.6) 


i Pli 

Similarly, if u>t is the weight attached to the price of the tth 
commodity, then the weighted aggregative index is given by 

iPu^i 

J..=4rr~- •• ( 24 - 7 ) 

2oP Oi w i 
i 

Now let us consider some particular weighted index numbers of 
prices. 

If in (24.7) w 4 be taken as q oi9 the base-period quantities, then 
we get 

2^1.* ?o.- 

/«= ' „ . - (24-8) 

/LrOi Qoi 
i 

which is known as Laspeyres' formula. This formula is also the same 
as (24.4) with equal to p oi q^ 9 the base-period values. 

Again, taking q lif the current-period quantities, as iff in (24.7), 
we get 

1LPu4u 

• <*“»• 
i 

which » known as Paascht's formula. This formula is ako the same 
as (24.6) with equal to Pugu» the current-period values. 

Taking u>t as (y^-f j»i) /2, the average of current-period and base- 
period quantities, in (24,7), we get 

2Ai(?u+?*) „ 

which is known a* die Edgtworth-Marshall formula. Irving Fisher 
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tested s large number of formulae and selected the following formula 
which he obtained by crossing Laspeyres’ and Paasche’s formulae 
geometrically : 


/oi = 



ZiPxifa 2.Puq u 
^ xl 

Lpodoi ZipQilu 


(24.11) 


This is known as Fisher’s ideal index number , because it satisfies certain 
tests of consistency which Irving Fisher considered appropriate 
[vide Section 24.4]. 

In the majority of countries, the index numbers are computed 
using Laspeyres’ formula or its equivalent, the weighted arithmetic 
mean of price relatives, the weights being the base-year values. This 
formula is simple to calculate and the necessary data may be easily 
obtained. The other most commonly used formula is the constant- 
weight aggregative or the constant-weight arithmetic mean of price 
relatives. The geometric mean of price relatives is not generally 
used in view of the difficulty involved in its calculation. Formulae 
involving current-period quantities are also not frequently used, 
since it is difficult to obtain those figures quickly. 


24.2.7 Interpretation of the index 

The interpretation will depend on the purpose of the index 
number. The wholesale price index number measures the change 
in the general price level from the base period to the current period, 
while the cost of living index number compares the amounts of 
money required to purchase the same basket of goods and services 
for the two periods. 

Generally, the index numbers are expressed in percentage form 
and 7 00 , the index number for the base period, is taken as 100. 
Thus, the statement, “The wholesale price index number for India 
during June, 1971 with the year ended March, 1 962 as the base is 
184*8’*, means that, as compared with the price level during the 
year ended March, 1962, the price level during Jun**, *971 increased 
1*848 times. 


24.3 Errors In Index numbers 

The index numbers thus constructed will be subject to different 
types of errors. The errors are generally classified as : (a) formula 
error, (b) sampling error and (c) homogeneity error. 
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The formula error arises out of the choice of a particular formula 
in the construction of an index number. There cannot be any 
universally accepted formula which can measure the price changes 
with exactitude, and hence each formula is subject to some error 
inherent in the formula. 

The sampling error arises from the selection of certain commodities 
out of the complete list of binary commodities, i.e. the commodities 
which are marketed in approximately the same quality in the current 
and base periods. Naturally, the sampling error decreases with an 
increase in the number of commodities included in the construction 
of the index number. 

The third type of error is homogeneity error. This error arises 
from the fact that index numbers are calculated from data on binary 
commodities, whereas they should be based on all the commodities 
marketed in the base period and current period, including both 
binary and unique commodities. Since with the passage of time 
many old commodities disappear from the market and new commo- 
dities appear, the homogeneity error increases as the gap between the 
base period and the current period increases. 

24.4 Testa for index numbers 

Irving Fisher considered two tests of consistency which a price 
index number should satisfy, viz. the time reversal test and the factor 
reversal test . 

Time reversal test 

According to this, any formula to be accurate should be time 
consistent ; i.e., we should get the same picture of the change in the 
price level if the base period and the current period be interchanged. 
Consider a particular commodity, say rice. If the price of rice is 
doubled from 1938 to 1959, then the price relative for the period *59 
with *38 as base is 2 a 00, while that of *38 with *59 as base will be 0*50. 
Thus one is the reciprocal of the other and the product is 1. This 
is obviously true for each individual price relative and, according to 
the time reversal test, it should be true for the index number. In 
symbols, this test says 

1. ... (24.12) 

This test is satisfied by (24.2) and (24.3), by median and mode of 
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pricr relatives and by (24.10) and (24.11). Formulae (24.5) and 
(24.7) will satisfy this test if wf* are constants not depending on the 
base period or the current period 


Factor reversal test 

The value of a commodity is the product of the price per unit 
and the number of units of the commodity produced. The value 


of all commodities will be the sum of these products for various 
commodities. Thus the ratio of values for the two periods gives the 
value index (/„) 

Zpi.fr. 

.. (24.13) 

iPo* 9* • 


According to this test, if the price and quantity factors in the price 
index formula (J p ) be interchanged so that a quantity index formula 
(7 f ) is ohtr.i then ’the product of these two indices should give 
the value index Symbolically, one should have 


/#•/,«/, ... -(24.14) 

Fisher’s 'ideal 5 formula is the only price index which satisfies (24.14). 
£*or this formula, 


Xpii <7n‘ 
ZPni q*\ XPoi 9u 

* i 

-Vi 




X Pot X 4o{ Pi i 


while 

Obviously, ) p J t 


2 Pi i 


XPoi 7o> 

* 

J ¥ for this formula 


24.5 Chain index 

The index numbers we have considered so fr* are of the fixed- 
base type , i e., the base period with which we compare the other time 
periods remains fixed with the progress r time. We have also noted 
that with the passage of time new commodities enter the market and 
old ones disappear ; besides, the quality of the commodities may 
undergo a change. Also the relative importance of various commo- 
19(11 )— 19 
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dities, being dependent on the tastes and habits of the consumers, 
changes. If an index number is needed for comparing successive time 

periods — say 0, 1, 2, , n, it is not necessary to use a fixed base 0. 

We use the previous period as base for comparing any time period 
and construct what are called link-indices . There is no change in 
the method of calculation ; only the base period changes for each 
comparison and in each case it is the previous period. The symbol 
used for such an index for comparing the prices of period k with 
those of (A: — 1) is Thus we construct n link indices — / 01 ; I lt ; 

/ ls ; By multiplying successive links, i.e. by chaining, 

we obtain the chain indices as shown below : 

hi* 

7ot“7 0 | ./i 8 , 

7i a =/ 0 i./ la ./83. 

I'on—hfht A-i, »• 

These chain indices will not in general be equal to the correspon- 
ding fixed-base indices unless the formula used meets the so-called 
circular test . Stated symbolically, the test is 

7<>r 7 12 7,. 1§ B ./ # q= 1. ... (24,16) 

The time reversal test / ot ./ ]0 ==l is a particular case of (24.16). 
Thus, if a formula satisfies the circular test, then 

i. = 1/7«o=7oi.- 

It can be easily verified that formulae (24.2) and (24.3) satisfy the 
test. Formulae (24.5) and (24.7) will also satisfy this test provided uz/s 
are a set of constant weights. Formulae (24.10) and (24.11) do not 
satisfy the circular test, although they satisfy the time reversal test. 

The base period can be shifted to any convenient subsequent 
period if the formula satisfies the ciicular test, since l kn can be calcula- 
ted from the following relation, which follows from the circular test — 



The practical advantage of a chain index is that the sample of 
commodities and/or the set of weights may be kept quite up-to-date 
in any index number. However, any change in the set of commo- 
dities or in the set of weights will upset the circular test. 


... (24.15) 
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24.6 Relative merits and demerits of chain-base and fixed- 
base methods 

We have seen that the fixed-base index numbers become more 
and more inaccurate as the distance between the base period and the 
current period increases. As the chain-base index numbers are based 
on a number of link-indices, each of which is expected to be quite 
accurate, it is claimed that the chain-base index numbers are more 
accurate than the fixed-base ones, so far as long-term comparison is 
concerned. Also, a chain index fully utilises the information regarding 
prices and quantities of all the intervening periods between the base 
period and the current period, whereas a fixed-base index requires 
data concerning the base period and the current period only. 

Some authorities, on the other hand, hold that since a chain 
index is obtained by multiplying a number of link-indices, it may 
involve a < emulative error, although none has put forward any 
convincing proof tor the existence of such error. 

Fixed-base index numbers are generally easier to calculate and 4 
are more easily understood by users of index numbers than chain - 
base index numbers. 

24.7 Cost of living index number 

A cost of living index number measures the relative change in the 
amount of money required to produce equivalent statisfaction under 
two different situations. The cost of living index number always 
relates to a designated group of people, e g. the n lial class of 
people in Calcutta. In practice, this index is constructed by 
comparing the consumer (retail) prices, for the two situations, of a 
fixed set of goods and services lepresenting the consumption level 
(or the level of living) of the given group of people. 

The cost of living index should cover the food, clothing, fuel and 
lighting , house-rent and miscellaneous groups. Each group should include 
a representative sample of the items of consumption. A separate 
index number is to be published for each of the majOi groups and a 
general index for all the groups combined. In calculating this index, 
weights are to be used proportional to Jie relative importance in 
consumption of the items in a group and also of the different groups. 
For each item there will be a number of price quotations covering 
different brands and markets. The price relative of an item is the 
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simple average of the price relatives for the different quotations of 
the item. A group index is an weighted average of the price relatives 
4>f the different items of the group, the weights being proportional to 
their consumption expenditure. The general index is in its turn 
the weighted average of the group indices, the weights being propor- 
tional to the consumption expenditure on the different groups. 

The question of determining the list of items to be priced and 
their weights is very important. The items should represent the 
consumption level of the given group of people. This is found by 
means of a family budget enquiry . On the basis of this enquiry, a list 
of items representing the level of living can be determined. An 
obvious criterion for the selection of items is their importance. For a 
satisfactory picture of the price movements, all types of items having 
characteristic price movements should be included. Weights which 
are proportional to consumption expenditure are also determined 
from the family budget enquiry. 

With a change in the consumption pattern, there arises a need lor 
a new study of consumer purchases. Even in the normal course oi 
events, economic changes sometimes ontmode the old consumption 
pattern. As a result of wars and economic upheavals, very great 
changes occur in consumption pattern. Such changes in the pattern 
necessitate the undertaking of a fresh family budget enquiry on 
whose basis the items and weights have to be modified. 

Ex. 24*1 With the following data relating to India, compute 
index numbers of wholesale crop prices for the year 1969-70, taking 
1968-69 as base and using the Laspeyres\ Paasche’s, Edgeworth- 
Marshall and ‘ideal* formula. 


Wholesale Chop-prices (unit : Rs. per quintal) 
in 1968-69 and 1969-70 


Year 

1968- 69 

1969- 70 

Rice 

119*00 

111-67 

Wheat 

82*56 

95*42 


Barley 

55*62 

61*40 

Maize 

60*58 

55*84 

Gram 

83*42 

101*33 

Chop-production (unit : thousand metric tons) 



in 1968-69 and 

1969-70 



Year 

Rice 

Wheat 

Jowar 

Barley 

Maize 

Gram 

1968-69 

99,761 

19,651 

9,804 

2,424 

5,701 

4,309 

1969-70 

40,490 

20,093 

9,721 

2.716 

5,674 

5,546 
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Let p ti , q oj and p u , q lt denote the prices and quantities for 1966-69 
and 1969-70, respectively. Then 

poi?«<=7, 660,056, 

pit?ot= 7,672,622, 

2^0*711=7,971,866 
and XPitqu =8,022,043. 

The wholesale price index according to the four formula* will then 
be as follows : 

Laspeyrts 9 formula 

I _7>672,622 iqq— inn.ig 
/o,_ 7,660,056 X 100 - 100 lb - 

Paa r che's formula 

r 8,022,043 ^ i 

Edgewc Hi tr/itt 'hall formula 

j __ 1 5,694,665 ] aq ___ j 00*40 

15,631,922 Xl °°~ 100 40, 

FUher't 'ideal' formula 

• / 01 = VTob-16x 100*63 =-100-39. 

Ex. 24*2 The group indices for wholesale prices in India, with 
the year ended August, 1939=100, and the corresponding weights 
for the week ended September 13, 1958, are shown below. 
Calculate the general index, using (a) weighted arithmetic mean and 
(b) weighted geometric mean. 


Group 

Weight 

Index 

Food articles 

31 

473*6 

Industrial raw materials 

18 

510*2 

Semi-manufactures 

17 

405-3 

Manufactures 

30 

390*2 

Miscellaneous 

4 

624*4 

Using weighted arithmetic 

mean, the general index is 



f Weighty Index 44,958*9 Aao.fi \ 

'•»- Z Weigh , 156 -« 9 - 6 (»!•!»«•)• 

Using weighted geometric mean, 

, 2 Wei 6 ht X 1°8 (Index) _264-92976_ 0 . ftAQ0Q , A 

W**- jWHIEt H56 =2 64929761 

so that -=446-0 (approx.). 
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TABLE 24.1 

Retail FRICKS DURING 1939 AND DURING July, 1936, AND 
Weights for Different Food Articles 


Article 

0) 

Unit 

( 2 ) 

Price in Rs. 

Weight 

(»<) 

(5) 

§9 

1939 

w 

July, 1956 

V 

Rice 

seer 

1 -07 

•45 

22 

6-4286 

Patni 

Do. 

•07 

•50 

6 

7-1429 

Wheat 

Do. 

•09 

•51 

3 

5*6667 

Jowar 

Do. 

•07 

•45 

1 

6-4286 

Bajra 

Do. 

•08 

•46 

4 

5-7500 

Turdal 

Do. 

•12 

•54 

4 

4-5000 

Gram 

Do. 

•11 

•49 

1 

4*4545 

Raw sugar 

1 seer 

•06 

•27 

1 

4-5000 

Sugar 

Do. 

•24 

•88 

5 

3-6667 

Tea 

lb. 

■61 

2-52 

2 

41311 

Fish, dry 

dozen 

06 

•21 

3 

3-5000 

FUh,fre*h 

each 

1-05 

3-05 

1 

29048 

Fish, prawn 

dozen 

•40 

1-75 

2 

4-3750 

Fish, bumlows 

Do. 

•12 

•80 

2 

6*6667 

Mutton 

• i seer 

■28 

107 

5 - 

3*8214 

Milk 

Do. 

•30 

100 

7 

33333 

Vanaspati 

21b. 

•75 

2*50 

2 

3 3333 

Salt 

seer 

•08 

•!5 

1 

1-8750 

Chillies, dry 

1 seer 

•20 

103 

3 

5* 1500 

Tamarind 

Do* 

•07 

•36 

2 

5* 1429 

Turmeric 

Do. 

•12 

• *80 

2 

6*6667 

Potatoes 

Do. 

•07 

•24 1 

1 

3-4286 

Onions 

Do. 

•05 

•07 

1 

1-4000 

Brinjals 

Do. 

•12 

•22 

5 

1*8333 

Pumpkins 

Do. 

•07 

•22 

5 

31429 

Oil, copoanut 

Do. 

•16 

•85 

2 

5-3125 

Oil, sweet 

Do. 

•13 

•75 

2 

5-7692 

Tea, readymade 


•04 

•06 

5 

1-5000 

Total 

— 

— 

— 

100 

— 
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Ex. 24-3 Suppose it is required to determine the cost of living 
index number for the working class people of Bombay city for July, 
1956, with the year 1939 as base. For this purpose, it is first of all 
necessary to obtain individually the indices for the groups : food, 
fuel & light, clothing, house-rent and miscellaneous. 

The basic data for the food group are given in the first five 
columns of Table 24.1. The last column of this table shows the 
price relatives. Taking the weighted arithmetic mean of the price 
relatives, the weights being taken from col. (5) of the said table, we 
obtain the food index : 

/ f##d =100x-i-£^ -=469-2. 

i 

Likewise, the indices of the other groups are found to be 


'fuel end light 
^clothing 


=301-2, 
=407-7, 
= 106-3 
=346-7. 


Rnd Miscellaneous ^46 7. 

For the general cost of living index nuraocr, the following weights 
are used : 

food — 53 

fuel & light — 8 

clothing — 9 


food — 53 

fuel & light — 8 
clothing — 9 

house-rent — 14 
miscellaneous— 16. 

Applying these weights to the group indices, we have finally the 
general cost of living index number, viz. 

/=(53 x 469-2 + 8 x 301-2 +9 x 407-7 + 14x 106-3+ 16 x 346-7)/100 

=379-8. 


24.8 Cost of living index number and Laspeyres’ and Paasche’s 

formulae , 

A cost of living index number ma- be defined as an index ol 
change in the money required to get equal satisfaction in two different 

situations. Let g\, q\ ?! be the series of quantities of a 

collection of n consumer goods and services which yield equivalent 
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satisfaction in the current year as compared with the base year 

series q\ $ , q%. The cost of living index number l, for the 

current year relative to the base year, is given by 

/= 

if p 1 s and p°s denote tlie consumer prices in the current year and in 
the base year, respectively. 

This 7 is called the true cost of living index number. This /, 
however, cannot be possibly determined, since it is not possible in 
practice to determine the quantities q l s which would yield the same 
satisfaction as the q° s. The different formulae given in subsections 
24.2.5 and 24.2.6 would only approximate the true index 7. 

Stated in another way, the problem of measuring the true change 
in cost of living consists in identifying equal real incomes in two 
different situations and in determining the ratio of money values 
of these two real incomes. Strictly speaking, a separate index of 
this kind should be calculated for each distinguishable real income 
level. Let 7 0 and l x be the true index numbers calculated on the 
basis of the real income levels prevailing in the base period and the 
current period, respectively. I x differs from 7 0 due to the change of 
consumption pattern as a result of a change in real income level in 
the two situations — relatively increasing or decreasing the consump- 
tion of items which have advanced most in price and relatively 
decreasing or increasing the consumption of items which have 
advanced least. If the change in real income resulted in no change 
in consumption pattern, i.e. if income elasticity of demand ( vide 
Chapter 26) were unity for all goods and services, I Q and J x would be 
indentically equal. 

The difference between the results obtained by Laspeyres* 
formula ( L ) and Paasche's formula (P) may occur due to two 
reasons— the first being the same as the reason for which 7 0 and I\ 
differ and the second being a possible change in consumption pattern 
attributable to a change in relative prices. It is for this reason that 
L > 7 0 , the numerator of L being too large, because L assumes that 
consumers do not alter their consumption in response to relative 
price changes, buying more of the cheaper articles. For the same 
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reason, the denominator of P is too large, so that P < l v Thus it 
is said that Laspeyres’ formula has an upward bias and Paasche’s 
formula has a downward bias. 

But this statement should be taken with some caution. If the 
price elasticity of demand (vide Chapter 26) were zero for all the 
commodities, then L=/ 0 and P=I V so that 

L—P=l Q —l L =:k 3 say. 

Let * represent the difference between L and P due to the second 
factor, so that 

L~P={(L-/ 0 )+ (W»+ 

= e+h~d, say. 

c is necessarily positive provided the tastes and preferences of 
consumers remain unchanged, k may be either positive or negative, 
so that d is either positive or negative. Thus it is quite possible 
that Paasche*s formula would give a higher result than Laspeyres 
formula. 

24.9 Two important index number series 

Index number of wholesale prices in India (raised series) 

Base : April, 1961 — March, 1962=100. 

Computation : weighted arithmetic mean of price relatives with 
weights proportional to the total values of quantities marketed 


during the base period. The number of items 
their respective percentage weights are : 

in each group and 

Group Number of items 

Percentage weight 

Pood Articles 

38 

41*3 

Liquor and Tobacco 

3 

2-5 

Fuel, Power, Light & Lubricants 

10 

6-1 

Industrial Raw Materials 

25 

12-1 

Chemicals 

11 

7-9 

Machinery and transport equipments 

7 

0-7 

Manufactures 

45 

29-4 

Total 

k 

1CMM) 


The above groups are further sub-divided into a number of sub- 
groups for which indices are computed. 
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The index is calculated weekly from once»a«week prices (on or 
about Friday), for 774 quotations on 139 items. For each variety, 
the price as well as the price relative is also published. This 
js issued by the office of the Economic Adviser to the Government 
of India and published in the weekly publication Index Number 
of Wholesale Prices in India . The table below gives the wholesale 
price index numbers for India for a number of years (averages of 
weekly index numbers) : 


Year 

Index 

1965 

129*2 

1966 

144*5 

1967 

166-2 

1968 

165-9 

1969 

168-8 

1970 

179-2 


Cost of living index numbers , covering 25 towns in West Bengal , for five 
expenditure groups 

The Bureau of Applied Economics and Statistics (formerly called 
the State Statistical Bureau) of West Bengal is currently publishing 
cost of living index numbers for 25 towns including Calcutta. The 
series have the year 1960 as base and have weights based on family 
budget enquiries conducted in 1960-61. The indices are constructed 
separately in respect of each of 5 monthly expenditure groups, 
namely, (i) up to Rs. 100, (ii) R s . 101 to Rs. 200, (iii) Rs. 201 
to Rs. 350, (iv) Rs. 351 to Rs. 700 and (v) above Rs. 700. In all, 
468 price quotations are collected in respect of 87 items or sub-groups 
for which weights are determined, and they are divided into 5 major 


groups' as follows : 


Food — 

28 items or subgroups 

Clothing — 

6 „ 

Fuel & light — 

9 

House-rent — 

3 

Miscellaneous - 

41 
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Originally, the cost of living index numbers published by the 
Bureau, with August, 1939 as base, used the results of the surveys 
of the Indian Statistical Institute and the Bureau for determining 
the weights. In 1950-51, the Bureau conducted a regular full-scale 
family budget survey for the first time in 23 towns including 
Calcutta and prepared revised weights for the above-mentioned five 
monthly expenditure levels. 

A fresh family-budget enquiry was undertaken in 1955-56 for 
Calcutta and 23 other towns of West Bengal for the above five 
expenditure levels. It was found that there had been a fall in the 
expenditure on food items and a rise- in that of miscellaneous items 
as compared to 1950-51. There was thus a distinct shift in the 
pattern of consumption. There was a family budget survey in 
1960-61 again for all the 23 towns in the 1950-51 series and for 
Purulia and Kalimpong. The present series is computed for these 
25 centres. 

The following table gives the weights for 1960-61 survey for 
Calcutta genera] holdings : 


TABLE 24.2 

Weights for Calcutta General Holdings, Obtained 
from 1960-61 Family-Budget Survey 


Group 

Monthly expenditure level (in Rs.) 

1-100 

1 0 1 — 200 

201—350 

351—700 

701 and above 

Food 

62-22 

59-75 

54-31 

47-40 

42-71 

Clothing 

5-81 

6-80 

7-36 

7-45 

7-11 

Fuel and light 

5-82 

5-39 

4-91 

4-82 

4*06 

Housing 

11-96 

10-64 

10-50 

11-83 

12-83 

Miscellaneous 

1419 

17-42 

22*92 

28-42 

33-29 


Source : A Brief Note on the Methodology of Construction of Consumer Price Index 
Numbers . Bureau of Applied Economics & Statistics, West Bengal, 
1972. 

The index numbers are computed as weighted averages of price 
relatives. Monthly index numbers are published in the Monthly 
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Statistical htigest of West Bengal and Statistical Abstract (Annual), West 
Bengal . For Calcutta, however, a weekly index is published in the 
Calcutta Gazette . 

Below are shown the index numbers for three consecutive years 
(averages of monthly indices) for all the 5 expenditure levels of 
Calcutta : 


TABLE 24. I 

Cost of Living Index fob Calcutta : Base (1960=100) 
Monthly Averages 


Yeai 

Monthly expenditure level (in Rs.) 

1—100 

101—200 

201—350 

351—700 

701 and above 

1972 

188*4 

185-9 

180-7 

176*5 

175*3 

1973 

206*5 

2040 

1980 

193-8 

193 4 

1974 

263*1 

259-0 

248-7 

240 5 

240*5 


24.10 Uses of index numbers 

In addition to serving the basic purpose for which they arc* 
constructed, index numbers arc also of use fot the following 
purposes ; 

(a) Purchasing power 

The purchasing power ol nione> (say rupee) is the quantity of 
goods that a given quantity of money will buy. The reciprocal of a 
price index number is used to show the purchasing power of money. 
A price index is the amount of money required to purchase a fixed 
basket of goods, and the reciprocal of the price index — the purchasing 
power — represents the quantity of goods that can be purchased with 
a fixed amount of money. The purchasing power will be relative 
to the base period of the price index. 

In 1963, the cost of living index number for the expenditure 
group (Rs. 351 — Rs. 7Q0) was 119*8 with Novembei, 1950 as base. 
The purchasing power of the November, 1950 rupee for the said 
expenditure group was, therefore, 100-0/1 19*8 or 0*835 in 1963. 
This means that in 1963, the November, 1950 rupee would purchase 
0*835 times the amounts it could purchase in November, 1950. 
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(b) Deflation 

Another use of index numbers is in adjusting a value series by 
dividing the series by a price index or by multiplying the series 
by the index of purchasing power. By this the unit of money is 
expressed in terms of the purchasing power in the base-year. This 
process, which is known as deflation y is not limited to value series 
only. Wages are deflated by cost of living index, departmental 
store sales by retail price index, population data by an index of 
population, and so on. 

(c) Indicator of general business conditions 

Index numbers are also used in studying the general business 
conditions. A company may plan its activities by studying the 
wholesale price index number. The index of industrial production 
may be studied to follow changes in the volume of production, etc. 

Questions and exercises 

24 .1 Describe the different problems faced in constructing index 
• numbers. 

24.2 Discuss the diffeient steps foi constructing a wholesale price 
index number for India. 

24.3 Discuss how you will proceed foi constructing a cost of 
living index number for a given expenditure group in Calcutta. 

24.4 What is a chain index 0 Discuss its advantages and 
disadvantages over a fixed-base index numbei 

24.5 What purpose is served by an index number ? Show that 
the factor reversal test and time reversal test are not statisfied by 
Laspeyres’ and Paasche’s index numbers. Further show that both 
these tests are satisfied by Fisher’s ideal index numbei . 

24.6 Examine the important formula? for the calculation oi price 
index numbers in the light of the various rests devised for this 
purpose. 

24.7 State the diffeient uses of index numbers. 

24.8 The table below gives the wholesale prices and quantities 
produced of a number of commodities in India. Calculate Laspeyres’, 
Paasche’s, Edgeworth-Marshall and Fisher’s ‘ideal’ index numbers 
for the years 1952 to 1954 with 1951 as base 
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Commodity 

1951 

P 9 

1952 

P 9 

1953 

P 9 

1954 

P 9 

Rice 

16*87 

20,964 

17*50 

22,537 

17*50 

27,769 

16*73 

24,209 

! 

Jowai 

10*09 

5,981 

11*93 

7,243 

12*08 

7,954 

11*22 

9,092 

Bazra 

1007 

2,309 

13 33 

3,142 

13*33 

4,475 

11*45 

3,555 

Maize 

21*75 

2,043 

15*67 

2,825 

14*70 

2,991 

10*77 

2,944 

Ragi 

9*45 

1,291 

9*30 

1,316 

15*96 

1,846 

10*21 

1,778 

Wheat 

18*60 

6,085 

23 67 

7,382 

21*93 

7,890 

16*42 

8,539 

Barle> 

20*66 

2,330 

17 29 

2,882 

i 

13*80 

2,905 

10*17 

2,786 

Gram 

24*09 

3,334 

19*01 

4,142 

19 60 

4,756 

12*30 

5,125 


p : price in Rs. per maund ; 
q : quantity produced in thousand tons. 

Partial ans. Indices for 1952 are 103*42; 103*50; 103*47 ; 103*46. 


24.9 The following data relate to the wholesale prices of cereals 
at selected centres in India during two different weeks and the 
corresponding weights : 


Price (Rs. per maund 

Item Weight week ending week ending 

17-11-56 21-12-57 


Rice 

224 

20*50 

17*50 

Wheat 

106 

J8-50 

17*40 

Jowar 

19 

16*25 

10*50 

Bazra 

10 

15*50 

12*44 

Barley 

10 

13*00 

11*25 

Maize 

9 

13*00 

11*06 

Ragi 

4 

10*12 

12*75 


How did the wholesale prices of cereals in India during the week 
ending 21-12*57 compare with those in the week ending 17*11-56 ? 

* Partial ans. The index number is 87*06. 

24.10 The following data show the cost of living indices for the 
groups : Food, Clothing, Fuel and Light, House-rent, and Miscella- 
neous, with their respective weights, for middle class people of 
Calcutta in 1957. Obtain the general cost of living index number. 
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Mr. X was getting Rs. 250 /- in 1939 and Rs. 429/* in 1957. State 
how much he ought to have received as extra allowance in 1957 to 
maintain his pre-war standard of living. 


Rase: 1939*= 100 


Group 

Group index 

Group weight 

Food 

411-8 

61-22 

Clothing 

544-8 

4-51 

Fuel and Light 

388-0 

6-58 

House-rent 

116-9 

8-97 

Miscellaneous 

284-5 

18-72 


Ans. 

365-95; Rs. 485/87 P. 

24.11 The following data relate to the group indices and the 
corresponding weights (shown in brackets) for the menial class cost 

of living index numbers 

in Calcutta : 


Year fixid 

Clothing Fuel & Light 

House-rent Miscellaneous 

(71-28) 

(2-89) (9-27) 

(6-69) (9*87) 

1948 370-1 

423-3 469-1 

110 0 279-2 

1949 387-2 

440-4 469-8 

115 8 287-1 

• 1950 394-0 

432-9 352-0 

116-9 285-1 

1951 396-7 

551-4 366-0 

116-9 291-8 

1952 380-2 

504 2 336-8 

116 9 283-6 

Calculate the general cost ol living index for each of the above 

years. 



The total wages and the number of workers employed in jute 

mills around Calcutta are given below . 


If ear 

Total wages 

Number of workers 


(Ri. Lakhs) 

(000) 

1948 

2,076 

319 

1949 

2,453 

306 

1950 

2,246 

291 

1951 

2,231 

272 

1952 

2,552 

275 


Calculate the aveiage nominal wages and real wages for the jute 
textile workers, using the general cost of living indices for the menial 
class people of Calcutta. Partial ans. Cost of living indices : 

354-44; 368-36; 361-94; 369-25; 352-61. 
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ANALYSIS OF 
TIME SERIES 


25.1 Introduction 

In this chapter we shall deal with statistical data which relate to 
successive intervals or points of time. These are referred to as tiriie 
series . Examples of time series are yearly, quarterly or monthly pro- 
duction or consumption figures for a particular commodity, price of 
a commodity at different points of time, etc. Although the term 
‘time series’ usually refers to economic data, and we too shall be con- 
cerned here with economic data, it equally applies to data arising in 
natural and other social sciences. Here the time sequence is of prime 
importance, and it requires special techniques for the analysis of the 
series. W: analyse the past in order to understand the future better. 

Symbolically, y t denotes the value of the variable at time ! 

(*— 1, 2, «). In case the figures relate to n successive periods 

(and not points of time), t is to be taken as the mid-point of the tth. 
period. 

25.2 Preliminary adjustments of time series data 

Before we subject the time series data to statistical analysis, we 
have to see that they represent a series of comparable figures over 
time. A series of figures may not be comparable or homogeneous 
for various reasons. It may be that the figures relate to geographical 
areas, which, however, changed from time to time. The series may 
relate to populations, which we know are always changing over time. 
The definitions of different terms and concepts also may change 
from time to time making the data non-comparable. 

Industrial or mineral production data over different months are 
not homogeneous, since the number of days in different calendar 
months, as well as the number of working days, is not the same. 

Figures given in monetary terms are not comparable over time, 
since with changes in the price-level the value of money, as measured 
by its purchasing power, changes. Thus the figures of wages or 
incomes or the money values of sales of goods have to be brought 
to a comparable basis, eliminating the effect of price-changes. 
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Thus the raw data have to be subjected to preliminary adjust- 
ments. The figures which are related to geographical areas or 
populations should be brought to per unit or per capita basis, 
dividing the figures by the geographical areas or the populations to 
which they relate. If the figures involve definitions of terms and 
concepts, adjustment factors have to be found out for any changes of 
definition over time. 

Monthly production figures subject to calendar variation of 
number of working days should be made comparable by dividing 
each figure by the number of working days to convert the figures 
into per day basis. The figures given in monetary terms have to be 
expressed in terms of value of money in a certain base period. 
This will necessitate dividing or deflating the current figure by the 
index number of prices of f he current period with the chosen base 
period. If the index number be J n * in per cent form, 100 rupees 
in base period has the same purchasing power as I ok rupees in the 
current period. Thus a figure x k in money terms in the current 
period expiessed in terms of base period purchasing power would be 

, 100 
*k=X k Xtt-. 

*01 

} • 

Components of time series 

A graphical representation of a time series reveals the changes 
over time. A scries which exhibits no change during the period 
under consideration will give a horizontal line. However, usually 
we shall come across time series showing continual changes over 
time, giving us an overall impression of haphazard movement. A 
critical study of the series will, however, reveal that the changes are 
not totally haphazard and a part of it, at least, can be accounted for. 
The part which can be accounted for is the systematic one and the 
remaining part is the unsystematic or irregular. The systematic part 
may be attributed to several broad factors, viz. (1) secular trend, 
(2) seasonal variation ^nd (3) cyclical variation. In a given time 
series, some or all of the above components may be present. Separa- 
tion of the different components of a time series is of importance, 
because it may be that we are interested in a particular component 
or that we want to study the series after eliminating the effect of a 
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particular component. It may be noted that it is the systematic 
parts of the time series which may be used in forecasting. 

In the classical or traditional approach, it is assumed that there 
is a multiplicative relationship among the four components ; i.e., any 
particular value (y t ) is considered to be the product of the factors 
attributable to secular trend ( T t ) f seasonal ( S t ), cyclical ( C t ) and 
irregular (/*) components. Thus 

y t -T t xS t xC,xI r ... (25.1) 

Another approach is to assume y, to be the sum of the foui 
components : , 

jt-Tt+S'+Ci+h. - (25.2) 

This model, however, is not generally used since it is considered 
inappropriate for most economic data. However, if y t represents the 
logarithm of the original variable, then one may well use this 
simpler, addit?'** model instead of the multiplicative model (25.1). 

By jecular trend (or, simply, trend) of time series we mean the 
smooth, regular, long-term movement of a series if observed long 
enough. Some series may exhibit an upward or a downward trend 



Year and month 

Fig. 25.1 Deposit liabilities of scheduled banks in India, 
or may remain more or less at a constant level. Again, some series 
after a period of growth (decline) may reverse their course and enter 
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a period of decline (growth). But sudden or frequent changes are 
incompatible with the idea of trend. Fig. 25.1 illustrates a series 
exhibiting an upward trend, other components being almost absent. 

By seasonal fluctuations we mean a periodic movement in a time 
series where the period is not longer than one year. A periodic 
movement in a time series is one which recurs or repeats at regular 
intervals of time (or periods). Examples of seasonal fluctuations may 
be found in the passenger traffic during the 24 hours of a day, sales 
of departmental stores during the 12 months of a year, issue of 
library books during the s&ren days of a week, apd sq on. The 
factors which mainly cause this type of variation in economic time 
series are the climatic changes of the different seasons* and the 
customs and habits which the people follow at different times. E.g., 
the occurrence of a festival in a particular month will increase the sale 
of certain consumer goods in that month. The study and measure- 



APR AUG DEC APR AUG DEC APR AUG DEC APR AUG DEC 
19SS 1956 1957 1958 

Year and month 

Fig.' 25.2 Revenue expenditure and defence drawing*, Govt of India 

ment of this component is of prime importance in certain cases. E.g., 
the efficient running of any departmental store would necessitate a 
careful study of seasonal variation in the demand of the goods. 
Fig, 25.2 illustrates a series exhibiting marked seasonal variation, 
the other components being negligible. 
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By cyclical fluctuations we mean the oscillatory movement in a time 
series, the period of oscillation being more than a year (Fig. 25.3). 
One complete period is called a cycle. ' The cyclical fluctuations are 
not necessarily periodic, since the length of the cycle as also the 
intensity of fluctuations may change from one cycle to another. 
Every business man is familiar with the alternating periods of 
’prosperity’ (or ’boom’) and ’depression* in business which follow 
one another in an irregular manner. 



Fig. 25.3 Volume of goods traffic carried by Indian Railways. 

Irregular fluctuations are those which are either wholly unaccountable 



or are caused by such unforeseen events as wars, floods, strikes, etc. 
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This category of movements includes all types of variation that are 
not accounted for by secular trend, seasonal or cyclical fluctuations 
(Fig. 25.4). 

We now proceed to separate out the various components in a 
time series. We shall present the classical methocf, which assumes 
the multiplicative model (25.1). T, is expressed in the same units in 
which y t is reported. The other components are relatives, which are 
generally stated as percentages. 

25.4 Measurement of secular trend 

In order to measure trend, we are to eliminate from the time 
series the other three components, viz. seasonal fluctuations, cyclical 
fluctuations and irregular fluctuations. If the period of seasonal 
fluctuations be a year, then the yearly totals or yearly averages will 
be free from the seasonal effect. Thus, in determining trend from 
monthly data, it is customary to start with the yearly totals or 
averages, which are free from the seasonal effect. The monthly trend 
values can be obtained from the annual trend values by interpolation. 
To eliminate the other two components, viz. the cyclical and the 
irregular, we may consider the following methods : 

Method of free-hand curve-fitting 

In this method we first draw the line-diagram for the yearly 
data. Then we draw a free-hand smooth curve which seems to fit 
the data best. The method, however, is quite subjective, and its use 
therefore calls for sound judgment. The method is quite flexible, 
can be used for all types of trend, linear or non-linear, and requires 
a minimum of labour. 

Method of moving averages 

The moving average of period A; of a time series gives us a new 
series of arithmetic means, each of k successive observations of the 
time series. We start with the first k observations. At the next 
stage, we leave the first and include the (k + 1 )st observation. This 
process is repeated unHil we arrive at the last k observations. Each of 
these means is centred against the time which is the mid-point of 
the time interval included ip the calculation of the moving average. 
Thus when J fc, the period of the moving average, is odd, the moving 
average values correspond to tabulated time values for which the time 
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series is given. When the period is even, the moving average falls 
midway between two tabulated values. Tn this case, we calculate 
a subsequent 2-item moving average to make the resulting moving 
average values correspond to the tabulated time periods. 

A moving average with a properly selected period will smooth 
out cyclical fluctuations from the series and give an estimate of the 
trend. The central problem in this method is thus the selection of 
an appropriate period which will eliminate all fluctuations that draw 
the series away from the trend. 

Cyclical fluctuations with a uniform period and a uniform ampli- 
tude (height) can be completely eliminated by taking a period of the 
moving average which is equal to (or a multiple of) the period of 
the cycles, provided the trend is linear. However, cycles in economic 
time series are not strictly periodic. The period and the amplitude 
generally varv from cycle to cycle. In such cases, the best results 
may be obtained by using a moving average whose period is equal to 
the average period of the cycles. This, however, will not completely 
eliminate the cycles. 

• There will be further complications if the trend is non-linear. If 
the trend is concave upwards, a moving average will always over- 
estimate the trend values. If the trend is convex upwards, a moving 
average will underestimate the trend values. 

Like the graphical method, the method of moving averages is 
flexible ; the moving averages can adapt themselve« to changing 
circumstances, i.e. any change in the trend will be faithfully reflected 
by them. But unlike the graphical method, this method has the 
merit of objectivity since the period of the moving averages can be 
more or less objectively determined. It should be noted, however, 
that since this method assumes no law of change, it cannot be used 
for forecasting purposes. Besides, in this process a number of trend 
values at each end of the series remain unestimated. 

Ex. 25*1 In Table 25.1 data relating to the yield of wheat in 
India during the years 1947-48 to 1967-68 are given. The data show 
an increasing trend with a marked cyclical effect superimposed on it 
In order to eliminate the cyclical fluctuations, and thereby determine 
the underlying trend, we may use the method of moving averages 
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TABLE 25.1 

Determination of Trend by the Method of 
Moving Averages for Yield of Wheat 
in India, 1947*48 to 1967-68 


Year 

1 Yield 

(000 tonnes) 

3-yeir moving 
total 

Trend value 
(3-year moving average) 

1947-48 

5,570 

— 


1948-49 

5,650 

17,510 

5,836-7 

1949-50 

6,290 

18,402 

6,134-0 

1950-51 

; 6,462 

18,837 

6,279 0 

1951-52 

6.085 

19,929 

6,643 0 

1952-53 

7.382 

21,357 

7,1190 

1953-54 

7,890 

24,172 

8,057-3 

1954-55 

8,900 

25,550 

8,516-7 

1955-56 

8,760 

26,728 

8,909*3 

1956-57 

9,068 

25,826 

8,608-7 

1957-58 

7,998 

27,024 

9,0080 

1958-59 

9,958 

28,280 

9,426*7 

1959-60 

10,324 - 

31,279 

10,426-3 

1960-61 

10,997 

33,393 

11,131-0 

1961-62 

12,072 

33,845 

11,281-7 

1962*63 

10,776 

32,701 

10,900-3 

1963-64 

9,853 

32,919 

10 973-0 

1964-65 

12,290 

32,567 

10*855-7 

1965-66 

10*424 

34,107 

11,369-0 

1966-67 

11*393 

38,384 

12,794-7 

1967-68 

16,567 

* 

— 

— 


In the present case, the peak years are 1950-51, 1954-55, 1956-57, 
1961-62 and 1964-65, so that the periods of the cycles are 4, 2, 5 and 
3 years, respectively. Since the average period lies between 3 and 4 
yean, we may take for simplicity 3-point moving averages, which 
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will give the required trend values, for the years 1948*49 to 1966-67. 
The calculations are also shown in the table. The original data and 
the trend values are plotted in Fig. 25.5. 



Fig. 25.5 Trend fitted by the method of moving averages • 
to the data on yield of wheat in India. 

Method of mathematical curves 

This is perhaps the best and most objective method of deter- 
mining trend. In this case, an appropriate type of trend equation is 
at first selected, and then the constants involved in the equation are 
estimated on the basis of the data in hand. Usually, a polynomial of 
a suitable degree is chosen either for the original variable or for a 
transformed variable and its constants determined by the method of 
least squares. The choice of the appropriate polynomial is facilitated 
by a graphical representation of the data, for which, apart from the 
usual arithmetic scales, semi-logarithmic or doubly-logarithmic scales 
may be used. 

Supposing a polynomial of degree k in t is chosen to represent 
the trend 3P* viz. 

•• • +**!*• (25.3) 
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the normal equations for determining the unknown constants <?„, a , , 
a t , , a t will be 


+ fl *2* 4 > 

2^=«o2M-ai2<*+a*2< , + +«* 

2^*=«o2i*+«i2<*+<*i2i 4 + +«» 2t i+t , V - ( 25 - 4 > 

I 

lt l y=«o 2* k +«i 2< t+1 +*.2<* +l ~ - +s t 2<**- J 

Using the estimates obtained from equations (25.4), we can get 
the trend value for any given time / by substituting that value of; 
in (25.3). Obviously, for linear trend, 

and there will be two normal equations, viz 

'Zy=na 0 +a l J,t 

and 

For quadratic trend, 

2\=a 0 -r*i / -r'M 2 < 

and the normal equations are 

2(r=*o 2'+*i 2 /2 +*b 2^ 
and 2^=*0 2* 8 + fl i 2* s +*a 2' 4 - 

Usually, the successive points of time will be equidistant, the 
common difference being A, say. By taking as origin the mid-point 
of the period covered by the data, one can then make each sum of 
odd powers of t equal to zero. Further simplications can be made if 
one takes A or A/2 as the new unit for t, according as the number of 
points is odd or even. The method is illustrated below. 

Ex. 25*2 The fifst two columns of Table 25.2 give the data on 
the production of coal in India for a number of years. A graphical 
representation of the data indicates that a quadratic trend will be 
appropriate. The necessary calculations to fit a quadratic trend 
are shown in the other columns of the table. 
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TABLE 25.2 

Fitting a Quadratic Trend to the Data on 
Production of Coal in India 


Year 

Production 
(000 metric tons) 

y 

t 

-Year- 1962 

9 

t'j 

H 

n 

1959 

47,800 

—3 

-143,400 

430,200 

H 

81 

1960 

52,593 

—2 

-105,186 

210,372 

B 

16 

1961 

56.065 

-1 

-56,065 

56,065 

1 

1 

1962 

61,370 

0 

0 

0 

0 

0 

1963 

65,956 

1 

65,956 

65,956 

n 

1 

1964 

62,440 

2 

124,880 

249,760 

n 

16 

1965 

1 

67,162 

3 

1 

201,486 

604,458 

D 

81 

Total 

413,386 

0 

j 87,671 

1 1 

1,616,811 

28 

1 

196 


Here 

2 1-0, 2t*=U. 

Hence the normal equations are : 

41 3,386= 7a 0 -|-28a 4 , 

87,67 l=28dj 

and 1 ,6 1 6,8 11= 28« 0 + 1 96a, . 

From the second equation, 

a, =.3,131*11. 

Solving the other two equations for «„ and a a , we have 
*0=60, 804-34 
and aj=— 437*30. 

Therefore, the trend equation is given by 

2 , l =60,840*34-f3,13Hl<-437*30<*. 

Table 25*3 and Fig. 25*6 show the fitted trend together with the 
observed series. 
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TABLE 25.3 

Quadratic Trend Fitted to the Data on Production 
of Coal in India 


Year 

t 

-Year- 1962 

a x t 


Tread 

Production 

1959 

-3 

—9,393*33 

-3,935-70 

47,475-31 

47,800 

1960 

-2 

-6,262-22 

-1,749-20 

52,792-92 

52,593 

1961 

-1 

-3,131*11 

-437-30 

57,235-93 

56,065 

1962 

0 

0 

0 

60,804-34 

61,370 

1963 

1 

3,131*11 

-437*30 

63,498 15 

65,956 

1964 

2 

6,262*22 

-1,749-20 

65,317-36 

62,440 

1965 

3 

9,393*33 

-3,935-70 

66,261*97 

67,162 



In the above example we have an odd number of yean. In the 
next example we shall consider data for an even number of yean. 
















ANALYSIS OF TIMS SERIES 


317 


Ex. 25*3 Let us take the data of Table 25.4, which relate to the 
production of pure sulphuric acid in India for the years 1962 — 1967. 
In this case a linear trend seems to be appropriate. The necessary 
computations are«done in the table below. 


TABLE 25.4 

Fitting a Linear Trend to the Data on Production 
of Pure Sulphuric Acid in India 


Year 

Production 

(tonnes) 

t 

« 2 (year— 1964*5) 

. 


T, 

1962 

469,464 

-5 

-2,347,320 

25 

503,388-97 

1963 

568,152 


-1,704,456 

9 

561,825 85 

1964 

679,740 

-1 

-679,740 

1 

620,262*73 

1965 

G8j,.H3 

1 

685,343 

1 

678,699 61 

1966 

689,738 

3 

2,069,214 

9 

737,136-49 

1967 

804,450 

5 

4,022,250 

25 

795,573-37 

• 

Total 

3,896,887 

, 

i 

0 1 

I 

! 2,045,291 

i 

70 



Since ]£/=0, the normal equations are 
3,896,887=6^ 

and 2,045,291 =70a lf 

so that « 0 =649, 481*17 

and =29,2 18*44. 

The trend equation is, therefore, 

. T t = 649,48 1 17+ 29,2 1 8-44*. 


The trend values for the different years are shown in the last 
column of Table 25*4 and in Fig. 25.7. 

Sometimes a time series plotted on semi-logarithmic graph paper 
may give approximately a straight line. Here the trend equation 
may be taken to be of the exponential form : 


or 


T t ~ab' 

log T| = log d + 1 log b. 


(25.5) 
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Similarly, if the representation of the data on doubly-logarithmic 
paper gives approximately a straight line, we may use the following 
function to give the trend : 

T t ~at b 

(25.6) 

log T t = log a + b log /. v 



Fig. 25.7 Linear trend fitted to the data on production 
of pure sulphuric acid in India. 

The constants a and b , in each case, may be determined by the 
least-square method, taking the second form of the corresponding 
equation. 

Croup-average method 

Usually, the types of equation we have considered will explain 
trend in a majority of the cases. Occasionally, however, it may be 
necessary to consider more complicated trend equations. One such 
is the modified exponential equation 

T t =k+ab ... (25 7 

The curve approaches k a$ an upper limit if a is negatiye and 
approaches k as a lower limit if a is positive. To determine the 
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constants of the curve, the whole range of t covered by the data is 
divided into three equal parts, each including, say, m points of time. 
Equating the totals 

m fm Aui 

1 1 *m+ 1 

to the totals of the corresponding trend values given by (25.7), three 
equations are obtained, viz. 

S^'Zik+ab*) =zmk+ ab , 

i=*i l — b 

S t ~mk+ab m + l ^ 

1 — b 

and S3 = mk 4* ab '* m + l . inA- . 

1 — b 

The three equations are now solved for the three unknowns k, a and 
b . The values will be found to be 


*-fe$r 

6(1—6“)* 

k=t j SySt-Sl 

Tfi Si—2.Si~\-£)2 


and 


^25.8) 


Two other curves, which can be reduced to the modified exponential 
form, are the Gompertz curve and the logistic curve. 

Gompertz curve : 

T,—ka i> , 

or logT < ^logA+(loga)6 f 

log T t being of the modified exponential form. 

Logistic curve : 

k 


} 


r,-i 


H + ri)(*r 

being of the modified exponential form. 

* t 


(25.9) 



320 


FUNDAMENTALS OF STATISTICS 


Semi~average method 

The method of semi-averages is nothing but the group-averagr 
method for estimation of parameters of mathematical curves. In 
the case of linear trend, the method reduces to dividing the series of 
values into two equal halves and plotting the average in each half 
against the middle of the period covered. Then the required linear 
trend is the straight line through the two points. 

The method of mathematical curves is objective and, since it 
assumes a law of change, it can be used for forecasting purposes. 
The method, however, is rigid. If there are sharp changes in the 
trend, then to use this method the whole series is to be divided into 
a number of parts, and an appropriate trend equation has to be 
determined for each part separately. The method is most laborious 
unless one uses the simple linear or quadratic equations. 

2 y.fJ Measurement of seasonal fluctuations 

^V^*he measurement of seasonal and/or cyclical variation may, in 
some cases, be as important as the measurement of trend. An under- 
standing of seasonal fluctuations is necessary to plan business 
efficiently. The head of a departmental store, e.g., must know how 
the demand for different articles varies from month to month, so 
that he may provide for stocks in advance and thus keep pace with 
the demand. 

We shall now describe different methods of isolating seasonal 
variation. For simplicity, we shall consider seasonal variation in 
monthly or quarterly data only, but the procedure for weekly, daily 
or hourly data will be quite similar. 

Method of monthly (or quarterly ) averages 

This is a simple method of isolating seasonal variation. It is 
based on the assumption that the series contains neither a trend not 
cyclical fluctuations but onl> seasonal and irregular fluctuations. 
Here the irregular variation may be eliminated by averaging the 
monthly (or quarterly) values over years. To express the averages 
as indices, they are shown as percentages of the grand mean, so 
that the total of the seasonal indices is 1,200 (for monthly data) or 
400 (for quarterly data). Tor an additive model, the grand mean is 
subtracted from the monthly (or quarterly) averages to obtain the 
seasonal values, which in this case will add up to zero. 
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TABLE 25.5 


Imports of Raw Jute into Calcutta & Mill Stations (Exoluujng 
Imports by Road) : Percentages of 12-month Moving Averages 


(1) 

(2). 

1 (3) 

(4) 

(5) 

(6) 

Year and 
month 

Import of 
raw jute 
(000 tons) 

12-month 

moving 

total 

2-point 

moving 

total 

of col. (3) 

Centred 
12- month 
moving 
a\ erage 

Ratio to moving 
average 

= 100x col, -t?) 
col. (5) 

1955 Jan 

103-4 

i 



_ 


Feb 

105*5 

i 






Mar 

89 5 

~ 






Apr 

69 2 


— 





May 

55 6 


— 

— 


]un 

ju» 

48*7 

42*4 

1,038-2 
1,063 0 
1,081-2 

1 106*8 

2,1032 

87-63 

48-38 

Aug 

47*.» 

2,146-2 

89-43 

53- 15 

Sep 

873 

2,188 0 

91-17 

95-76 

Oct 

JO >-9 

1,122-9 

1,130-5 

M35-4 

1 148-7 

2,229-7 


113*99 

Nov 

143-9 

2,253*4 

93-89 

153-26 

Dec 

138 9 

2,265-9 

94-41 

14712 

J 9 j 6 Jan 

’ 2 

2,284 1 

95*17 

130-81 

Feb 

121*8 

1,175-4 
1,167 5 
1,171-6 

1.106- 3 
1.1031 
1,104 7 
1,143-9 
1,114 6 
1,090-0 
1,108-8 
1,118-9 
1,123-1 

1.101- 7 

1.097- 8 

1.097- 7 
1,100-5 

1.102- 8 

1.103- 2 
1,098 7 
1,098 9 

1.106- 0 
t 1,108-4 

1,0990 

1,096-1 

1,106-6 

1.104- 1 
1,116 7 
1,128-0 
1,148-0 

2,324-1 

96*84 

125 78 

Mar 

1 15*1 

2,342-9 

97*62 


Apr 

85-3 

2,3391 

97-46 


Mav 

Jun 

63 2 
53G 

2,337-9 

2,329-4 

97-41 

97-06 

64-88 

55*22 


55*7 

2, 127*8 

96 99 

57 43 

Aug 

74*5 

2,308-0 

9619 

77*4 5 

Sep 

79-4 

2,258 5 

9410 

84-38 

Oct 

1100 

2,211-2 

92* n 

119-39 

Nov 

H8*6 

2,205-4 J 

91-89 

150-83 

1 'ec 

1357 

2,227 7 

92-82 

146-20 

1957 Jan 

131-8 

2,242-0 

93*42 

141*09 

Feb 

101*0 

2,224*8 

92-70 

108-95 

Mar 

8V8 

2,199*5 

91*65 

93 62 

Apr 

67-3 

2,195*5 

91-48 

73*57 

Ma> 

75*4 

2,198*2 

91*59 

82*32 

Jun 

63 7 

2,203*3 

9180 

69*39 

J" 1 

Aug 

59*9 ) 

53*1 

K&3EB 

91-92 

91-75 

65 17 

57 88 

Sep 

75 5 

2,197*6 

91-57 

82*45 

Oct 

109*9 

2,201*9 

91*87 

1 19*62 

Nov 

141*4 

2,214*4 

92-27 

153-25 

Dec 


2,107*4 

87-81 

157*16 

1958 Jan 

132*2 

2,195*1 

91-46 

144-54 

Feb 

96 5 

2,202*7 

91-78 

105-14 

Mar 


2.210-7 

92*11 

93*36 

Apr 

74*4 


92*53 

80 40 

May 

77-8 

2,244-7 

93*53 

8318 

Jun 

Jul 

54-3 

57-0 

2,276-0 

94*83 

57*26 

Aug 

63*6 


— 




Sep 





— 



Oct 

122*5 





__ 

Nov 

152*7 







Dec 

158*0 


— 

— 

— 


fs(ii)— 21 
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Ratio-to-moving average method 

As explained earlier, periodic fluctuations in a series are elimina- 
ted by taking a moving average of period equal to the period of the 
fliictuations. So from monthly data seasonal fluctuations can be 
removed by taking a 12-month moving average, which must again be 
centred by taking a further 2-point moving average. These moving 
averages will also eliminate some irregular variation and also a small 
part of the cyclical variation. The moving average values may, 
therefore, be supposed to give us estimates of the combined effects of 
trend and cyclical variation. 

The ratios of the original values to the moving averages are, 
therefore, expected to represent the seasonal variation with a part of 
the irregular fluctuations ( Sxl '). These ratios, one for each month 
except for 6 months in the beginning and 6 months at the end, are 
expressed as percentages. The different values for each month are 
then averaged so that the irregular fluctuations may be removed. If 
the variation in the set of values of a month is only due to irregular 
fluctuations, the values will vary only by small amounts, and the 


TABLE 25.6 

Showing Percentages of Moving Averages an© 


Seasonal Indices (vide Table 25.5) 



Adjustment factor = = 0*99886. 

J 1,201-37 
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arithmetic mean may be used. If, however, there are some extreme 
values which are due to incomplete elimination of cyclical effect, one 
should use the median or modified mean, the modified mean being 
the arithmetic mean computed after ignoring the extreme values. 
These averages for the 12 months cannot be used as seasonal indices 
owing to the incomplete elimination of non-seasonal effects. This 
fact will be reflected in the total not being equal to 1,200. An adjust- 
ment is, therefore, made by multiplying each monthly average by 
the correction factor : l,200/(total of unadjusted monthly averages). 
The scheme of calculations is given in Tables 25.5 and 25.6. 

For the additive model, the moving averages are subtracted from 
the original values, and the deviations for a month are averaged 
over the years. The monthly (or quarterly) average deviations are 
finally adjusted so that the total of the seasonal values becomes zero. 
Ratio-to-tr»nd Ibod 

In this method, we first find an appropriate equation to determine 
trend valuer for various months. At the next step, wc divide the 
original data month by month by the corresponding trend values 
and express them as percentages. The different values for a month 
are then averaged, as in the previous method. And finally these 
averages are adjusted to a total of 1,200. It may be noted •that in 
this method we arc trying to eliminate the irregular and cyclical 
variations by averaging. So this method is recommended for use 
either when cyclical variation is known to be absent or when it is 
not so pronounced even if present. 

For the additive model, the trend values are subtracted from the 
original values and the other steps are the same as in the moving 
average method. 

Considerable simplification in the cal< ulations may be made by 
first fitting a trend equation to the yearly totals (or averages) and 
then obtaining the monthly trend values by a suitable modification 
of the equation. This ir indicated in the following example 

Ex. 25*4 The data relate to the revenue expenditure. Govern- 
ment of India, during the years 1953-w. to 1958-59 for the four 
quarters (Table 25.8). 

First, we fit to the yearly totals a quadratic trend, which seems 
appropriate in this case. 
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TABLE 25.7 

Annual Data Relating to Revenue Expenditure 


Year 

Revenue expenditure 

(lakhi of runeei) 

1953-1954 

22,543 

1954-1955 

23,813 

1955-1956 

26,157 

1956-1957 

29,251 

1957-1958 

39,905 

1958-1959 

51,990 


TABLE 25.8 

Calculation of Trend-ratios 


(i) 

Year & quarter 

„ (2) 
Revenue 
expenditure 
| (lakhs of rupees) 

(3) 

Trend value 

i 

(4) 

Trend-ratio 

=<2) loo 

(3) 

1953-54 

Apr— Jun 
Jul— Sep 
Oct — Dec 
Jan — Mar 

3,575 

4,342 

4,435 

10,191 

6,075 35 
5,89108 
5,761-53 
5,677-70 

58-84 

73-67 

76-98 

179-49 

1954-55 

r 

Apr— Jun 
Jul — Sep 
Oct — Dec 
Jan— >Mar 

3,867 

4,404 

5,726 

9,816 

5,642-59 

5,656-20 

5,718*53 

5,829-58 


1955-56 

Apr— Jun 
Jul — Sep 
Oct— Dec 
Jan — Mar 

4,669 

5,327 

5,811 

10,350 

5,989-35 

6,197-84 

6,455-05 

6,760-98 

77-96 

85-95 

90-02 

15308 

1956-57 

Apr— Jun 
Jul— Sep 

Oct — Dec 
Jan — Mar 

4,693 

5,640 

5,957 

12,961 

7,115-63 

7,51900 

7,971-09 

8,471-90 

65-95 

7501 

74-73 

152-99 

1957-58 

Apr— Jun 
Jul— Sep 

Oct — Dec 
Jan— Mar 

5,518 

6,887 

7,782 

19,718 

9,021-43 

9,619-68 

10,266-65 

10,962-34 

61-17 

71-59 

75-80 

179-87 

1958-59 

Apr— Jun 
Jul — Sep 

Oct — Dec 
Jan- -Mar 

6,523 

9,808 
* 10,149 
25,510 

11,706-75 

12,499-88 

13,341-73 

14,232-30 

55-72 

78-46 

7607 

179-24 


Since we have an even number of years, we take a two-quarter 
period as unit (vide Table 25.4) and get the following equation : 

T, =27, 728-83 +2,837-2 1 /+389-80**. 
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Our purpose is to obtain the quarterly trend values. The trend 
equation for the quarterly averages can be obtained by simply 
dividing the constants by 4, which thus reduces to 

m T t =6,932-2 1 + 709-30* + 97*45/ 8 . ... (25.10) 

But in the above equations the unit of / is two quarters. Thus the trend 
equation for quarterly values may be obtained by writing // 2 for / in 
equation (25.10). The trend equation for quarterly values is thus 

T t = 6,932-2 1 + 35465/ + 24-36/ 8 . . . . (25. 1 1 ) 

Again, the origin of the above equations is at the middle of the 
period covered, i.e. the end of the last quarter of 1955-56. But our 
trend values should correspond to the mid-points of the quarters. 
Thus for proper centring of the trend values, the origin must be 
shifted half a quarter to the right or to the left. If we want to shift 
the origin half a quarter to the right, i.e. to the middle of the first 
quarter of 19S6-57, we have to write t+\ for / in equation (25.11). 
We then get the following equation : 

T f = 6,932-2l4 354-65(/+^)+24-36(/ f 

=7,115-634-379-01/ f-24-36/ 8 . ... (25.12) 

Putting /-=0 in equation (25.12), we get the trend value for the first 

quarter of 1956-57. Putting /= 1, 2, 3, and ^ — — 1 , —2, —3, 

we may get the trend values for the other quarters as well. * 


TABLE 25.9 

Calculation of Seasonal Indices from Trend-ratio* 


(; vide Table 25.8) 


Year 

Apr— Jim 

Jul— Sep 

Quarter 

Oct — Dec 

Jan — Mar 

1953-54 

58 84 

73*67 

76*98 

179 49 

1954-55 

6853 

77*86 

100*13 

168-38 

1955-56 

77*96 

85 95 

90 02 


1956-57 

65*95 

75 01 

74-73 

152*99 

1957-58 

61*17 

71*59 

75-80 

179-87 

1958-59 

55*72 

78*46 

76-07 

179-24 

Average (A.M.) 

64*70 

77*09 

82-29 

168-84 

Adjusted seasonal index 

I 65-8 

78*5 

83-8 

171-9 


Adjustment factor = 


400 


= 1-0180. 
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Method of link relatives 

In this method, each monthly value is expressed as a percentage 
of the previous monthly value. This percentage, called a link 
relative, estimates approximately the ratio of successive seasonal 

indices /i00.J^l\. The link relatives for each month are then 

\ £f-i» 

averaged, as in the previous methods Taking the seasonal index 
for a month, say January, to be 100, the others can be obtained from 
the average link relatives by using the following chain relations : 


•^Feb * rT 


C v »*Feb 
°Jun * e ' 
°Jan 

C _ C v 
°War ' °Fcb * ri — J 
^Feb 

C C v ^Dec 

°Dec- °Nov x « * 

^Nov 


•Sjan obtained as 


may not be equal to 100, as assumed, since the other components, 
mainly the trend, may not be completely eliminated by the process of 
averaging the link relatives. A correction is, therefore, made by 

assuming a linear trend and by subtracting 6, 2b, , 11A from the 

February, March, , December indices, respectively, where 



Finally, the indices are adjusted to a total of 1,200, as in the 
previous methods. 

The method of link relatives was at one time extensively used, 
but now it is considered unsatisfactory because of its inability to 
eliminate the other effects efficiently. 

The calculation of seasonal indices by the method of link 
relatives is illustrated in Table 25.10 with the data of Table 25.5. 

It must be noted that the above methods are applicable to fixed 
seasonal patterns only. In case the seasonal pattern changes from 
year to year, the above methods must be suitably modified. 



TABLE 25.10 

Arrays of Link Relatives and Calculation of Seasonal Indices for the Data of Table 25.5 
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Trend correction : 
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25.6 Changing seasonal patterns 

In our discussion in the previous section, we have assumed that 
the seasonal pattern is fixed, i.e. the seasonal indices for all the 
months (or some other sections of the year, as the case may be) 
remain unchanged over all the years under consideration. We have 
calculated only one set of seasonal indices, applicable for all the 
years. 

Sometimes, however, the above assumption may not be coirect. 
It may be legitimate to assume that the seasonal pattern itself is 
undergoing change fiom yeai to year. The changes may be due to 
climatic variations, changing tastes and pieferences of people or 
economic factors like progressive measures undei taken by the 
government. The nature of changes in the seasonal pattern may be 
different in different situations ; viz. the changes may be slow and 
gradual showing some trend, or may be sudden or abrupt from one 
year to the next. Again, the changes may be only in the amplitude 
or intensity of variation or may be due to occurrence of a festival on 
different dates of the year (like Easter or Durgapuja) affecting the 
seasonal indices for two successive months, keeping other indices 
in tact. In all these case?, we have to calculate sets of seasonal 
indices* appropriate for different years. Special methods have to 
be adopted in each case. . 

We shall discuss here the simplest case where the seasonal indices 
are undergoing change slowly and gradually showing some trend. 
In this case we adopt the method of moving average or the trend- 
ratio method We calculate the ratio to moving averages or ratio 
to trend expressed m per cent form for all the years and months as 
in the case of a fixed seasonal pattern Now we draw graphs, one for 
each month, plotting the ratios to moving averages (or ratios to 
trend) for the month against different years and pass through the 
set of points a free-hand curve (linear or non-linear) which seems 
to be appropriate. We then read off from the free-hand curves 
the unadjusted seasonal indices for different months for each year 
separately. Finally, the unadjusted seasonal indices are adjusted 
to a total of 1200 for each year separately. Thus we get sets of 
seasonal indices separately for each year. These seasonal indices 
are known as moving seasonal indices . 
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25.7 Measurement of cyclical fluctuations 

We shall now consider briefly how the cyclical component of a 
time series is measured. The method we shall discuss is called the 
residual method . It*consists in removing from the given time series the 
other three components, viz. trend, seasonal variation and irregular 
variation, in any order. According to the multiplicative model, 
we have 

Jt — TfX S g x C t xl r 

To get C t xl t it is necessary to remove T t and S t by division. This 
may be done in any of the following three ways, which will lead to 
the same result : 

(i) y t is first divided by the corresponding trend value T t and 
then by the corresponding seasonal index S t9 which is, of course, to 
be taken in the fractional and not in the peicentage form. (E g., an 
index of 83 is to be taken as 0*89 for this calculation.) 

(ii) y t is first divided by S t and then by T t . 

(iii) The normal value T t xS t is fit st obtained, and y t is then 
divided by the normal value. 

At the final stage, it is necessary to remove I t from C,xl t by 
some process of smoothing — generally, this is done by using moving 
averages of a suitable period. " 

A more sophisticated method of determining the cyclical compo- 
nent is the method of periodogram analysis. A brief account of the 
method is given below. 

Periodogram analysis 

Consider a time series from which trend and seasonal effects 

have been eliminated. Let u t (f=l, 2, n) represent the residual 

series. We want to know whether u t contains a harmonic term with 
period /i. Consider the quantities 

A= 2 5><cos~ ... (25.13) 

n i=i ft 

and B= 2 $u, sin 2nt , ... (25.14) 

n 1=1 fi 

where n is the number of terms in the time series. Let us write 

Rf=A*+B* 9 ... (25.15) 

which is known „as the intensity corresponding to the trial period /*. 
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Let us consider a simple model, according to which it, is composed 
of two components, one periodic with period A and amplitude a and 
the other an irregular component, say b r Thus 

2t rt 


it t ~a sin '■ 4 b t . 

A 


(25.16) 


The second component is assumed to bo uncorrelated with the 
first or similar periodic terms. 

Now, A= 2a 2 sin 2 ” 1 . cos 2nt -\- 2 J i b t cos 2nt = 2a '2 l sinatco s pt 
n t A [i nt n « 

(putting a=27r/A, j8=27r/^t and neglecting the second term) 


= 2{sin (a — P) t + sin (a + p) 1} 


fsin* 


n i 


~JQsin(n -f 1 ) - sinn sin (« + 1 


sin 


(«-/*) 


sm 


(oe+jS) 


}■ 


remembering that 


np 


« - 1 sin 9 i 

t isin{a+pt)=* - sin|a-t V) 


sin| 


For large h, the second term is always small ; the first term will also 
be small unless p tends to a, i.e. unless fi 9 the trial period, approaches 
the true period A. If p tends to a, then 


/l=asin(n+ 1) 


(-« SmW 2 


<•=£> /sin<“-^ 


2 * (a—P) / (a- 
2 / $ 


-0 


tends to 
sin# 


flsin(« 1-1)— 


since 


0 


1 as 0-* 0. 


Similarly, 


/?-><! COS («+ 1)^2 as p-><* 


and is small otherwise, so that 

R^-^a 2 when /?-►(*, 
i.e. when p->A, and is small otherwise. 


( 25 . 17 ) 

( 25 . 18 ) 

( 25 . 19 ) 
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We now take a number of trial periods /u i ound about the true 
period A, which may be guessed by plotting the data on a graph 
paper, and calculate R ^ in each case. Finally, we draw a graph 
plotting Ri? againSt /u. The diagram, called a periodogtam , is a simple 
device for finding the true cyclical period A in a time scries by 
equating it to that value of p for which R attains a maximum. 

Similarly, if the cyclical component is composed of several 

periodic terms, say with periods A,, A 2 , , \ ki R ^ will remain 

small unless the trial period p coincides with one of the true periods, 
in which case it attains a local maximum with value equal to the 
square of the amplitude of the periodic teim concerned. This is 
shown in the figure below. 



Fig 25.8 A typical periodogram. 

25.8 Effect of moving averages on cyclical and random com- 
ponents of a time series 

Suppose we have a time series y t which is the sum of three 
components, a trend T t , an oscillatory component C t and a random 
component /,, so that 

if 

Here it is assumed that 7, s are such that E(I t ) -=0 and cov(I t9 l t ,) ~0. 
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If we determine the trend by a moving average, denoted by the 
operator M, then 

M(y t ) =M(T t )+M(C t ) +M(I t ). 

Let us suppose that our method of trend deterlnination is perfect 
so that 

M(T t )=T r 

Thus 

We shall see that M(C t ) and M(I t ) are not necessarily zero, so 
that the moving average may distort the genuine oscillatory part of 
the residual series and introduce spurious oscillatory movements. 

Consider the simple case when C, is a sine term with periodicity A 
and we take a simple moving average of period k. Thus 


so that 


C,=a sin— 

A 

M(C ll+uia )=o.l Jsin^ 


=a 


• Aw 
sin — 
A 


-sin 


2 .(*+ 11 . 


sin 


2A 


(25.20) 


THus a simple A-period moving average will result in a sine series 
of the same period, but vvith amplitude reduced by the factor 

kn 


1 Sin A 


sin % 


The following special cases may be considered : 


kn 


(1) If A is equal to or is a multiple of A, then sin*? is equal to 

A 

zero, so that the cyclical component is completely eliminated by the 
moving average. 

(2) We have 

* 


• kn 
sin 

A 

sin5 

A 


► 0 as *-*oo 
A 


so that if A is large compared to A, then also the cyclical component 
is greatly eliminated. 
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(3) It is seen that 


1 

r 


• kit 
sin-j- 

A 


sm- 


sin ^l k ” 
A I A 

jl 



-> 0 . 


Hence if k is small compared to A, the moving average fails to 
eliminate the cyclical component. 

As such, in the residual series we shall find that larger oscillations 
have almost disappeared, whereas only shorter oscillations will be 
found to reappear. Thus the process of moving average, in general, 
distorts the genuine oscillatory component of the time series, 
emphasising the shorter oscillations at the expense ol the longer ones. 

For the random element we have 


1 [*' 2 ] 

2 / (+ „ ... ( 25 . 21 ) 

where [kj 2] is the greatest integer contained in kj 2. Naturally, 
consecutive values of M(I t ) will not be uncorrelated, since M{l tl ) and 
M(/ b ) have k — (a — b) values of /, in common and M(l a ) and AI(l b ) 
will be correlated if k>(a — b). Hence M(i t i will be a jnuch 
smoother series than the original series. Thus the eflect of taking a 
moving average of the random component would be to generate a 
spurious oscillatory series, provided the correlation between the 
successive rnembcis of the generated series is positive. This effect is 
generall) known as the “Slutsky-Yule effect”. 


25.9 Different schemes which account for oscillations in a 
stationary time series 

Time series may be broadly classified into two categories, viz. 
evolutive and stationary. In the former, different sections of the time 
series are dissinrlar in one or more respec ts. A stationary time series 
may be divided into a number of sections which are unchanging in 
respect of their general structure. The oscillations in such a series 
may seem random or show tendencies of regularity, but in any case 
the series is on the whole the same in different sections. 

Three different schemes or models may be considered which may 
account for oscillatory movements in a stationary time series : 
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(a) Effect of moving averages on the random component— We 
have seen that a moving average of a purely random series generates 
an oscillatory series^with varying periods and amplitudes. It is quite 
possible that some of the observed oscillations in a time series are 
generated this way. 

(b) Sum of a number of cyclical components — This is the 
classical approach. Here we attempt by periodogram analysis and 
harmonic analysis to represent an oscillatory series as the sum of a 
number of harmonic terms with varying periods and intensities. 

Thus, if u t be the oscillatory series, and X 19 X v the different 

periods, then we have 

u t =a 0 +a 1 cos^- i +a 2 cos^ ^ 

Aj A 2 

+ by sin 2ff -* + b 2 sin 2 *' 4 - (25.22) 

Ai A e 

(c) Autoregression equations — If a series is such that the value 
corresponding to the time point J+l depends on the previous £+1 
values according to the relation 

u t^\ == f{ u n u t-v » u t~k) (25.23) 

where f is a mathematical function and / a random variable, then 
the series is called autoregressive. In this case, under certain 
conditions the generated series is of the oscillatory type. The linear 
autoregression equations of the first and second orders are special 
cases of (25.23) and are of the form 

(1) u, +i=f*H,+/, + i — (25.24) 

and (2) u, +1 =au,-\- bu,_y + /, +1> • •• (25.25) 

respectively. 

25.10 Serial correlation and correlogram 

An observed series showing typical oscillatory movements may 
be due to any of the above schemes. We require some objective 
criterion for deciding which of them is applicable in particular cases. 
This criterion is provided by the so-called correlogram . 

First, we define what are known as serial correlations or autocorrela- 
tions of different orders. A serial correlation ( r k ) of order k js the 
correlation between u, and w #+ *. From the original u, series (f=l, 2, 
n) it — k pairs of values are obtained with a lag of period A. 
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by an m-point weighted moving average, the correlogram would 
oscillate between the points (0, 1) and (m, G) and thereafter would 
coincide with the A>axis. 

In scheme (b), where the oscillatory movement is generated by 
the sum of a number of cyclical components represented by the sum 

of a number of harmonic terms with periods X l9 A 2 , , it can be 

shown that p k would also be the sum of a number of harmonic 
terms, not necessarily with the same periods. In particular, if 

a,=0sin 2 ^+/„ ... (25.28) 


Pk 


would be equal to a cos 


2irk 

X 


for k > 0, so that the correlogram 


would be a strictly periodic sinusoidal curve (Fig. 25.10). In any 
case, in scheme (b), the correlogram will take a sinusoidal form, 
which will not degenerate to the A>axis after some fixed point and 
will not be damped. 



Fig. 25.10 Correlogram for oscillatory series generated by 
a cyclical term. 

In scheme (c), where the oscillations are caused by autoregression, 
let us consider autoregressive equations of the first and second 
orders. For the equation of the first order, viz. K| + i=/*Ki+//+i> it 
can be shown th&t 

P* - (25.29) 

Hence the correlogram would take an exponential form. Since p 
must be less then 1, so that the time series does not explode to 


1 


0 ORDER 1C 

Fig 25.1 1 Correlogram for oscillatory series generated b\ 
an autoregressive scheme of first order. 

Fo* the equation of the second order, viz. 

M /+ 1 = au i + i -f- 7/ + 1, 

the formula for p k depends upon the nature of the roots of the 
quadratic 

q 2 -aq-b = 0 . 

If the roots are real, say q x and q 2 ( q x% q 2 < 1 for practical 
purposes, otherwise the series would explode to infinity), 


_ — qi)g i 

(?i — ?*) ( i + ?i?*) ( ?* - ?i) ( i + q .?*) 


(25.30) 


Here also, the correlogram starts at (0, 1) and becomes asymptotic 
to the k- axjs. 

If the roots are imaginary, say q x ~pe iB and q 2 pe*~ t9 * 


t k sin(ke+i/j) 

Pk — P . 9 

sin ip 


(25.31) 


where 


- tan 0=tan *p. 
a* ^ 


Hence the correlogram will be oscillatory in this case, but unlike 
in scheme (b), the oscillations will be damped (Fig. 25.12) owing 
to the presence of p k (p < 1 for practical purposes). 


fs(ii)— 22 
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Fig- 25.12 Correlogram for oscillatory series generated by an 
autoregressive scheme of order two ( Case 2). 

Thus we see that the correlogram takes widely differing shapes 
under different schemes. Hence the correlogram provides a very 
useful criterion for discriminating between different schemes which 
can account foi oscillatory movements in a time series. 

25.11 Correlation between two time series : lag correlation 

Correlation between two time series y t and x t may sometimes lead 
to misleading results, since both the series may have regular variations 
with respect to time and may show a high correlation although the 
two series do not have any causal relationship between each other. 
For example, the production of steel in India may show a high 
negative correlation with dcath-iates in India, since the two series 
are expected to have tiends of opposite signs. This is called spurious 
(or nonsense) correlation. Similarly, owing to the effect of time on 
both x and y , a real correlation between x and_y may be obliterated. 

One can think of four possible situations : 

(a) Actually there is no correlation, but owing to similar types 
of trends (i e. both increasing or both decreasing) one may get a 
spuriously high positive correlation. 

(b) Actually there is a negative correlation, but owing to similar 
types of trends correlation will be decreased or even one may get a 
small positive correlation. 

(c) Actually there is no correlation, but owing to different types 
of trends (i.e. one inci easing, but the other decreasing), one may get 
a spuriously high negative correlation. 

(d) Actually there is a positive correlation, but owing to different 
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types of trends, the correlation will be decreased or even one may 
get a small positive correlation. 

To remove this difficulty one may adopt any of the following 
procedures : 

(1) One may calculate a partial correlation between x and y 
eliminating the effect of time on both. 

(2) Before correlating x and y, the effect of time on both x 
and y may be eliminated either by taking trend-ratios or by taking 

link-relatives. That is, one may correlate * l and A where 

7 T m T 3 

t t 

T x and T y denote the corresponding trends, or one may correlate 
and A. 

*/-i y*~ i 

Sometimes, the value of a variable x at time t may affect the 
value of archer variable y at a later period, say at time t+k. For 
example, the production of raw-cotton in a certain year may affect 
the production of textiles in the next year. Here one has to calculate 
a lag-correlation of one year lag. In general, a lag-corrolation with 
a lag of k periods or a lag-correlation of order k is the correlation 
between x t and y l+ f 


Questions and exercises 

25.1 Describe the different components of a tin*- series. What 
purpose is served by analysing a time series ? 

25.2 Discuss the different methods of determining trend in a time 
scries. What are their relative merits and demerits ? 

25.3 Discuss the different methods of obtaining measures of 
seasonal variation. Discuss their relative merits and demerits. 

-25.4 What is a periodogram ? Describe the method of periodo- 
gram analysis for determining the hidden periodicities in a time 
series. 

25.5 Criticise the use of moving a% rages for determining trend. 
Establish the effect of eliminating trend by the method of moving 
averages on the other components of a time series. 
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25.6 Describe the different schemes for explaining the oscillations 
in a stationary time series. Explain the use of correlograms for 
discriminating between the above schemes. 

25.7 Explain why the correlation between two time series some- 
times leads to nonsensical results and state how you would tackle the 
problem. 

25.8 Obtain the trend values for the following series by fitting 
a second-degree polynomial. Represent the trend values and the 
original data in a suitable diagram. 

Goods Carried by Indian Railways during 1959-67 


Year 

Goods carried 
(000 metric tons) 

1959-60 

147,864 

1960-61 

157,640 

1961-62 

161,855 

1902*63 

180,090 

1963-64 

192,262 

1964-65 

195,062 

1965-66 

204,150 

1966-67 

202,697 


25.9 The following table gives the yield-rate of rice in West 
Bengal for a number of years. Determine the trend values by means 
of moving averages of an appropriate period. 


Year 

Yield of rice 
(kg. per hectare) 

Year 

Yield of rice 
(kg. per hectare , 

1951-52 

920 

1957-58 

991 

1952-53 

971 

1958-59 

967 

1953-54 

1,243 

1959-60 

960 

19 >4-55 

959 

1960-61 

1,184 

1955-56 

1,025 

1961-62 

1,085 

1956-57 

1,082 




25.10 From the following table showing the monthly receipts of 
State Governments in India, obtain measures of seasonal variation. 
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Total Receipts of State Governments in India (Rs. Chores; 


Year 

Jan 

reb 

Mar 

Apr 

May 

Jun Jul 

Aug 

Sep 

Oct 

Nov 

i>« 

1952 

• 

23 

39 

82 

17 

18 

16 

20 

17 

12 

22 

20 

18 

1953 

25 

26 

105 

20 

22 

20 

26 

18 

23 

29 

15 

16 

1954 

32 

36 

9$ 

21 

21 

22 

29 

21 

15 

27 

27 

21 

1955 

32 

42 

99 

24 

24 

23 

29 

24 

21 

32 

28 

21 


25,11 The seasonal indices of the sales of garments of a paiticular 
type in a certain shop are given below : 


Quartet 
Jan — Mar 
Apr— Jun 
Jul— Sep 
Oct — Dec 


Seasonal index 
97 
85 
83 
135 


If the total sales in the first quarter of a year be worth Rs. 15,000, 
determine how much worth of garments of this t>pe should be 
kept in stock by the shop-owner to meet the demand for each of 
the othei three quaiteis ofthe'year. 

Ans . R''. 13,144 ; Rs. 12,835 ; Rs. 20,870. 
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DEMAND 

ANALYSIS 


26.1 Introduction 

By demand of a commodity we mean its absorption-capacity for 
the market or the quantity of the commodity that can be sold on the 
market. By supply of a commodity is meant its output or the 
quantity of the commodity which sellers supply to the market. One 
of the problems of demand analysis is to study the relationship 
between market price and demand on the basis of market data 
(also called time-series data). Another mode of study is to determine 
how demand varies with change in income on the basis of family- 
budget data (also called cross-section data). 

26.2 Demand and supply curves 

The traditional law of supply and demand states that demand, in 
general, varies inversely as price whereas supply, in general, varies in 



Fig. 26.1 Demand and supply curves. 

the same direction as price. A mathematical formulation of the law 
of supply and demand was first given by A. A. Cournot. According 
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to Cournot, the demand D is a certain function of the price p 9 say 
D=f(p)* where f(p) is a diminishing function, so that f'(p)<0 . 
On the other hand, the supply S is an increasing function of price, 
say S=<ft(p) 9 whqre </> '(p ) <0. Of course, Marshall in his study took 
price as the dependent variable and D or as the independent 
variable, and these mathematical laws of demand and supply are 
sometimes referred to as Cournot-Marshall laws. The curves for 
D—f(p) and S—<f>(p) may be called the demand and supply curves, 
respectively. 

The law of supply and demand further states that market price 
forms on a level at which demand and supply are equal and, 
therefore, is determined by the point at which the demand and 
supply curves intersect. The price determined by the point ot 
intersection is sometimes called the equilibrium price (Fig. 26.1). 


26.3 Pt f "^-elasticity of demand and supply 

Casual observations will show that the demand for some commo- 
dities is much more sensitive to price changes than is the demand for 
other goods. For some staple consumer’s goods, demand will decrease 
’only slightly when price inci eases, whereas for some luxury goods, 
only a slight increase in price may decrease its demand considerably. 
Thus commodities may be classified on the basis of their sensitivity 
to price changes. A measure of this sensitivity is provided by the 
price elasticity of demand. It is defined as the ratio of the relative 
change in demand to the relative charge in price. Tf D—f(p) be the 
demand function, the price elasticity of demand (i^ / is given by 


dD 

D p df d\ogf 

v > = - 


(26.1) 


p 

The negative sign is provided since the changes in demand and price 
are in opposite directions. If r} p <], the commodity is said to be 
elastic, while rj p < 1 means that the commodity is inelastic. When 
tj p = 1 , the commodity is neither elastic nor inelastic; it is then 
called an item of unitary elasticity In general, luxury goods are 
elastic, while necessary goods are inelastic. 

Price elasticity of supply can similarly be defined. The above 
definition relates to point elasticity of demand, and hence in 
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measuring it the definite point at which the elasticity is to be 
measuied must be mentioned. If the elasticity is to be a constant, 
say, t? 0 at all points of the demand curve, then 


or 

or 


dp p 
df dp 

jT " 

log/ ~ ^olog P f-logc, 


wheie log c is the constant of integration, 


or f=cp-"o. ... (26.2) 

Thus, the demand cuive is then a simple hyperbolic curve. 


26.4 Determination of demand curves from market data 

It has already been stated that the market price at a particular 

point of time is the equilibrium price ior which the demand is equal 

to the supply and is determined by the point of intersection of the 

demand curve and the supply curve. The market data, which are 

essentially in the nature of a time series, give the price of the 

commodity and the quantity sold at that price at different points of 

time. That the price of the commodity changes over time implies 

that either or both of the demand and the supply curves shift their 

# 

positions. If both the curves remain fixed, the statistical data will 
not provide a sufficient number of points on the curves for their 
determination. If both the curves shift their positions, the market 
data would determine a curve which would give us a picture of the 
variations ol the equilibrium price and the corresponding values of 
the demand (or supply) curve. If, however, the demand (supply) 
curve remains fixed and the supply (demand) curve shifts its position, 
the market data provide a number of points on the fixed demand 
(supply) curve and hence determine this curve. Thus, for the 
deteimination of the demand curve it has to be assumed that the 
demand curve remains relatively fixed and the supply curve shifts 
over the period under consideration. The assumption is more or less 
legitimate for staple consumer’s goods, especially food articles. In 
many cases, where both demand and supply are variable, the market 
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data arc not likely to trace out either the supply or the demand 
function closely. It may trace out a ‘mongrel* function, which is a 
linear combination of both demand and supply functions. In any 
paiticular situatiop the econometrician has no way of distinguishing 
between a ‘mongrel* result and the true demand curve. 

Another difficulty that arises in the determination of the demand 
curve from time-series data is that other factors, besides the price 
of the commodity upon which the demand depends, also vary with 
time. The prices of related commodities, the national income, etc., 
are such factors. Thus, to determine the demand curve either such 
factors have to be taken explicitly or the effects of such factors upon 
the demand and the price have to be eliminated. 

Further, in determining the demand curve any of the two 
variables, price and demand, may be taken as the independent 
variable, but it is to be noted that both the variables are subject to 
errors. Hence the ordinary least-square method for the determina- 
tion of parameters involved in the demand function is not strictly 
valid. 

• The classical theory of consumer behaviour tells us a few things 
of interest regarding the form of the demand function to be used in 
practice. It starts with a utility function of unknown form, where 
utility (ii) is expressed as a function of the quantities of goods (*.) in 
the consumer’s budget : 

9 x n ) • ••• (26.3) 

To maximise u subject to the budget restriction 

(26.4) 

i=i 

where y is the income, wc shall have n— 1 equations of the form 


duldx (= p, 

du/dxj p, 

marginal utility of the jth good__/>* 
marginal utility-of theJtE good ’ 


(26.5) 


These it— 1 equations, together with the budget equation (26.4), can 
ordinarily be solved for x { in terms of ratios of prices and of income 
as a ratio to price. These are homogeneous functions of degree zero 
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of the prices and income. Thus, 


Pt A-l Pi + 1 

\Pi Pi Pi Pi 

-=fJPl Pi Pn A 

’ *'\p' y""”' p 9 pr 


Pn y\ 
pi’pj 


... (26.6; 
. ^26.6a) 


where p is a weighted arithmetic mean of all the prices or a measure 
of the general price-level. 

Thus, yfp is the conventional measure of real income, obtained 
by deflating the normal income by the average of all prices of 
consumer goods. 

Economic theory gives no suggestion as to whether the foim ol 
the functions in (26.6) and (26.6a) is linear or non-linear. Keeping 
the homogeneity restriction in mind, we can write the linear demand 
function as 


*11 +«*£* + T«>tA. J, ‘ 

pit pit pit Pit 


... (26.7) 


or, alternatively, as 

*i.-«oi+«»i£+«.i{ s + - ( 26 . 7 a, 

Pt Pi Pt Pi 

Linearity, it must bfc remembered, is a convenience and at times 
is accepted even against the reality. However, it is possible to 
introduce non-linearity in the variables in order tp achieve a highei 
degree of realism. For example, introducing a second degree term 
of real income, we have 

pu + -'Pui'+mY- 

Pt pt pt pt \pll 

... (26.8, 

Again, introducing demand functions of the constant elasticity 
type, we may write 

„ — A .lPu\ m UlPtt\ m U (Pul\ a nilyt\*i 

x "- A '\T t ) (tt) (a) \pj 

or log*,, — logy4,+a u log (A*J +a„ + 

+«.,log(^)+j9,log(|), ... (26.9; 

which is » g*in a linear function in the logarithms of the variables. 
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The parameters of the function in each of the above cases can be 
determined by the method of least-squares. The least-square 
estimates will also be the maximum-likelihood estimates provided 
the errors are independently normally distributed. 

Ex. 26*1 Index numbers of demand for agricultural products 
( y ) and of prices of agricultural products (x) are given below for the 
years 1950-59. Obtain the price-elasticity of demand, assuming the 
following form of demand function : 

Y=a.x B . 


Tear 

y 

X 

1950 

102 

89 

1951 

98 

99 

1952 

100 

100 

1953 

105 

91 

1954 

117 

93 

1955 

120 

72 

1956 

120 

75 

1957 

127 

91 

1958 

118 

91 

1959 

134 

96 


Here we are to fit a demand curve of the form 
Y,=axf 

or log y,=loga+j81ogx,. 

The constants « and /9 are to be estimated by the method of least- 
squares, i.e. by minimising 

2(log*— log7,)*. 

The normal equations are : 

^log J,—n loga+0 Z log*,. 

and £(logL*)(log *,)=log«t 2 log*,+/J 2£(log*,)*, 


n being the number of years for which the data are tabulated here. 
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For these data, we have 

21og^=20'5504, 

t 

2 log*,= 19-5052, 

t 

2(log - y < )(log^ ( )=40-0771 
and 2(log*,) 2 =-38*0657. 

i 

Substituting the above values in the noimal equations and 
solving them, we get 

loga = 2 07521 and /3=- 0-33333, 
so that a = 507*24. 


Taking the constants up to three significant figures, the demand 
curve is 

r,=507*,-° 333 - 


The appropriate measure for the relative change in consumption 
to relative change in price is the price-elasticity of demand, viz. 

dlog Y 


Vp z 

Foi the fitted curve. 


d log x 


= - 0*333 

Thus the demand of agricultural products, as shown by the data, 
is inelastic. 


26.5 Engel's law and the Engel curve 

We now proceed to discuss briefly the determination of demand 
curves on the basis of family-budget data. Here we base our 
estimates on a different type of variation — namely, over space, 
instead of over time, the variation arising out of inter-individual 
differences at a given point of time. A sample of such variations is 
called a cross-section sample. Here a cross-section sample will be a 
sample of family budgets showing expendituies on the main items of 
family consumption, together with information on family income, 
family consumption and other demographic, social and economic 
characteristics. The basic relationship to be derived here is between 
the expenditure on a particular item of consumption and the house- 
hold income. The relationship is generally known as the Engel curve 
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after Ernst Engel, who was the first to make a systematic study of 
family budgets In the course of his studies, he observed that the 
proportion of expenditure on food decreases as the household income 
increases. This finding, repeatedly confirmed in later investigations, 
has become known as Engel's law . 



income * 

Fig. 26.2 An Engel curve. 

• In the analysis of cross-section data, we assume that different 
people (families) are homogeneous, except for the measurable 
\ariables under study. The theory of demand would suggest that 
individual expenditure depencis on the whole set of p.ices of goods 
m the budget and on income. Since in cross-section data the price 
variables, and indeed many other market variables, may be 
effectively held constant, we may consider income alone as the 
explanatory variable. 

In practice, however, in determining the Engel curve, the total 
household expenditure is taken as the determining vaiiable in many 
investigations, instead of the household income. It is contended 
that, compared to household expenditure, household income may be 
difficult to obtain and may be a poor indicator of the household 
standard of living. Besides, the total household expenditure may 
depend, in a complicated way, on the income expectations and the 
distribution of expenditure on various items may depend only on the 
total expenditure. 
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26.6 Income-elasticity of demand 

We may define elasticity of demand with respect to income or its 
substitute, total expenditure. If denotes the expenditure on the 
ith item and e Q the total expenditure, then the elasticity of demand 
( 17 , ) with respect to total expenditure is defined as 


Relative change in the expenditure on the tth item 
Relative change m total expenditure ^ 


Aej 

=/•'- — 

Ae 0 € x ' Ae 0 ' 


(26.10) 




If the Engel curve giving the relationship between and e Q is 

represented by the equation where ^ > 0 , then we have in 

ae 0 

the limit, as d* 0 -* 0 , 


w = _fo <([* 


(26.11) 


since e { varies in the same direction as * ft . 

As with price-elasticities of demand, items may also be classified 
as elastic or inelastic with respect to income-elasticities. Obviously, 
for staple articles of food 7 ) e would be less than 1 , whereas for luxury 
goods 7 ) e would be greater than 1 . 


26.7 Different forms of the Engel curve 

The two widely used forms are the straight line (on the arithme- 
tic scale) 

fi=a+/k 0 , (26.12) 

used by Allen and Bowley, and the straight line on the doubly- 
logarithmic scale 

loge ( .=a + ]81og* 0 , ... (26.13) 

used by Stone and others. 

While the former has the advantage of simplicity, the latter has 
the advantage that it provides a constant elasticity at all points on 
the curve. 

The hyporbola 

^=*a+j9 /^ 0 ... (26.14) 

is also used. The curve has an initial income (—/9/a) below which 
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the item is not purchased and a saturation level a. The curve 

log e t ~a+pie t ... (26.15) 

is of a sigmoid shape, passing through the origin and having an 
asymptote. 

Whichever form is used in a particular case, the determination 
of the parameters may be made simply by the method of least 
squares, the data being obtained fiom a family-budget survey 
covering a number of households vv ith various expenditure levels, the 
tacit assumption being that the group of families is more or less 
homogeneous having identical structure of needs. In practice, the 
aggregate of households has to be determined for each stratum. 
Since the data are obtained in a short period of time, the other 
factors like price may be supposed to have remained constant over 
that period 

26.8 Variation in household size and composition 

It is apparent that household standard of living depends upon 
thp household size and its age- and sex-composition, besides the 
household income. These factors have to be considered explicitly, 
since it has been found erroneous to assume that the effects of these 
factors could be ignored by considering households of different sizes 
and composition. 

First, let us consider the factor of household Here the 

working hypothesis is that the expenditure on an its a per person 
depends upon the level of income (or total expenditure) per person. 
This will require that the function relating expenditure on the ith 
item (*j) to the total expenditure (e 0 ) and family size («', viz. 

o. «) ( 26 . 16 ) 

is a homogeneous function of degree 1. It follows that 

fi(ie 0 ,cn)=cfi(f 0 ,n), ... (26.17) 

where e is an arbitrary constant. 

This will be apparent if (26.16) is written in the form 

*il n —/i( e al n )’ 


... (26.18) 
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Tn particular, for the hyperbolic form of the Engel curve, 
eJn^a+pnle Q 

or r,'~«a+j8/i 2 /r 0 , ... (26.19) 

4 

so that the initial income is— njB/a and the saturation level is na. 

Besides the household size, the household composition with 
iespcct to age, sex, occupation, etc., inay also affect the household 
consumption. Here it will be necessary to scale individuals of 
different age-groups, sexes or occupations with respect to the 
consumption of the item concerned. Thus, here n would mean the 
number of consumei units in a household instead of the number 
of members in the household. Naturally, a consumer unit in the 
consumption scale has to be properly defined. 

Ex. 26*2 The table below gives the family-budget data for a 
few samples of four low-income classes of families of a country foi 
a year : 

Yearly Income per Consumer Unit in Rs. 


Number of households 

Below 600 

600 — 

750— 

1 , 050 — 

m the sample 

Average number of consu- 

136 

179 

111 

22 

mer units per household 
Average income per # 

2-60 

2-57 

2-50 

2-48 

consumer unit 

Average expenditure on 

343 • 1 

681-3 

861-9 

1,232-0 

food per consumer unit 

291 8 

331-6 

374-4 

407-1 

Calculate the income-elasticity of demand for 
the demand function has constant elasticity. 

food, assuming that 


The demand function heir is 


log e f ^a l-Mogr 0 , 

where Cf is the expenditure per consumer unit on food and e 0 is the 
income per consumer unit. The constants a and b are estimated by 
the method of least-squares, viz. by minimising 

(log «/ j - a - 4 log e ol ) *, 

where /z f « is the number of households at the ith income level. The 
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normal equations are 

2 n < lo g*/i=<»2 n i-t- *2«.i° g« 0 < 

i i t 

and *2 «. ( W «/. ) ( 1 °? «o< ) = « 2 "i l°g «oi + * 2 ",( lo g«o.)*- 


Wc make the following table : 

TABLE 26.1 

Showing the Calculation of Income-Elasticity 


«l 

*01 


log e 0t 

i°g */i 

log g 0 i log 

(log *»,)* 

136 

543- 1 

291-8 

2 7349 

2 4651 

6-7418 

7-4797 

179 

681-3 

331-6 

2-8333 

2 5206 

71416 

80276 

111 

861*9 

374-4 

2 9355 

2-5733 

7-5539 

8-6172 

22 

1232-0 

407 1 

3 0906 

2 6097 

8 0655 

9-5518 


Here we have 

*=,5> i =448, 

i 

2», log < 7 ,= II 29-4907, 

I 

2". log 1272-9408, 

1 

2 r «i(l°g ''/■<) (l°g ^oi) 32 1 1 1551 

I 

and 2 ( *°g i) 2 = 3620-8284. 


Substituting these values in the nounal equations and solving the 
equations, we get 

/>=0-45 

and a= 1-24. 

The income-elasticity of demand {rj ,) is given by 
rflog,,_ 4 _ 045 

rflogr 0 

Obviously, the demand for food is inelastic. 


tb(ii) — 23 
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Questions and exercises 

26.1 Explain the meaning of elasticity of demand with respect 
to price. Given the demand for a commodity and the corresponding 
price, how will you calculate the elasticity of demand with respect 
to pi ice ? 

262 Describe a statistical law of demand and indicate the 
difficulties in its determination from time-series data. 

26.3 Suppose you are asked to obtain the demand function for 
foodgrains in India. What variables will you include in explaining 
the demand? How will )ou obtain the demand function on the 
basis of time-series data ? 

264 What do you mean by income-elasticity of demand? 
Given family-budget data, how would you estimate this elasticity ? 
What adjustments would you make for variation in the size of the 
family ? 

26.5 Discuss the different forms of the Engel curve usually 
employed for fitting to family-budgf t data. In such fitting, how 
would you tackle the following complications ? 

(a) Household expenditure on a particular item depends, 
besides depending on income, on the numbei of persons per family. 

(b) Consuinptiori of families of the same size differs because 
of varying age- and sex-composition. 

266 Let d x and d 2 represent the demand of a commodity for 
two strata of a population. If tj x and r) 2 be the elasticities of 
demand with respect to national income for the two stiata, show 
that the corresponding elasticity r; for the two strata combined 
would be given by 

_ JWh twfi 
d\+d t 

26 7 The following data represent per capita purchase of un- 
husked lice ( q ) in mds. and the retail price ( p) in Rs. per md. for 
the years 1948-60. Obtain a linear demand function and calculate 
the price-elasticity of demand for each year at the average price 
prevailing in the year. 
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Tear 

? 

P 


1948 

1-89 

180 


1949 

1-88 

20- 1 


1950. 

1 *87 

21-0 


1951 

1-60 

24-2 


1952 

1-66 

23-3 


1953 

1-72 

23 8 


1954 

2 02 

19-6 


1955 

1 -82 

168 


1956 

1 86 

20 1 


1957 

1 -93 

224 


1958 

1-96 

23 8 


1959 

1-99 

22 9 


1960 

1 -86 

23 2 


Partial ans . The demand function is q—2 199— OOl &2p. 

26 8 The following table gives in 

rupees the monthly expendi- 

ture on clothing and the total monthly household expenditure of 

civilian staff employed 

in Defence 

Headquarters. Derive the 

Engel curve for clothing, 

assuming its form to be linear in doubly- 

logarithmic 

scale. Obtain the income-elasticity of demand for 

clothing. 




Family 

Number of 

Average 

Average monthly household 

group 

households 

family size 

expend!' ire (in Rs.) 



. 

on clot). 1 g total 

1 

439 

4-5 

16 6 174-4 

2 

361 

50 

17 1 198-3 

3 

128 

51 

22 6 2 >2 9 

4 

784 

5-4 

24 7 297-4 

5 

192 

5-4 

26 0 342-1 

6 

49 

52 

27 6 387-5 

7 

48 

4-7 

*'9 468 2 

8 

40 

6-6 

47-7 570-1 

9 

73 

60 

47 2 8t9-2 

10 

45 

6-4 

71 1 1,253-3 

Partial ans. Income-elasticity 

of demand for clothings 0-676 
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STATISTICAL 
QUALITY CONTROL 


27.1 Introduction 

By statistical quality control ( SQC ) we mean the various statistical 
methods used for the maintenance of quality in a continuous flow of 
manufactured products. In any manufacturing process, it is not 
possible to produce goods of exactly the same quality ; variation is 
inevitable. Certain small variation is natural to the process, being 
due to chance causes, and cannot be prevented ; this variation, 
therefore, is called allowable . Sometimes superimposed on this there 
will be variation which occurs when the process goes wrong, the 
causes of this variation being assignable ; such variation, therefore, 
is called p. rentable. The main purpose of SQCj is to devise statisti- 
cal methods for separating allowable variation from preventable 
variation, so that we may take appropriate steps as quickly as 
possible whenever assignable causes are operating in the process, 
fti other words, an attempt is made to weed out systematic causes 
of variation as soon as they occur, so that the actual variation may 
be supposed to be due to the inevitable random causes alone.* 

.In the above type of problem, our aim is to control the manu- 
facturing process so that the proportion of defective items is not 
excessively large. This is known as piocess control. r n another type 
of problem, we like to ensure that lots of manufac r ured goods do 
not contain an excessively large proportion of defective items. This 
is known as product or lot control . The two are distinct problems, 
because, even when the process is in control, so that the proportion 
of defective products for the entire output over a long period will 
not be large, an individual lot of items may not b* of satisfactory 
quality. Process control is achieved mainly through the technique 
of control charts , whereas product control is achieved through sampling 
inspection. 

27.2 Different types of quality -measures 

By quality we mean any characteristic of the finished products, 
of intermediate products or of raw materials which is of interest. 
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Many quality characteristics are measurable quantitatively and 
may be looked upon as variables, e.g. diameter of a bobbin, length 
of a screw, tensile strength of a yarn, chemical composition of a 
drug, life of an elects ic bulb, etc. All these aie continuous variables, 
and generally the quality characteristics will be of this kind. Some- 
times the characteristic may also be a discrete variable, e.g. the 
number of defects in a piece of cloth. 

Often the quality characteristic cannot be measured and is ex- 
pressed as an attribute. Here the items may be classified as good 
(or non-defective) and defective. Thus a bolt which does not fit the 
nut is defective. Also, an item which contains one or more defects 
is defective. Again, although the characteristic may be measurable, 
one may decide to treat it as an attribute for the sake of simplicity 
and economy. A manufacturer producing rods may classify a rod 
as defective if it is too long or too short and thus avoid recording its 
actual length. 

27.3 Rational sub-groups and the technique of control charts 

The central idea in Shewhart’s control chart technique is the 
division of observations into what are called rational sub-groups . 
These are to be taken in such a way that variation within a sub- 
group may be attributed entirely to chance causes, while systematic 
variation, if it at all exists, can occur only from one sub-group* to 
another. In statistical language, the products within a sub-group 
may be supposed to belong to a single homogeneous population ; and 
the differences, if any, among the populations coi responding to diffe- 
rent sub-groups will indicate the presence of systematic variation. 

The most obvious basis for the selection of sub-groups is the order 
of production. Each sub-group will then consist of the product of a 
machine or a homogeneous group of machines for a short period of 
time, so that there cannot be any remarkable change in the cause 
system within that period. The use of such sub-groups would tend 
to reveal assignable causes of variation that come and go. However, 
there may be assignable causes that are not revealed merely by 
taking sub-groups in the order of production. E.g., two or more 
machines in a factory may have different patterns of variation. It 
may, theicfore, be necessary to have different sub-groups for different 
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machines or for different spindles on the same machine, or for 
different operators or for different shifts. 

The problem of process control then boils down to the use of 
methods that would enable us to judge whether the distributions of 
the given qualfty characteristic for the different sub-groups are 
identical or not. In case the distributions are identical, the process 
may be supposed to be in control. Otherwise, the process will be 
considered to be out of control and one will start looking foi the 
source of trouble. This comparison has, of course, to be performed 
on the basis of suitable statistics for samples taken from the sub- 
groups. 

Shewhart’s control chart technique is a particular diagrammatic 
method of making this comparison and thus deciding whether the 
process is or is not affected by systematic variation. We first focus 
our attention on some parameter of the distribution, say 0. Let T 
be the coi irsponding statistic. If the process is in control, then 0 
must be the same from sub-group to sub* group and, consequently, 
the fluctuations in the values of T from sample to sample should be 
'due to random variation alone. Supposing in such a case 

E(T)—fi T 

and var(T)=a$, 

one may take any value of T lying outside the limits n T —3o T and 
as an indication of the presence of systematic variation. 
The reason behind this argument lies in the fact that, in case T is 
normally distributed (and the process is stable), 

P[|T— fi T | ^ 3o t ] =0*9973, approximately. 

Even when T is non-normal, we have from Chebyshev’s inequality 
P[| T— ^ 3(72.] > 8/9. 

Thus, if the observed lies between the limits yt T —3a T and 
fty+ 3 < 72 », it is taken to be a fairly good indication of the non-existence 
of assignable causes of variation at the time when the ith sample was 
taken. If the observed T i wanders outside the limits, one suspects 
the existence of assignable causes c/ variation and the process is 
supposed to be out of control. The obvious action is then to stop 
the process and to hunt for and remove the assignable causes. The 
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testing is, however, done by means of a horizontal chart where time is 
the abscissa and the values of the statistic T are plotted as ordinates. 
The lower control limit (LCL), n T —3o Ti and the upper control limit 
(UCL) 9 fi T +Sa Ti are shown on the chart by means of horizontal lines. 
Generally, one also takes a line corresponding to the mean value fx T , 
which is called the central line . 

The Shewhart control chart technique consists in inspecting a 
fixed number of articles at regular intervals during production , 
measuring the associated statistic and then plotting them as ordinates 
on a horizontal chart, like Fig. 27.1, with a central line and a pair of 
control lines. If a plotted point falls within the control limits, then 
the process is assumed to be in control at that moment of production. 
If it falls outside the control limits, the process is said to be out of 
control at that moment and the presence of some assignable cause is 
indicated. 
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pical control chart. 

From the above chart, e.g., it appears that the process has been 
out of control in the 9th and 10th samples. 

Even though all the points are inside the control limits, indica- 
tions of trouble or presence of assignable causes of variation in the 
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process are sometimes evidenced from unusual patterns or arrange* 
ments of points, e.g. 

(a) a series of points all falling close to one of the control limits, 

(b) a long series predominantly on one side of the central line or 

(c) a series of points exhibiting a trend. 

There are two types of control chart: (1) Control chart with 
respect to a given standard— here our purpose is to discover whether 
the observed values of #, s 9 p y etc., for samples of n items differ from 
the respective standard values o', p\ etc., by amounts greater 
than what should be attributed to chance. The standard values 
may be either established by authority as some desired or aimed»at 
values designated by specification or some economic standard levels 
provided by experience. These charts are used to maintain quality 
uniformly at the desired level. We may have a process in good 
control for a long time and we may know the type of population we 
are inspecting. We then use the standards to set control limits in- 
order to know about future production. (2) Control chart with no 
standard given — here we want to discover whether the observed 
values of x 9 Sy py etc. , for samples of size n vary amongst themselves 
by amounts greater than what should be attributed to chance. The 
common case that arises in quality control is one in which we do 
not have any prior knowledge about the process. We use the process 
to estimate the parameters involved in the lines of the control charts. 
In the language of Burr, “the control chart is the engineer’s stetho- 
scope for the process” and we find from the process whether it is 
stable and, what level it is maintaining. These charts are used to 
detect lack of constancy of the cause system. 

So far as the size of the samples for different sub-groups is 
concerned, small samples at shorter intervals are always preferable 
to large samples at longer intervals. For (*, R) or (if, s ) control 
charts, samples of size 4 to 8 are sufficiently good for the detection 
of lack of control. The successive samples are generally taken of 
equal size for variable control charts. For control charts for attri- 
butes, however, one has to take sufficiently large samples since the 
diagnostic power of charts for attributes is much less than that of 
charts for variables ; also it is easy and quick to examine products by 
“go” and “not go” gauges. 
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27.4 3-sigma control limits and probability limits 

The limits on a control chart based on p T -\-3op and [i T — 3o T are 
known as 3-sigma limits, as they are obtained after multiplying 
by 3. We have also noted in the last section that there is a probability 
associated with 3-sigma limits. But the real basis is not the value of 
the probability that a point charted will be inside the control limits 
(or fall outside the 1 imits). It is said that experience indicates that 
the use of 3-sigma limits achieves control over the two types of error, 
viz. (i) looking for trouble when there is no trouble and (ii) failing to 
look for trouble when there is trouble. Also, it has other advantages 
— the limits are easy to obtain, tables are available and the two 
limits are symmetrically placed about the cential line. In the United 
States, 3-sigma limits are mostly used. 

The other point of view of setting limits on control charts 
advocates the use of what are known as probability limits. The 
upper and lower control limits should be so placed that, without any 
change of the population, the probability that a point will fall out- 
side the limits is -002 (or some other suitable small value). If the 
statistic plotted is normal and the probability is equally distributed 
over the UCL and below the LCL (i.e. ‘001 in either direction), then 
the limits will be based on fi T ±3-09o T . The British use limits based 
on this principle. Difficulties arise in setting probability limits for 
/?, Sy p or c since their 'distributions are not even symmetrical. The 
probabilities that will be associated will also be approximate since 
they will be based on estimates of the standard values. 

Considering all these, the 3-sigma limits are reasonably satis* 
factory, though they may not necessarily be the best always. In 
the construction of control charts, Shewhart chose 3-sigma limits. 
Charts using 3-sigma limits are called Shewhart control charts . We 
shall restrict our discussion to Shewhart control charts. 

27.5 Control charts for mean, s.d. and range 

Suppose we are dealing with a quality characteristic ( x ) like length, 
diameter or breaking strength — i.e. with a continuous variable. For 
manufactured articles subject solely to random variation, such a 
variable may be supposed to be normally distributed (being looked 
upon as the sum of a large number of independent components each 
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of which contributes a relatively negligible proportion to the total 
variability of x). This follows from the Central Limit Theorem* 
The different distributions of x for the different sub-groups are then 
all supposed to bp of the normal type, the tth sub-group giving a 
distribution with mean fjL t and variance a**, say. To examine whether 
the process is in control, we need see whether the /a’s and the a’s are 
the same. The four types of situation that may be encountered 
here are : 

(a) the process is in control, 

(b) the mean is out of control but not the s.d., 

(c) the s.d. is out of control but not the mean, 

(d) both the mean and the s.d. aie out of control. 

The appropriate statistics corresponding to p and a are Sc and s . 
Hence the whole judgment regarding control or lack of it is based 
on control charts for Sc and s. It is to be remembered, however, that 
the range R , in spite oi its inferiority to s from the theoretical point 
of view, is simpler and easier to compute. Hence in quality control, 
the range is often preferred to the s.d. and one would frequently use 
charts for Sc and R % instead of using charts for Sc and s. 


27.5.1 Control charts for mean 

Case 1 : Standard given 

For samples of size n per sub-group, we have for a stable system 


and 



assuming that the n observations in each sub-group are mutually 
independent. 

Hence if the values for p and a are specified as *' and a', the 
control chart for 2 will be given by 


LCL=*'-3 a - 
V n 


i 


Central line— Sc’ 


.. (27.1) 


UCL—x 1 +3-^— - x Aa , J 
Vn 


A=3/Vn. 


where 



364 


FUNDAMENTALS OF STATISTICS 


Case 2 : Standards not given 

Let there be m sub-groups and let the successive sample means 

be #!, ; also, let the successive standard deviations be 

s Jf , s m and the successive ranges be R 19 R m . Since 

ft, and a are unspecified, these are estimated from the samples 
themselves. Let 

x^Uxi/m, 

a 

S—J,S{lm 

and R=J 4 R i lm, 

i 

which are the pooled mean, the mean of sample standard deviations 
and the mean of sample ranges, respectively. 

The relations 


E(s)~c 2 a (valid for a normal variable x), 

where 



and /?(/£) ==</ g c7.(valid for a normal variable *), 


(27.2) 

(27.3) 

(27.4) 

(27.5) 


where d t is also a function of n but not as simple as c t , provide us 
with an estimate for n and two alternative estimates for o, viz. 


and 


a—s/c t 

d=Rjd v 


(27.6) 

(27.7) 

(27.8) 


In case one uses the estimates (27.6) and (27.7), the chart for Jc 
will be based on 


and 


C 2 V n 

Central line=x 

UCL=S+3-L-***+A,s, 


... (27.9) 



STATISTICAL QUALITY CONTROL 


365 


where A 1 = — — and is tabulated, together with c tt for different 

eiVB 

values of it in Table VII of Appendix B. 

On the other hand, if one uses the estimates (27.6) and (27.8), 
the chart for x will be given by 

R 


LCL—x—3 


d t V n 


--i-AiR, 


Central line=x 


I 

y 


(27.10) 


and 


UCL=Z+3- iL-=X+A t R, 

d t y/n 


where A t — — - and is, again, given for different values of n in 
rf|V n 

Table VII of Appendix B. 


27.5.2 Conn o! charts for s.d. 

Case 1 : Standard given 

For a normally distributed variable x, we have 
E(s) =c t o 

and <, s =ayJ n ~-c*. ... (27.11) 

If the standard value of a is a', then the chart will be based on 


). ... (27.12) 


where, of course, 

B 1 ^c t -3y/ n ~-±-c 


LCL^Cta'-So’yJ'L* 
Central line=c 2 a 


and 


UCL=c t a' + 3a'J n -~ c,*= B t o', 


and Bg — — - — — r** 

The values of B lt B t and c t are to be obtained from Table VII in 
Appendix B for certain values of n. 
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Case 2 : Standard not given 

In this case, one will use the estimate j/r 8 for a and get the 
control chart, on replacing ; 8 o' in (27.12) by J, from 


V ft 

Central linens ► 

and UCL = .j + 3i \/" “ 1 - c, 4 = B 4 J, - 

V fi 

where 

i -V-- 1 and 1 +? V-7 1 - f »* 


(27.12a) 


The values of 2? a and B A may also be obtained from Table VII of 
Appendix B for different values of n . 

In either case, if LCL , as given by the stated formula, comes out 
negative, then it is to be taken as zero. This is because in no case 
can s be a negative quantity. 


27.5.3 Control charts for range 

Case 1 : Standard given 

Fqr a normally distributed variable x , we have 

and u R—Dfj 9 (27.13) 

• 

where D as well as rf 8 is a function of w. 

If the standard value of or is given to be o\ th^n the chart for R 
will be built on the basis of 

LCL=^d t o t — 3Da = Z^a', 

Central hne=d 2 a ' 

and UCL—d 2 o' -\ 3 Da' =D 2 o f > 

where D x *=d 2 —$D and D 2 =^g+3D. The values of D x and Z) 8 , as 
well as the valudl of d % > are obtainable for certain values of a from 
Table VII, Appendix B. 

Case 2 : Standard not given 

When no standard value of a is specified, it is estimated by Mjd r 




(27.13a) 
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The chart will then be based on 

LCL=R—3jR=D i R, 1 

Central line=R V ... (27.13b) 

and UCL^R+SjR^DiR, 

«a J 

where Z),= l— 3^, D 4 = 1+3®. The values or these constants are, 

“B “B 

again, available from "Iable VII, Appendix B. 

In either case, if LCL , according to the stated formula, comes out 
to be negative, then it is taken to be zero. For R by its veiy nature 
can never be a negative quantity. 

27.6 Control charts for number defective and fraction defective 

When the quality characteristic is an attribute, and each item is 
recorded ac either defective or non-defective, to judge whe ther the 
process is in control, one has to ascertain whether the population 
fraction defective P is the same for all sub-groups. The judgment 
may be based either on the number of defectives, say d , in the 
sample or on the fraction defective p=djn in the sample, wheie n, as 
before, denotes the number of items inspected per sub-group. 

27.6.1 Control charts for number defective 

Case 1 : Standard given 

Assuming that each random sample is taken with replacements 
or, even if taken without replacements, is taken froi a practically 
infinite population, we may suppose that d—np is distributed in the 
binomial form with 

E(np)=^nP 

and o HP = VtiP(i — P), 

P being the same for all sub-groups if and only if the process is in 
control 

Hence if p* be the specified standard value P, the control 
chart will be constructed on the basis of 

LCL=np' -3Vnp \ ^ =r p r ), \ 

Central line—np ' ? ... (27.14) 

UCL^np^Zy/r^^py ) 


and 
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Case 2 : Standard not given 

If no standard value is specified for P, it will have to be estimated 
from the samples themselves. The appropriate estimate is the mean 
fraction defective 

p=2Pilm. 

The lines on the control chart will then the 

LCL=np~3V np(l —p), 

Central line=np 

and UCL=np+3Vn£{\ — fj. 

Note that np can never be negative. Hence if LCL , according to 
either of the above formulae, comes out negative, then it is to be 
taken as zero. 

27.6.2 Control charts for fraction defective 

Case 1 : Standard given 

In case one constructs a control chart for p instead of np y one 
uses the relations 

E(p)=P 

and <T p = VP(l—P)ln. 

Supposing p' is the specified standard for P, the chart will 
consist of 

LCL=p‘ -3Vp' (T-p')ln=p' —Ay/ p* fl -/>'), \ 

Central line—p ' V ... (27.15) 

and UCL=p'+5 V>' (1 -p')ln=p'+ AVp'(\ — p 7 ), J 

where A=3jVn. 

Case 2 : Standard not given 

Here the common value P will be estimated by p> and one will 

have 

LCL=p—Ay/p{\-£), \ 

Central line =*p > ... (27.15a) 

and * UCL**f+AVf(i-f). i 

Here too one will have to remember that p can never be negative. 
Hence if LCL is found* negative according to the above formulae, 
then it is to be taken to be zero. 


} 


(27.14a) 
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27.6.3 Control charts for percent defective 

In this case we construct a control chart for 100/ instead of / . 
The formulae for the three lines of percent defective chai t can be 
written down fropi (27.15) and (27.15a) as follows : 


Case 1 : 


and 


Standard given 

LCL = 1 00 /' - 1 00 A Vp'Jl -/'), 
Central Ziw*= 100/ ' 

UCL = 1 00/'- 1 00 A Vp'(l~p‘). 




(27.15b) 


Case 2 : 


and 


Standard not given 


LCL— 100/- \Q0AVp{l-p), 
Central /in* =100/ 

UCL=\Q0p- lOOAVp(l-p). 


... (27.15c) 


A /-chart (or np - chart or 100/-chart) is advantageous because it 
may be used even for characters that are observed as variables. The 
cost of obtaining data on an attribute is usually less than that for 
obtaining data on variables. The cost of compiling a /-chart may 
also be less, since a /-chart may be used for any number of charac- 
teristics and may replace many pairs of (x, s) or (*, R) charts. 

In case the sample size is constant, it is immaterial whether one 
uses the n/-chart or the /-chart. If, however, the sample size varies, 
in the n/-chart all three lines will vary with n and th. .esulting chart 
will be highly confusing, whereas in the /-chart the central line will 
be invariant. It is, therefore, simpler and preferable to use the 
/-chart (or 100/-chart) in case the sample size varies. 

Instead of computing control limits for each sample size sepa- 
rately, two sets of limits may be computed based on the minimum 
and the maximum sample sizes. Action need not be taken for points 
lying within the inner set of limits, while action must be taken for 
points lying beyond the outer limits. For other points, action should 
be based on exact control limits. 

The confusion in a /-chart (or «/-chart or 100/-chart) with vary- 
ing control limits can be avoided with some additional computation. 
For that, instead of plotting / in the control chart, one should plot 


rs(ii)— 24 
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the standardised value, via. 


* —pi i* or 


... (27.16) 


9 

according as the standard value for p is specified or not, f being the 
weighted mean of sample proportions with the sample sizes as weights. 
The central line as well as the control limits becomes invariant with 
n, since obviously here 


and 


LCL=-3, 
Central line = 0 

UCL—3. 


} 


(27.17) 


27.7 Control charts for number of defects 

We are now concerned with cases where each item is observed 
for the number of defects it contains. The distinction between a 
defective and a defect is clear : a defective is an item that foils to 
fulfil one or more of the given specifications, a defect is any instance 
of the item's lack of conformity to specifications. Every defective 
item thus contains one or more defects. These defects may be the 
surface defects in a roll of paper or photographic film, the weak spots 
in a given length of a fibre or an insulated wire, thcsmperfections 
in, say, a 1 -metre piece of cloth, the defective rivets in an aircraft, 
the loose screws or noisy hinges or exposed wires in a refrigerator, 
and so on. 

In many manufactured articles, the opportunities for defects to 
occur are numerous, even though the probability for a defect to 
occur in any one spot is negligible. Hence the number of defects (c) 
may in most cases be supposed to be distributed in the Poisson form, 
say with parameter A. 

A control chart for c will then aim at detecting any differences 
that may exist among the Poisson distributions for the different sub- 
groups or, in other words, among the A-values for the sub-groups. 

Case 1 : Standard fiven 

We know that for a Poisson variable c with parameter A, 

* £(*)- A 

9 , «=Va. 


and 
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Hence if a standard value for A, say c\ is provided, then the 
control chart for c will be based on 

LCL=c'-Wc', 

* Central line=c' > ... (27.18) 

and UCL~c’+3\/c\ ) 

Case 2 : Standard not given 

When no standard is specified, A will have to be estimated from 
the observed c values. Supposing is the c value for the sample 

taken from the ith sub-group ( 1 = 1 , 2 , , m), the appropriate 

estimate of A will be 

C='£ C il m - 

i 

When this is substituted for c* in (27.18), we shall get the lines 
for the c-chart, viz. 


and 


LCL=d— 3Vc } 
Central line— l 

UCL=c+$\/i. 


} 


... (27.18a) 


Note that c cannot be negative. Hence if LCL is negative accor- 
ding to the above formulae, then it is to be taken equal to zero. The 
above formulae relate to c-charts with samples of constant size from 
all sub-groups. In most cases, each sub-group samp' - will consist of 
a single article. 

However, it is not necessary that different sub-groups should be 
of constant size. In the case of variable sub-group size, we obtain 
the number of defects per unit, i.e. u=c/n. The central line fora 
u-chart will be u', which is the standard number of defects' per unit. 
The limit lines will not be constant, but will vary with the sub-group 
size n. The lines for the a-chart, i.e. for a chart for the number of 
defects per unit with variable sample size, are 

LCL=u’-3y/17lu, \ 

Central line=u' > ... (27.19) 

and UCL^u'+Sy/Tfn. ) 
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When s' is not specified, it is estimated by 
8= 2«i/ I"h 

i~\ im 1 

where Uj, iij are, respectively, the number of defects and sample size 
for the ith sub-group. Substituting Q for u' in (27.19;, we shall get 
the lines for the u-chart, viz. 

LCL=Q-3Vafn, \ 

Central Hne—U \ • •• (27.20) 

and UCL*=a+3V*ln. J 

27.8 Two types of control chart 

A control chart may be used either to determine whether past 
opeiations of a process have been in control or as a basis for action 
on future production. 

The control limits for the first type of chart are computed solely 
on the basis of past data. Lack of control will generally be indicated 
by points lying outside these limits. 

Control limits may also be applied as a basis for action on future 
production. But in this case a revision of the trial limits may be in 
order, for some of the points may lie outside the limits NM and indicate 
lack of control. All the points may not be assumed to come from a 
stable distribution. It # is important, however, that future control 
limits should be based on data coming from a controlled process. 
As a practical rule, therefore, points falling outside the trial control 
limits are left out and new control limits computed using the 
remaining points. This procedure may be repeated until all points 
lie within the control limits. 

If this is done, then a possible difficulty has to be kept in view. 
For in future the control chart may indicate a false lack of control, 
in the sense that the process may be in control at some other level, 
although it may be out of control at the aimed-at level. 

There are some** who advocate that in the case of A-charts, 
^-charts, ^-charts or ^charts, lower limits are of interest only as an 
indication of improvement which is welcome. Steps should be taken 
to preserve the improvement. For them, it is usual to plot only 
the upper control limits on these charts. 
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According to others, this is not so. They contend that when on 
these charts points fall below the LCL, the assignable cause is just 
as important to find out as in the case of a point above the UCL. 
It may be that inspection personnel are not alert. If this is a real 
process improvement, this should be maintained in future. So to 
them both UCL and LCL are important. 

27.9 Natural tolerance limits and specification limits 

The control chart may show that the process is in control at a 
particular level. But it may also be of interest to know whether the 
process can meet the specification limits set for the item. A decision 
on this point may be made by comparing what are called the 
‘natural tolerance limits’ of the process with the specification limits. 
If n and o are the process average and process s.d., respectively, 
then the limits /t±3<7, which include on the average 9,973 out of 
10,000 »*en^, will be called the natural toleraifces of the process, x 
and a' will be estimated by x and i/c, or R\d v and in this way we 
shall get estimates of the tolerances, which will be compared with 
the specification limits. 

* If the estimated natural tolerances are not included within the 
specification limits, then a readjustment of the process will be 
advisable, with respect to either the process average or the*process 
dispersion or both ; or else a revision of specification limits will be 
called for. 

If the estimated tolerances lie well within the spe< 3 cation limits, 
this will signify that the process is too good. Then tea a revision of 
the specification limits may be called for, or else it may mean that 
some relaxation of the conditions of production may be allowed, 
leading perhaps to lower costs. 

The ideal situation will be attained when the tolerance limits are 
approximately coincident with the specification limits. 

Ex. 27*1 The following data relate to the life (in hours) of 15 
samples of 6 electric bulbs each, drawn at intervals of one hour from 
a production process. Draw the X and H charts and comment. 
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Sample No. 



Life- time (in 

hours) 



1 

620 

687 

666 

769 

839 

686 

2 

501 

585 

524 

585 

655 

668 

3 

673 

701 

636 

567 

622 

660 

4 

646 

626 

572 

628' 

632 

743 

5 

494 

984 

659 

643 

660 

640 

6 

634 

755 

625 

582 

685 

555 

7 

619 

710 

664 

693 

773 

534 

8 

631 

723 

614 

535 

551 

570 

9 

482 

791 

533 

612 

497 

499 

10 

706 

524 

626 

503 

662 

754 

11 

530 

432 

379 

690 

724 

536 

12 

485 

497 

608 

593 

648 

729 

IS 

585 

535 

762 

588 

625 

737 

14 

462 

490 

635 

587 

554 

673 

15 

722 

608 

665 

587 

531 

705 


To draw the control charts For mean and range, we have to 
calculate the mean and range for each of the samples. The sample 
totals, means and ranges are shown below : 



Total 

Mean 

Range 

1 

4,267 

71117 

219 

2 

3,518 

586*33 

167 

3 

3,909 

651*50 

134 

4 

3,847 

641*17 

171 

5 

4,080 

680 00 

490 

6 

3,836 

639-33 

200 

7 

3,993 

665 50 

176 

8 

3,620 

603*33 

188 

9 

3,414 

569 00 

309 

10 

3,775 

629*17 

251 

11 

*,291 

548*50 

345 

12 

3,560 

593*33 

244 

13 

3,832 

638*67 1 

227 

14 

3,401 

566*83 

211 

15 

3,818 

636*33 

191 

Total 

— 

9,360 16 

3,523 
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The mean of sample means and that of sample ranges are 

624-01 


and # 5=?^?= 234-87. 

From Table VII of Appendix B, we get for n»6, A t 
Thus for the mean-chart 


• 483 . 


LCLS-Ajt 

=62 1-01 -*483 x 234-87 
=624*01 - 1 13*44=510*57, 

Central /nk=$=624*01 

and £/CL=3+^ i j?=624*01 + 113*44= 737*45. 

The mean-chart, showing the control limits, the central line and 
the sample means plotted against the sample numbers, appears in 
Fig. 27.2. 



Fig. 27.2 Mean-chart for life (it. -outs) of electric bulbs. 

From the chart we see that all the sample values are well within 
the control limits. Thus, during the period under consideration. 
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the process has been in a state of control so far as average life is^ 
concerned. 

To see whether the process dispersion has also been under control 
or not, we draw the range-chart. From Table VII of Appendix B, 

* we find, for n=6, Z) s = 0 and 0 4 = 2 004. Thus, foi the range-chart, 
LCL=D B R= 0, 

Central /i»*=)?=.234 87 

and UCL-=D A R = 2 004 \ 234 87=470 68. 

The range-chart is shown in Fig. 27.3. 



► 

Fig. 27.3 Range-chart for life (in hours) of electric bulbs. 

From the chart we find that all the sample ranges are within the 
control limits, except the range for the fifth sample Thus we may 
say that the process dispersion has also been under control, although 

there is a slight indication of lack of it in the fifth sub-group. 

» 

Ex. 27*2 Following are the figures for the number of defectives 
in 22 lots, each containing 2,000 rubber belts : 

425, *30, 216, 341, 225, 322, 280, 306, 337, 305, 356,402. 216, 
264, 126, 409, 193, 326. 280, 389, 451, 420. 
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Drawing the control chart for fraction defective, plot the points on 
it. Comment on the state of control of the process. 

To draw the control chart for fraction defective, we find the frac- 
tion defectives for all the 22 lots under consideration. These are : 

•2125, -2150, -K)80, -1705, 1125, 1610, -1400, 1530, 1685, 1525, 
•1780, -2010, 1080, -1320, -0630, -2045, -0965, 1630, -1400, 1945, 
•2255, -2100. 

The pooled fraction defective is 

p = 2P ,/22 =3-5095/22 = 1595. 

i 

Thus the control limits and the central line are 
LCL=p-3Vp[l—p)ln 

=-1595-3V-T595)T8405/2000 
= 1595- 3 x 0082= 1349, 

Central line — • 1 595 

and l/C£=-1595+ 3x-0082= 1841. 

The control ch?rt is drawn in Fig. 27.4. 



Fig. 27.4 p -chart for fraction defective in rubber belts. 
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From the chart we see that quite a large number of points an 
outside the control limits. Thus we infer that the production process 
is completely out of control. 


Ex. 27*3 Following are the numbers of defects found in 1,000 
items of cotton piece-goods inspected every day in a certain month : 


Day 

Number of defects 

Day 

Number of defects 

1 

1 

16 

20 

2 

1 

17 

1 

3 

3 

18 

6 

4 

7 

19 

12 

5 

8 

20 

4 

6 

1 

21 

5 

7 

2 

22 

1 

6 

6 

23 

8 

9 

1 

24 

7 

10 

1 

25 

9 

11 

10 

26 

2 

12 

5 

27 

3 

13 

0 

28 

14 

14 

19 

29 

6 

15 

16 

30 

8 


Do these data come from a controlled process ? 

Hefe we have to draw the control chart for the number of 
defects. If c { denotes -the number of defects in the ith sub-group 
(here the ith day), we have 

d=J,e,l 30=187/30=6-23. 

i 

The control limits and the central line, therefore, are as follows : 
£C£=*-3V*=6-23-3 x2-50 
is negative, so we should take 

LCL=* 0 * 

Central Hne—i=&-25 

and 170.-6-23+3 x 2-50= 13-73. 

Fig. 27.5 shows the control chart. 

The chart indicates that the process is not under control. The 
sub-groups 14, 15 and 16 and again the 28th sub-group give 
evidence of lack of control. 
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Fig. 27.5 e-chart for defects in cotton piece-goods. 


27.10 Advantages of process control 

Process control ensures that the quality of a manufacturing 
process is satisfactory. It may mean a very great saving in industry 
inr addition to the enhanced reputation that comes from the merchan- 
dising of a uniformly good product. When a trouble starts in the 
process, it is of great economic importance to detect it immediately. 

Process control provides us with a sound basis for making 
specifications. There is no point in having specifications which 
cannot be reached economically. On the other hand, ’•‘“the inherent 
tolerances of the process are far inside the specification limits, these 
limits may well be revised. 

Again, lot control would be far more economical if the process 
were under control, because in that case rejections and the amount 
of sampling necessary in coming to decisions would be minimised. 

27.11 Sampling Inspection by attributes 

From economic considerations, it is not practicable to inspect fully 
in lot control ; one has to take recourse to sampling inspection. For 
simplicity, we shall mainly deal here with sampling inspection for 
attributes ; i.e , the items are judged good or defective by inspec- 
tion and the quality of the lot adjudged from the sample fraction 
defective. 
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A sampling plan may be of either the acceptance-rejection or the 
acceptance-rectification type. In the former, the lot is either accepted 
or rejected in the light of the sample. In the latter, if the sample 
does not straightway lead to the acceptance of the. lot, it is 
subjected to cent per cent inspection and, in either case, all defective 
items encountered are replaced by non-defectives. Although we 
shall here be concerned mainly with the second type, most of the 
discussion will be relevant to both the types if we consider the 
words ‘accept* and ‘reject* to be inter-changeable with, respectively, 
the phrases ‘accept and replace all defective items in the sample* 
and ‘inspect the lot fully and replace all defectives therein’. 

We shall first introduce several concepts which are of importance 
in deriving optimum sampling inspection plans. 

Producer's risk : By ‘producer* we shall mean any person, firm or 
department that prepares goods to be supplied to another person or 
firm or another department of the same firm. Any sampling inspec- 
tion plan for acceptance or rejection of a lot possesses the disadvan- 
tage of occasionally rejecting a lot of satisfactory quality. Suppose 
the producer claims that he has standardised the quality at a level 
of fraction defective p, called the producer's process average . The 
probability of rejecting a lot under the sampling inspection plan 
when foe fraction defective is actually p is called the producer's risk 
and is denoted by P p% Clearly, P p can be kept small by making p 
sufficiently small. But the producer may find it more economical to 
allow a fairly high risk than to try to reduce p . 

Consumer's risk : By ‘consumer* we shall mean the person or 
firm or department that receives the articles from the producer. 
The consumer has to face the risk of accepting a lot of unsatisfactory 
quality on the basis of sampling inspection. If p t be the lot tolerance 
fraction defective ,* i.e. the maximum fraction defective in the lot that 
he will tolerate, then the probability of accepting a lot with fraction 
defective p t9 under the sampling inspection plan, is called the 
consumer's risk and is denoted by P t . 

Average outgoing 1 quality limit ( AOQL ) : The expected fraction 
defective remaining in the lot after the application of the sampling 
plan is called the average -outgoing quality ( AOQ ,). This is naturally a 
* 100 p$ it the lot tolerance per cent defective ( LTPD ). 
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function of p , the actual fraction defective in the lot. The maximum 
value of the average outgoing quality, the maximum being taken 
with respect to p, is known as the average outgoing quality limit or, 
briefly, the j40£)Z* 

Average sample number ( ASN ) : The expected value of the sample 
size required for coming to a decision, i e. for acceptance or rejection 
of a lot, under the sampling inspection plan, is called the average 
sample number (ASN)* This is naturally a function ofp, the actual 
fraction defective of the lot. The curve obtained by plotting ASN 
against p is called the ASN curve. Obviously, other factors 
remaining the same, the lower the ASN curve, the better is the 
sampling inspection plan. 

Operating characteristic ( OC ) : The operating .characteristic ( OC ) is the 
mathematical expression, L(p)> stating the probability of accepting 
a lot as a function of p 9 the fraction defective of the lot. Tne curve 
obtained by plotting the operating characteristic against p is called* 
the OC curve. Naturally, the steeper the OC curve, the greater is 
the protection to the consumer. An ideal plan, of course, would be 
one which rejects all lots which are of worse quality than some 
predetermined value of the fraction defective p and accepts all lots 
which are equal to or better than that quality. Such a plan, 
however, can never be attained. 


27.11.1 Single sampling plans 

A single sampling plan for attributes may be described as 
follows : 


Inspect a random sample of size n. 

I 

If the number of defectives in the sample 


does not exceed r, 


accept the lot, replace all 
defectives found in the 
sample by non-dcfectivea. 


exceeds c, 

I I 

inspect th- whole lot, 
replace defectives by 
non-defectives. 


Thus there are two unknown quantities to be determined in this 
sampling plan, viz. n and c. There are two approaches for deter- 
mining these quantities : 
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Lot quality protection 

In this approach, the values of n and c are determined from 
specified values of N, the lot size, p„ the lot tolerance fraction 
defective, p, the process average, and P,, the consumer's risk. 

If p t be the lot-tolerance fraction defective, the expression for P c 
will be 


P. 


_ y IN — Np} 

"»-o\ »— * I 



(27.21) 


and if p be the producer's process average, the expression for P p 
will be 



(27.22) 


If the actual fraction defective in the lot is /, as claimed by the 
producer, then the expected number / of items to be inspected is 


I=n+(JV— n)P„ 


(27.23) 


since n items are inspected in any case and the remaining JV— » are 
inspected if the number of defectives in the sample exceeds c. 

The lot-size JV will be specified in any given case, while the 
consumer’s requirement will fix the values of p, and P , . Hence 
expression (27.21) gives an equation in the two unknowns n and c. 
This equation is satisfied for various combinations of values of n 
and c. To safeguard the producer’s injerests too, one would select 
that pair of n and c for which the expected number of items to be 
inspected, given by (27.23), is a minimum. The solution, however, 
is theoretically very difficult to obtain. Extensive tables have been 
prepared by Dodge and Romig, who obtained the solution by 
numerical methods. 


Average quality prote tion 

In this approach, the problem of protecting the consumer from 
an inferior product is solved by ensuring him a certain quality level 
of the product after inspection, regardless of what quality level is 
being maintained by the producer. This is done by specifying the 
value of the average outgoing quality limit. 

If p be the actual fraction defective in the lot of size JV, die 
average outgoing quality under the single sampling scheme is 
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given by 

••• <*•«> 

since the fraction ^defective in the lot after inspection is (JV£— *)/JV, 
where x is the number of defectives found in the sample, provided 
x does not exceed c> and it is zero if x exceeds c. 

The maximum value of the expression in (27.24> with respect to 
p is the AOQL. 

The consumer’s interests are taken care of by specifying the 
AOQJL. Given the values of A r and the AOQL y expression (27.24) 
gives an equation in n and c. In order to safeguard the producer's 
interests, that pair of n and c satisfying (27.24) is selected for which 
the expected number of items to be inspected, for the specified value 
of is a minimum. 

Extensive tables for sampling plans under this approach are also 
provided by Dodge and Romig . 

27.11.2 Double sampling plans 

In the double sampling inspection plan for sampling from a given 
lot of size JV, the procedure for taking action regarding the given lot 
is as follows : 

Inspect a first sample of size fig. 

If the number of defectives found in the first sample 


does not exceed c u 


exceeds c i9 but not c a , 


ext Is eg. 


inspect a second sample of size n a . 

If the number of defectives in the first and 
second samples combined 


does not exceed c a , exceeds t* 


inspect 100%, replace the defectives 
by non-defectives. 


The values to be determined here are n t , n t9 c x and t t . As in 
tingle sampling, here also there are two 'pproaches for determining 
t hese values, viz. approach of lot quality protection and that of 
average quality protection. The various expressions will, however, 
be different. The expressions are given below. 
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Let us denote by P Ml u .xt.jt the quantity 

The expression for the consumer’s risk P e is then 

c i 

n t ; JiP r S 

,2 ?c j+i* « l ; Np r .v * 9 ; ••• (27 25) 

while the producer’s risk P p is 

— 2^*. "i 

JtssA > 


‘S“«1 


2 2 ^**,+1, Jtf.JfXP*, »,i Nf-t .-i, N— t ' ”• (27.26) 

im 1 #«0 11 * l I 

The expected number / of items inspected per lot for lots with 
fraction defective p is 

/=**!+**(! — 2 n t i jrp, #) + (N— n \ — n %)Ppy ••• (27.27) 

l«0 1 

while the AOQ, for lots having fraction defective p is 


AOQ-£pfp)r... tljn . M 


J^_( +f+Jt)u 

+ J. Itjf — K‘. 

*7* i, i, j w-« ,• ••• (27.28) 


The maximum value of this .40Q, with respect to p is the AOQL 
in the double sampling plan. 

Extensive tables for both the approaches are provided by Dodge 
and Romig. 


27. 11.3 Multiply sampling plans 

The multiple sampling inspection plan is an extension of the 
double 'Ampting plan, in which the decision to accept the lot or to 
inspect fully is readied in m or fewer samples, where m is greater 
than two. In an m-ple sampling plan, die scheme b as follows : 
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Inspect a first sample of size n x . 

If the number of defectives found in the first sample 

take a second sample of si;e ns. 

I 

If the number of defccthes in the fust two samplev 
combined 

! 

docs not exceed c lt , exceeds r lt , but not exceeds c tit 

I I I 

! take a third sample of size n 3 . I 

take an rnth sample of size n m . 

If the number of defectives in the m samples combined 

I I 

does not exceed c in , exceeds c* OTl 

! ! 

accept the lot. replace the defecti\es [inspect 100%, rt place the defectives! 

in thr sample by non-defenive- I by non-defectives. | 

Wc are not, however, going to discuss here the details of multiple 
sampling. 

27.11.4 Sequential sampling inspection plans 

We have seen that a double sampling plan provides for two 
stages of sampling while a multiple sampling plan provides for more 
than two. A sequential sampling plan may be said lo be the most 
extreme type of plan in the sense that it provides »- an infinite 
number of stages, at each stage there being three possible courses of 
action, viz. acceptance of lot, rejection of lot and suspension of 
judgment till the next stage of sampling. 

Suppose p is the (unknown) proportion of defectives in the lot. 
It would be possible to specify two values of p , say p 0 and p t (p 0 <pi'> 
such that from the producer’s point of view, it will be a serious 
error to reject the lot when p^p Q and from the consumer’s point of 
view, it will be a serious error to accept the lot when p^pi* On the 
other hand, for p Q <p<pi , both may he indifferent to whether the 
lot is accepted or rejected. It may also be possible to decide upon 
two values a and p such that the producer wants the probability of 
rejection of lot to be less than or equal to a when p^.p 0 and such 


t8(ii)— 25 
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that the consumer wants the probability of acceptance to be less 
than or equal to /3 when Thus it is desired that 


and 


fo* P<P* i 

UPXP for p>p v / • 


(27.29) 


The sequential sampling plan for this problem (assuming just one 
item is taken at each stage) will then be based on the ratio 


Pim . 

Pm 


JlPx'‘ (i-W 1 *** 

. i»l 


( 27 . 30 ) 


where x t (i= 1, 2, , m) is the sample observation taken at the ith 

stage, Pi* = joint p.m.f. of x v , x m under H x : p=pi and p 9m = 

joint p.m.f. under H 0 : p-p a - Here it is supposed that *j, the 
observation corresponding to the ith item drawn, has the p.m.f. 

P‘‘( I-P) 1 -*, 

with *|=1 if the ith item is defective and *j=0 otherwise 

Thus 

Pim _ Pl^"(l— 

Pm PaMl-p.)"-'"’ 
d m being the number of defectives found up to the mtiaetage. 

The sequential plan gives a rule for the course of action to be 
followed at each stage. Thus at the mth stage (which is reached 
only if no decision has been reached beforehand) one is to 
accept the lot if 

*«< P 

reject the lot if 

h. , l-t 
P.J «-• 

and suspend judgment till one more unit is taken if 

1 — * Pm * 

On simplification, it will be found to reduce to the form : 
accept the lot if d m < a m9 
reject the lot if r m 
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and suspend judgment till one more unit is taken if a m <d m < r m . 


where 


and 


logi 


i —a 


log 


1-A. 


log 


1.(1 -A.) 
Po(i-Pi) 


-m 


1 -Px 


log 


1-0 


Ing Pi (l —Pa) 

Pit 1 1 ~ Pi) 


r m = 




*Po('~Pi) * Pod -Pi) 


(27.31) 


(27.32) 


The sequential plan has a two fold merit : 

(1) It involves no distribution problem, so that the acceptance 
number a m and the rejection number r m at each stage can be deter- 
mined simply in terms of p 0 , p v a and fi. 

(2) Although the sequential plan provides for an infinite 
number of stages, in any particular case the sampling process will 
necessarily terminate after a finite number of stages. Its principal 
merit lies in the fact that the ASN for this plan is found to be almost 
half as much as the sample size required for a single sampling plan 
that provides the same type of control on the probabilities of error 1 
and error II. 



Fig. 27.1 Sequential sampling plan l • proportion of defectives 
under a manufacturing process (with /> 0 = *04, ^=*08, 
a—-15, £«*25). 

The sequential sampling scheme can be performed graphically, 
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by taking two axes of co-ordinates for m and d m9 and by drawing the 
acceptance line d m —a m and the rejection line d m =r m (see Fig. 27.1). 
As long as the points (m, d m ) lie between these lines, sampling is to 
be continued. However, whenever a point lies on or below the 
acceptance line, sampling is to be stopped and the lot accepted. 
On the other hand, whenever a point lies on or above the i ejection 
line, sampling is to be terminated and the lot rejected. 

27.11.5 Comparison of the three types of plans 

The two main considerations on the basis of which the three types 
of plans may be compared are the operating characteristic and the 
average sample number. Let us consider three equivalent sampling 
inspection plans, single, double and multiple, for which the OC 
curves are practically the same. The three plans are equivalent in 
the sense that they give the same amount of protection against 
rejection (or 100% inspection) of good lots or acceptance of bad lots. 
The average amount of inspection required per lot is a maximum 
for single sampling and a minimum for multiple sampling. The 
exact amount of saving depends on the lot-quality and the pai ticular 
plan under consideration. Speaking generally, double sampling 
often requires 25% — 33% less inspection on the average and 
multiple sampling 33% — 50% less on the average than single 
sampling. 

Two other factors may also be considered : 

(a) The training of inspectors to use sampling plans is easiest 
for single sampling and is most difficult for multiple sampling. 

(b) The psychological satisfaction gained fiom giving the 
inspection lot more than one chance is absent in single sampling and 
is a maximum in multiple sampling. 

27.12 Sampling inspection by variables 

In sampling inspection by variables, each item of a sample taken 
from the lot of manufactured products is not simply classified as 
defective or non-defective. But, for each item, measurements are 
taken on a quality characteristic along a continuous scale in terms of 
inches, cm., lb., gm., seconds or some such units. 

For quality characteristics that can be measured, it is generally 
true that cost of inspection per item is smaller by attributes than 
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by variables. Moreover, in sampling inspection by variables the 
acceptance criteria must be applied separately to each variable. E g., 
if 15 different variables are of importance, 15 sets of criteria must be 
used in inspection, by variables, whereas a single set of criteria will 
be needed in attributes inspection. 

However, despite these limitations, variables inspection may be 
preferred, for this makes a greater amount of information available 
regarding the lot than does attributes inspection. Put in a different 
way, for a given quality protection against various types of error, as 
shown by the OC curve, sampling inspection by variables requires 
smaller samples than attributes inspection. Further, it may be 
found that, of the 15 variables mentioned earlier, only one or two 
are troublesome and of real importance. As such, this type of 
inspection is expected to be more profitable. 

27.12.1 Underlying principle 

Let x be the quality characteristic in question. It will be assumed 
that x has the normal distribution in the lot. Associated with x , 
there will be the specification limits. If only the upper specification 
limit U is given, then an item is considered defective if, and only if, 
x > U. If only a lower specification limit L is given, then an item 
is considered defective if, and only if, x < L. Whenever both limits 
are specified, we have, on the other hand, to consider an item 
defective if, and only i x < L or x> U. If p. and a a r '- the mean and 
s d. of x in the lot, then the lot is to be considcrca ,ood or bad 
keeping in view the proportion defective 

CD 

/>'«= f ex P [— (x— p) i j2o*]dx 

in the first case, 

— CD 

-fc'M-r?)] 


(27.33) 


... (27.34) 
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in the second case 

and P'i+^’o 

in the third. 

However, p' L and p' a are unknown quantities, because p and o 
are unknown. Sampling inspection provides us with estimates of p' L 
and p' v or, in other words, of /* and a, in the light of which the lot 
is to be accepted or rejected. 

We shall consider separately the cases where (a) /x is unknown 
but <r is known and (b) both p and a are unknown. It may then 
be said that in (a) sampling inspection by variables is based on the 
sample mean * and-in (b) it is based on the sample mean X and the 
sample s.d. j'= *) l /( n— 1 )• 

27.13.2 Variables Inspection with known s.d. 

When o is known, there exist minimum-variance unbiassed 
estimates of p’ v and p' L , viz. 

- < 27 “> 

and ... (27.36) 

A sampling plan should naturally lead to the acceptance of the lot 
if, and only if, the sanjple proportion of defectives is small. Thus, 
for an upper specification limit, the lot is to be accepted if 
Pu<M (say) 

or, equivalently, if 

£=£>*, or g+ka < U, 

o 

where M is a quantity determined in accordance with the specified 
probability of error I and 

*=ykrJ.r M , ... (27.37) 

r M being the upper 100 M% point of the normal deviate. 

For a lower specification limit, on the other hand, the lot is to be 
accepted if 

i.e. if or g—ka^L. 

it 
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Lastly, if both specification limits are given, then the lot is 
accepted whenever 

Pu+Pl ^ Af. 

The values of A, corresponding to the lot size, the sample size and 
the specified acceptable quality level (with probability of wrong 
rejection a =*05), are given in Tables A and K of Bowker and 
Goode’s Sampling Inspection by Variables . 

27.12.3 Variables inspection with unknown s.d. 

Here also we first look for minimum-vaiiance unbiassed estimates 
of p' v and p' L . The minimum-variance unbiassed estimate of p' v is 

p v , a function of and that of p' L is p L , a function of 

s s 

It can be shown that py^M if, and only if, — j—^k say. Hence, 
for an unpr»- specification limit, the lot is accepted if 
> k , or x+ks'^U, 

the value of k now being of a more complicated form than in 
section 27.12.2. 

x j 

Similarly, p L ^ M if, and 6nly if, — r > k. Hence for a lower 

* • 

specification limit, the lot is accepted if 

~ > k or x—ks' > L. 
s 

For two-sided specification limits, the lot is to be accepted if, and 
only if, Pu+Pl < Af. It is not possible to give ar exact equivalent 
procedure in terms of x and s'. 

(An approximation would be to accept the lot if the following 
three criteria are all satisfied : 

wj s = r 

■ — J- —r 1 > k, s' maximum standard devia- 

tion (A'jD), 

where MSD is a constant depending on A/.) 

The value of k, for given lot size, sample size and acceptable 
quality level (with a =’05) is again obtainable from Tables A and B 
of Bowker and Goode's Sampling Inspection by Variables. 
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Questions and exercises 

27.1 Explain the theoretical basis of control charts. Explain 
the construction of various types of control charts for variables and 
attributes for detection of lack of control in a continuous flow of 
manufactured products. 

27.2 Describe single, double and multiple sampling inspection 
plans. Give a general outline of methods for determining the 
constants involved in single and double sampling plans. 

27.3 Discuss the following concepts in connection with sampling 
inspection plans : 

Consumer’s risk. Producer’s risk, AOQ^Ly OC curve and ASN 
curve. 

27.4 (a) For single sampling plan, obtain the expressions for the 
OC and ASN functions. Hence show that P t =L(p t ), P p = l—L(p) 
and that I is the value of the ASN function at p—p- 

(b) Do the same for a double sampling plan. 

27.5 Describe the technique of sampling inspection by variables 
for the normal distribution case. 

27 6 A machine is manufacturing mica discs with specified 
thickness between 0-008" and 0 015". Samples of size 4 are drawn 
every hour and their thickness in inches recorded as follows : 

Sample Thickness of mica discs (in units of 0 OOP) 


1 

14 

8 

12 

12 

2 

11 

10 

13 

8 

3 

11 

12 

16 

14 

4 

17 

12 

17 

16 

5 

15 

12 

14 

10 

6 

13 

8 

15 

15 

7 

14 

12 

13 

10 

8 

11 

10 

8 

16 

9 

14 

10 

12 

9 

10 

12 

10 

12 

14 

11 

10 

12 

8 

10 

12 

10 

10 

8 

8 

13 

8 

12 

10 

8 



STATISTICAL QUALITY CONTROL 


393 


Sample 

Thickness of mica 

discs ( in units of 0-001") 

14 

13 8 

11 14 

15 

7 8 

14 13 

16 

8 10 

9 13 

17 

7 8 

16 10 

18 

7 10 

12 10 

19 

10 12 

2 13 

20 

12 8 

10 14 

Draw control charts for the mean and the tange, and comment 

on the following points : 



(a) Is the process 

under control ? 


(b) If so, can it meet the specifications ? 

(c) If the answer 

to (b) is “no”, what percent of articles will 

fail to meet specifications 

in the long run 



Partial ans. x= 11-19, /?=565. 

27.7 The following table gives the results of daily inspection of 
dowel pin plates for picking up plates with surface defects. 

Construct the control chart for fraction defective taking the 
standardised values z , of (27.16), and comment. 

Date Number inspected 

Number of defectives 

January 2 

502 

18 

4 

530 

13 

5 

480 

13 

6 

510 

15 

7 

540 

21 

8 

520 

17 

9 

580 

28 

11 

476 

10 

12 

570 

23 

13 

520 

10 

14 

510 

15 

15 

536 

22 



Partial ans . 0-3267. 


27.8 The following table gives the number of defects noted at 
final inspection of aircraft. Find c and the control limits and plot 
a control chart for c . Comment on the state of control. 
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Aircraft No. 

Number of defects 

Aircraft No. 

Number of defects 

1 

7 

9 

20 

2 

15 

10 

11 

3 

13 

11 

22 

4 

18 

12 

' 15 

5 

10 

13 

8 

6 

14 

14 

24 

7 

7 

15 

14 

8 

10 

16 

8 

Partial ans. c= 1 3*5. 


27.9 The products of a manufacturing industry arc submitted 
for acceptance in lots of 1,000. From past experience, the fraction 
defective is known to be 0=0-01. Samples of size * are inspected, 
and if the number of defectives exceeds c, the remaining articles of 
the lot are also inspected ; otherwise, the whole lot is accepted. 
From the following plans, choose the one which involves minimum 
inspection on the average : 

(i) n=50, c=0 ; 

(ii) *=80, c=\ ; 

(iii) «= 100, c—2. 

(The Poisson approximation may be used). 

27.10 (a) For lots of size 3,000, if the process average is 1% and 
the consumer’s lot tolerance percent defective is 3%, what would be 
the recommended single sampling plan ? What is its AOQL ? 

(b) What would be the corresponding double sampling plan ? 
What is its AOQL ? Ans. (a) *=550, c= 11 ; AOQL=\-2% 

(b) * l =250, * t =575, <^=3, £ 2 =17 ; AOQL= 1-3%. 

27.11 (a) Determine from the AOQL Tables, for lots of size 1,000 
and a process average of 1*5%, the single sampling plan for which 
the AOQL will be 2%. 

(b) What is the corresponding double sampling plan ? 

Ans . From Dodge & Romig’s tables, (a) *=65, c=2 ; 
* (b) *j=70, **= 100, c 1 = l, c t = 6. 

27.12 Determine, for a sequential sampling plan involving 
item~by-item inspection, Tor which ^ 0 =0*03, p x =0*05, a =0*05 and 
0=0*10, the acceptance and rejection lines. 
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27.13 Determine the OC and ASN functions of the following 
three sampling inspection plans and discuss their relative merits. 
(The lot size may be supposed to be large.) 


Sampling 

plan 

• 


| Combined sample 

Sample 

Sample size 

Size 

Acceptance 
number of 

Rejection 
number of 





defectives 

defectives 

I 

1st 

5 

5 

1 

2 

II 

1st 


3 

0 

2 

2nd 

6 

9 

1 

2 


1st 

3 

3 

0 

2 

III 

2nd 

2 

5 

o 1 

• 2 


3rd 

2 

7 

i 

2 

3 
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INDIAN 

OFFICIAL STATISTICS 


A1 Introduction 

By official statistics we shall mean numerical data that are 
collected, compiled and published by different Government bodies. 
These data appear in different official publications. Most of these 
publications are issued by various statistical units of the Union 
Government and deal with data of an all- India nature. There are 
of course, State publications, from the Indian States, but they are 
outside the scope of the present discussion. 

In India, at present, we have a decentralised statistical system 
with the Central Statistical Organisation (CSO) as the advisory and 
co-ordinat! r\*r body. The collection of data at the Central level 
is done by various statistical units attached to different Central 
Ministries and at the State level, by vaiious statistical units in State 
Ministries under the leadership and guidance of the State Statistical 
Bureaux. For Central subjects like Railways, Posts and Telegraphs, 
Foreign Trade, Banking and Currency, Population, etc., the Central 
Government bears the full responsiblity and cost of collection of data. 
For State subjects like Agriculture, Education, Public Health, etc., 
the State Governments bear the responsibility for collection of data, 
although the Central Government may issue directives to bring about 
uniformity in the nature of the data. There are, however, some 
concurrent subjects like Industries, Trade Union and Labour, Relief 
and Rehabilitation, etc. The National Sample Survey (NSS) unit 
of the Central Government conducts a sample survey on an all-India 
basis every year to fill in the gaps of the existing statistics and to 
provide the Planning Commission with data which it may require 
from time to time. The Indian Statistical Institute (ISI) at Calcutta, 
besides providing training and carrying out research in theoretical 
and applied statistics, used to give technical help to the NSS and to 
do the computational work of the NSS data. However, recently the 
NSS organisation has set up its own data processing unit and the 
ISI is no longer associated with its work. 

We shall now discuss briefly the various official publications, 
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their contents and the method of collection of the data under the 
following heads : 

(1) Population. 

(2) Agriculture. 

(3) Prices. 

(4) Industrial Production 

(5) Trade and Commerce. 

(6) Labour. 

(7) Transport and Communications. 

(8) Miscellaneous. 

A2 Population statistics 

The main bulk of population statistics emerges out of decennial 
population censuses. The first Indian census took place in 1872, but 
it is often left out of account, being too limited in coveiage and 
scope. The next census was in 1881, and since then we are having 
our population censuses eveiy tenth year. 

Up to 1931 the de facto canvasser method of census taking used to 
be employed, in which persons would be counted wherever they 
were found on the census night and the required information would 
be collected by enumerators by direct interviews. Since 1941 we 
have switched over to the de jure canvasser method, in jg^iich persons 
are counted at theii noimal places of residence, and the census is 
spread over a number ,ol days, usually from two to three weeks. 
Under thfc period system, a person is counted at his normal residence 
provided he is present there at any time during the reference period ; 
otherwise he will be counted wherever he is found on the day to 
which the census relates. 

Indian censuses are now conducted under the Census Act of 1948, 
by virtue of which individuals are legally bound to supply data 
sought for during a census. The census machinery was made 
permanent in 1949 with the establishment of the office of the Census 
Commissioner and Registrar-General of India with headquarters at 
New Delhi. 

The census dataiue collected by about two million honorary 
workers selected from amongst school teachers, social workers and 
low-paid Government servants. Each investigator collects data for 
his Block, which consists of a number of census houses specially 
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defined for the purpose. A number of Blocks make a Circle, and a 
Circle-Supervisor is in charge of a Circle. A number of Circles 
constitute a Charge under a Charge-Superintendent. Other officers 
in the hierarchy are the District Census Officers, the State Superin- 
tendents of Census Operations and, above all, the Registrar-Genera) 
(and ex-officio Census Commissioner) of India. The census takes 
place over a period of two to three weeks, the last three days being 
earmarked for verification. 

Hand tabulation of data takes about three to four years. Census 
reports are published in a number of volumes, there being a general 
report and special reports dealing with specific topics. Each State 
also has its own volumes. 

The first two regular censuses conducted in 1881 and 1891 were 
concerned with the following topics : 

(1) Distribution of population, including density per square 
mile, urban and rural population, housing conditions in towns and 
average number of persons per house. 

(2) Movement of population, including internal migration. 

. (3) Sex. 

(4) Age. 

(5) Occupation of the population, including general village 
industries and urban occupations. 

(6) Ethnographic distribution, including elaborate discussion 
of the races in India. 

(7) Religion. 

(8) Literacy and level of education. 

(9) Special physical infirmities like deafness and muteness, 
leprosy, blindness, etc., according to age and sex, caste and race. 

(10) Civil conditions. 

In the censuses of 1901, 1911, 1921 and 1931, the above items of 
information were more and more extended, the scope and classifica- 
tion of occupational and ethnographic data were made more and 
more elaborate, while emphasis gradually shifted to the industrial 
and economic sides of the life of the people. In the 1941 census, 
although elaborate questions were asked of every citizen, tabulation 
was confined to a few main items due to paper economy during the 
Second World War. 


1*0(11 )-— 26 
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The first census after independence was held in 1951. The 
enumeration acquired added dignity and importance as it was held 
on the eve of the First Five-year Plan and made many important 
* changes in the traditional procedure. One pf the important 
departures from usual practice was that, apart from the usual statis- 
tical data relating to race, language, infirmities, etc., detailed 
information was gathered in the course of the census on economic 
characteristics of the population, together with material relating to 
backward classes and to ‘special groups’ of communities. 

In the 1961 census, there were further changes in the nature of 
the data collected. A need was felt to collect some data on a house- 
hold basis, viz. information concerning economic activities of the 
households — cultivation of land and household industries. The 
number of family members and that of hired workers participating in 
household industry or cultivation were also recorded. There were 
five questions for colletion of economic data from every individual — 
four for persons working and one for persons not working. Working 
persons were classified as — cultivators, agricultural labourers, those 
working in household industry and others. For persons other than 
cultivators or agricultural labourers, the nature of industry, trade or 
service.was recorded. It was also investigated whether a working 
person was an employer, employee, single worker or family worker. 
For persons not doing any gainful work, it was recorded whether 
he/she was engaged in household duties or was a full-time student, 
infant, pensioner, beggar, convict in jail or unemployed and seeking 
employment. 

Lastly, there was a complete count of technical and scientific 
personnel in India, and certain particulars regarding them were 
collected in a separate schedule meant to he filled up by the persons 
themselves. 

In the 1971 census, the household schedule was replaced by an 
establishment schedule. Industrial establishments were classified as 
(i) manufacturing, <s(ii) processing, (iii) servicing and (iv) household 
industries. Establishments other than household industries were 
classified as registered factories or unregistered workshops and by size 
of employment. They were also classified by industry and by fuel, 
power or manual labour used. Household industries were classified 
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by industry, by fuel, power or manual laboui used and by size of 
employment. Trade and commercial establishments were classified 
by nature of business or trade and by size of employment. 

As in 1961, individuals were classified as working and non- 
working. For working persons, both the main activity and secondary 
activities were noted. Working persons were classified as workers 
in manufacturing, processing, servicing or repairing — in household 
industries or in non-household industries, trade, business, profession 
or service, or workers in cultivation, or agricultural labourers. 
Non-working persons were also classified into different categories as 
in the 1961 census. 

The schedule for scientific and technical graduates was extended 
to graduates in arts and other fields in the 1971 census. 

The data collected in our censuses are not as accurate and reli- 
able as they may seem. One of the main defects of our census data 
arises from the faulty age-returns. The Indian people have shown a 
peculiar indifference to supplying age data. Very few seem to know 
precisely their own ages — the enumerator has to make guesses on 
many occasions. There are preferences for certain ages in our age- 
returns, e.g. even numbers, numbers which are multiples of 5, etc. 
Statistics of infirmities have been found huge under-estimates, first 
because the definitions are ambiguous and secondly because there is 
deliberate concealment. Literacy is an item in respect of which there 
has been changes in definition from census to census thus making 
the data non-comparable over time. The literacy figures seem to 
be slightly over-estimates. The occupational classification has also 
changed from census to census. Data on castes are also not very 
accurate. Caste-prejudices are still not infrequent in our country, 
specially in rural areas, and many people may falsely register their 
castes. Some people may falsely register themselves under backward 
classes for enjoying certain privileges from the Government. 

However, Indian censuses have improved a lot both in regard to 
the procedure and in regard to the nature of the data collected. We 
have now a permanent census depart. *ent and we have continuity 
in our census operations. The experience gained in one census can 
now be utilised for improving the future censuses. In conducting 
our future censuses, we should remember that our census data should 
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be comparable over time. The schedules, definitions and concepts 
and classifications should not be changed too often. Since sample 
verification of census data has proved satisfactory, henceforth we 
may well consider whether certain items may be propped during the 
census and may be enumerated later by sampling. 

Although our Government feels proud of the fact that our census 
system is the cheapest in the world since we get the co-operation 
and devotion of a vast army of honorary workers, this should not 
continue too long. To get more accurate and reliable data, the 
enumerators should be paid and given thorough training for the 
job. For quickness of publication of census data, the processing of 
data should be centrally managed and electric or electronic machines 
should be used wherever possible. 

Now a word about our vital statistics registers. Data regarding 
migration and registration of births and deaths in urban areas are 
more or less reliable. But even now registration of births and deaths 
in rural areas is incomplete. So any inter-census estimate on the basis 
of vital statistics and migration statistics is bound to be unreliable. 

A3 Agricultural statistics 

The Directorate of Economics and Statistics (DE6), Ministry of 
Food and Agriculture, Government of India, has been responsible 
for the compilation anH publication of agricultural statistics in India 
since 1948. It has brought about a lot of improvement both in the 
quality and in the quantity of the data collected. The data are 
collected mainly by the State Governments and are supplied to the 
DES ior compilation and publication. 

The available data may be classified into the following groups : 
(1) land utilisation statistics, (2) area and yield statistics, including 
crop forecasts, (3) agricultural wages and prices, and (4) miscellaneous 
statistics regarding livestock and poultry, forestry and fisheries, etc. 

Before 1943, even the coverage of primary agricultural statistics, 
viz. those relating*) to acreage and yield of crops, was extremely 
limited. During 1943-44, land utilisation statistics were available for 
69% of the total geographical area of the Indian Union. The relia- 
bility of the data varied from State of State. In particular, statistics 
of acreage were known to be unreliable in the permanently settled 
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areas, being based on estimates given by the village chowkidars. 
Yield statistics were available in respect of only 10 crops through 
forecasts, while post-harvest estimates were available for a few more 
crops. The reliability of the estimates, being based on the condition 
of the crop in relation to the normal crop, was also questionable. 
Statistics of land utilisation suffered from inadequate classification 
and absence of uniform definitions in different States. The position 
in other sectors of agriculture was even worse. The method of 
collection of data on harvest prices was defective. Statistics on 
livestock and poultry were collected only during the quinquennial 
livestock censuses. No regular data were available on livestock 
products. Forest statistics were collected only for State-owned 
forests, while statistics on fisheries were not collected at all. 

The DES has made improvements in almost all the sectors. The 
geographical coverage of land utilisation statistics is now almost 
complete (was v 94% in 1967-68, most of the non-reporting area being 
accounted for by Jammu & Kashmir). The coverage of crop forecasts 
for foodgrains has been complete since 1948-49. For commercial 
crops also, the coverage is much larger than before and fairly com- 
plete for important crops like cotton, jute, oilseed and sugar cane. 
The coverage in other sectors of agriculture has also gone up. 

Steps have been taken to improve the scope of existing statistics 
by amplifying the classification or collecting information on more 
crops. The land utilisation statistics are now available for 9 classes 
instead of 5 and uniform definitions have been ado; wed in all the 
States. With respect to areas under different crops, the old classifica- 
tion has been amplified. Before 1943-44, in all 34 forecasts on 10 
crops were available. The system of forecasting has gradually been 
extended to all principal crops. Now in all 70 forecasts are 
prepared. Besides, ad hoc estimates are available for some minor 
crops of commercial importance. 

The DES has also been able to improve the accuracy and 
reliability of existing data. Our acreage and yield statistics were 
subject to large observational errors. The primary reporter, viz. the 
patwari (a village revenue agent), was over-burdened with other work 
and could devote very little time to collect reliable data. Moreover, 
he was not trained for the job. Besides, very little supervision 
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and checking was done of the work performed by the patwari. in 
temporarily settled areas, where the land utilisation statistics and 
acreage statistics are based on land records maintained by the patwari , 
arrangements have been made to provide him with some training in 
the technique of observation. Provision has also been made for ade- 
quate supervision and checking at the district level. In permanently 
settled areas, viz. Bihar, Orissa, Kerala and West Bengal, where 
there is no patwari , the task of crop reporting was formerly entrusted 
to the village headman or chowkidar. Recently, however, West 
Bengal and Kerala have adopted a random sampling method for 
estimating acreage and Bihar the complete enumeration method 
with the help of specially appointed staff. In Orissa also, the State 
Statistical Bureau has been conducting agricultural sample surveys 
since 1959-60. A working group set up for the improvement of agri- 
cultural statistics during the Fourth Plan has, however, recommended 
complete enumeration in Oiissa, Kerala and West Bengal, too. 

Yield statistics were foimerly based on the formula : 

total yield = area x normal yield x condition factor. 

The concept of ‘normal yield* was rather vague and ambiguous 
whereas the ‘condition factor’ was based on reports obtained from thr 
patwaris or chowkidars. At present, for most food crops and some cash 
crops, these are based on average yield per acie determined from 
crop-cutting experiments in randomly selected areas For pre-harvest 
forecasts, however, the old formula has to be continued. Attention 
has, therefore, been paid to the improvement of reporting of ‘condi- 
tion factor* and ‘normal yield*. The normal yield is now defined as 
the average of actual yield per acre as determined by crop-cutting 
surveys over the period of the last 10 years. The procedure of 
arriving at the condition factor on the basis of th<* rate of germina- 
tion of seeds, weather conditions and crop conditions has been 
standardised and recommended for adoption in all the States. 

The defects in the system of leporting harvest prices have also 
been studied and measures for improvements have been adopted. 

Detailed statistics of agricultural wages are now regularly 
collected in all the States on a monthly basis, giving separately the 
most commonly prevailihg rates for field-labour, other agricultural 
labour and skilled labour. 
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Collection of livestock statistics and statistics of livestock products 
including wool has now been undertaken on a regular annual basis. 

Statistics on forests, forest products, employment in forestry and 
forest industry are now fairly complete for Government-owned forests, 
but for privately-bwned forests the data are not yet complete. 

Statistics on fisheries are based on ad hoc surveys conducted from 
time to time. 

The following are the important publications that provide data 
on agricultural statistics : 

Indian Agricultural Statistics (annual), Vol. 1 giving Summary 
Tables (State-wise) and Vol. 2 giving Detailed Tables (district-wise), 
presents the land utilisation statistics on total area, classification of area 
into 9 classes, area under crops, area irrigated and crops irrigated. 

Estimates of Area and Yield of Principal Crops of India (annual), 
Vol. 1 giving Summary Tables and Vol. 2 giving Detailed Tables, 
gives the acreage and yield statistics. 

The forecasts are published in the Agricultural Situation in India 
(monthly), which is brought out by the DES. 

Special annual reports for some commodities, like tea, rubber, 
coffee, oilseeds, cotton, sugar, lac, etc., are published by the DES in 
its so-called Commodity Series. 

Indian Livestock Statistics (annual) and Report oj the Indian *Livestosk 
Census (quinquennial) give the data regarding livestock and poultry 
population and products. 

Bulletin of Agricultural Prices (weekly), Agriculture Prices in India 
(annual) and Agricultural Situation in India (monthly) give data on 
agricultural prices, viz. farm (harvest) prices, procurement prices, 
wholesale prices, retail prices, etc. Agricultural Wages in India (annual) 
supplies detailed statistics of wages of different classes of agricultural 
labourers. Indian Forest Statistics (annual) is the publication giving 
forestry data, whereas no information except for reports of ad hoc 
surveys is available for fisheries in India. 

Besides the publications mentioned, the DES brings out an annual 
Abstract of Agricultural Statistics . Th* Abstract and the monthly 
journal, Agricultural Situation in India , publish an annual index 
number of agricultural production in India. It covers 19 commo- 
dities divided into two groups — food and non-food. The weighted 
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arithmetic mean of production relatives is used, the weights being 
the total values of production in the base period. The year ending 
June, 1950 is the base period. 

/ The data relating to agriculture have already improved with 
respect to both quality and quantity. But there is f still much scope 
for improvement. There are two methods now followed in different 
States for finding out the acreage — the complete enumeration method 
and the random sampling method. The two methods should be 
compared with respect to cost and accuracy and a uniform method 
should be adopted. Experiments should be conducted to evaluate 
the accuracy of crop forecasts based on ‘normal yield* and ‘crop 
condition’ factors and if possible, a correction formula may be 
obtained. Alternative estimates based on meteorological factors 
(through the multiple regression method) may also be considered in 
this connection. 

Statistics for yields separately for irrigated and non-irrigated areas 
are not collected in most States. Statistics of areas and yields under 
improved agricultural practices are also not collected. The method 
of crop-cutting experiments, which is now employed for determining 
yield rates of principal crops, has not yet been extended to commer- 
cial crops and minor crops in most States. Another important set 
of statistics to be built up is that of land utilisation according to 
land use potentialities. * Data on costs and returns have also to be 
collected. 

There are other fields in which considerable improvement is yet 
* 1 be made, e.g. the statistics of fisheries and livestock products and 
statistics of privately-owned forests. 

A4 Price statistics 

Price statistics can be discussed under the following heads : 

(a) wholesale prices and wholesale price index numbers and 

(b) retail or consumer prices and consumer price index numbers 
(which are the same^s cost of living index numbers). 

Index Numbers of Wholesale Prices in India (weekly) — Old Series and 
Revised Series — are published by the Economic Adviser to the 
Ministry of Commerce and Industry, Government of India. The old 
series is based on 2S0 quotations on 78 items divided into 5 mqjor 
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groups and 18 sub-groups. With the year ending August, 1939 as 
base, the index uses a weighted geometric mean of price-relatives, 
the weights being the values of quantities marketed in the base 
period. The revised series comprises 555 quotations on 112 items, 
divided into 6 maj&r groups and 21 sub-groups. With the financial 
year 1952-53 as base, the new index uses a weighted arithmetic 
mean of price-relatives, the weights being the values of quantities 
marketed in the base-period. The publications give, besides the 
index numbers for all commodities and for each group and sub- 
group, the individual price-quotations and price-relatives. Recently, 
the base period of the index has been shifted to the financial 
year 1961-62, and the revised index number comprises 139 items 
with 774 quotations. There are 7 main groups, the two new groups 
being Chemicals, and Machinery and Transport Equipment. 

In order to secure a representative character for the index numbers, 
particularly horn the point of view of the markets covered, several 
varieties are included for many commodities, but the quotations are 
first averaged by simple geometric mean (for old series) or simple 
arithmetic mean (for new series), so that at the time of the actual 
compilation of the index number each commodity has only one 
price relative. 

Besides these, the Economic Adviser also publishes, on Weekly, 
monthly and annual bases, index numbers of wholesale prices of 28 
important commodities with the financial year 1 952-5 ** as base. 

The statistics of retail prices are highly ina& juate in our 
country. Weekly price quotations of some important commodities in 
selected centres are available in the Indian Labour journal (monthly), 
published by the Labour Bureau, Ministry of Labour, Government 
of India. Various State statistical] organisations compile their own 
cost of living index numbers (or consumer price index numbers), and 
some of these are available in the Indian Labour Journal . The Labour 
Bureau also compiles and publishes in the journal working-class cost 
of living index numbers in two separate series : (a) Labour Bureau 

series covering 21 centres and (b) St pY series covering 18 centres. 
The year 1949 is the base. A revised series of working-class 
consumer price index numbers (base period = the year 1960) for 41 
centres is also published in the journal. 
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The CSO is compiling consumer price index numbers for urban 
non-agricul tural non-manual workers since January, 1961 for 45 
centres. The index for each centre includes approximately 180 
items of goods and services classified into 5 main groups and 23 sub- 
groups. The base year of these index numbers is klso I960. During 
1958-59, middle-class family living surveys were conducted with the 
help of the NSS to provide weights needed for this series of index 
numbers. The centres were selected on the basis of administrative 
importance, middle-class concentration and regional representation. 

The Bureau of Applied Economics and Statistics, West Bengal, 
compiles and publishes comprehensive data on cost of living index 
numbers for 25 towns of West Bengal, including Calcutta, separately 
for people in 5 different expenditure levels, viz. Re. 1 — Rs. 100, 
Rs. 101— Rs. 200, Rs. 201— Rs. 350, Rs. 351— Rs. 700, and Rs. 701 
and above. The base period of the series is the year 1960. The 
index numbers are published on a monthly basis in the Monthly 
Statistical Digest , West Bengal . 

The weekly journal Capital also publishes a cost of living index 
number for Calcutta and the neighbouring industrial area. 

The cost of living index numbers for different centies m India 
compiled by different State Governments and the Central Govern- 
ment suffer from the defect of non-comparability, due to diverse 
methods being adopted in their computation. Besides, most of the 
index numbers relate to working class people. Steps should be taken 
to extend the scope of the data to middle class and othei classes of 
people as well. 

The Reserve Bank compiles an index number of security prices 
with the financial year 1961-62 as base. It is published in the 
(monthly) Reserve Bank of India Bulletin . 

A5 Industrial statistics 

Statistics of industrial production may be discussed under two 
heads : (a) statistics relating to large-scale manufacturing industries 
and (b) statistics relating to small-scale cottage industries. Statistics 
of the second type are lacking in India, except for reports on some 
ad hoc surveys conducted from time to time. 

As regards manufacturing industries, the Directorate of Industrial 
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Statistics (DIS) is responsible for the compilation and publication of 
data collected by the State Governments undei its directives An 
annual census of manufacturing industries is conducted under 
statutory power provided by the Collection of Statistics Act, 1953. 
The census covefs 29 industry groups out of 63 groups into which 
Indian industries are divided. 

The publication of the DIS are : (1) Annual Report of the Census 

of Manufacturing Industries (giving data on the number of factories, 
capital, employment, wages, value of materials consumed, value of 
products manufactured and value added by manufacture, etc.) ; 
and (2) Monthly Statistics of Production of Selected Industries in India . 
Statistics of cotton production may be obtained from Monthly 
Statistics of Cotton Production , issued by the office of the Textile 
Commissioner. The DIS also compiles a monthly index number of 
industrial production. It covers 201 items of manufacture and is 
calculated uy the weighted arithmetic mean of production relatives, 
the weights being the values added by manufacture. The indices 
for different months are adjusted for vaiying number of days in a 
month and for seasonal variation It is published in the Monthly 
Journal of the DIS . 

As part of the Xalional Sample Survey, a sample survey ol 
manufacturing industries is being conducted since 1950. « overing all 
the industries registered under the Indian Fac tories Act, 1948 The 
data are available in the reports of the .sample survey. 

Since 1955 a more comprehensive survey, knov i, as the Annual 
Survey of Industries , covering the entire industries sector and all 
factories under the Factoiies Act, 1948, has replaced the census and 
the sample survey. Factories employing 50 oi more workers if using 
power and 100 or more workers if not using power aie completely 
enumerated. The remaining factories, namely, those employing 10 
to 49 workers if using power and 20 to 99 workers if not using power, 
are^covered on the basis of a sample survey. The report is published 
in 10 volumes by the CSO. 

A6 Trade statistics 

Trade statistics of India may be classified into two groups corres- 
ponding to : (a) foreign trade and (b) inland trade — wholesale 

and retail. 
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Statistics of trade are compiled and published by the Directorate- 
General of Commercial Intellegence & Statistics (DGCIS). 

The statistics of foreign trade are adequate and reliable. These 
are available in the following publications : 

(1) Monthly Statistics of Foreign Trade in India J Vol. 1 (exports) 
and Vol. 2 (imports). It contains combined figures of trade by sea, 
air and land, under exports, re-exports and imports, giving parti- 
culars of quantity and values of articles. 

(2) Indian Trade Journal (weekly), which gives, among other 
things, statistics of land-borne trade with Nepal, Sikkim and Bhutan. 

(3) Supplement to the Monthly Statistics of Foreign Trade ^ which 
gives data relating to the over-all balance of trade, foreign trade by 
customs zones, etc. 

(4) Customs and Excise Revenue Statement of the Indian Union . 

(5) Monthly Bulletin of the Reserve Bank of India , which also gives 
some data relating to foreign trade, shipping, balance of payments, etc. 

Statistics relating to inland retail trade in India are not available. 
Data regarding inland wholesale trade are available in : 

(1) Accounts Relating to the Inland ( Rail & River-borne) Trade of 
India (monthly), giving information on trade movements of 63 
selected articles between 36 trade blocks into which the country is 
divided tipto April 1956. A number of revisions were necessitated 
by the reorganisation of States, and at present the number of trade 
blocks is 34. 

(2) Statistics of Coasting Trade of India (monthly), giving total 
exports and imports to and from each of 12 maritime blocks. 

(3) Statistics of Mantime Navigation of India , giving information 
on shipping in foreign and coasting trade of India. 

A7 Labour statistics 

The Labour Bureau compiles and publishes data under various 
Acts, like the Factories Act (1948), the Payment of Wages Act (1923), 
Trades Unions Act (1926), Workmen’s Compensation Act (1923), 
etc. The Indian Labour Journal (monthly) publishes various data 
regarding employment, wages and earnings, trade unions, industrial 
disputes, absenteeism, accidents, etc. The Bureau also publishes the 
Indian Labour Statistics (annual) and the Indian Labour Yearbook . The 
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Chief Inspector of Mines is responsible for the compilation and 
presentation of annual data relating to labour employed in mines, 
in a publication entitled Annual Report of the Chief Inspector of Mines in 
India . Statistics of Mines in India, issued by the Directorate-General of 
Mines Safety, also gives valuable information. The Monthly Coal 
Bulletin gives data relating to labourers in coal mines. 

A8 Transport and communications statistics 

The statistics on railway transport are published by the Railway 
Board in the following publications 2 

(1) Annual Report of the Railway Board on Indian Railways , Vol. I 
and Vol. 2 (Vol. 1 gives a description of the general position and 
points out the special features of the statistical tables which are 
published in Vol. 2), and (2) Monthly Railway Statistics. 

Since April 1952, the Railways have been classified as 
(A) Government Railways 
and (B) Non-Government Railways. 

Government Railways are again classified into different zones, 
while Non-Government Railways are classified by the names of the 
railways. The railways are also classified by gauges : Broad — 5'6", 
Metre— 3'3$* and Narrow — T and 2'6". 

The following details about the railways are available : 

(1) Mileage — figures are available for both route mileage and 
track mileage. 

(2) Number of passengers carried and earnings erefrom. 

(3) Tonnage of goods cairied and revenue therei om. 

(4) Total capital-at-charge. 

(5) Gross earnings. 

(6) Working expenses. 

(7) Net earnings. 

(8) Information regarding number of locomotives, wagons of 
vaiious kinds, etc. 

Various other statements of economic and g *neral interest are 
also published. 

Statistics of road transport are >mpiled by the Ministry of 
Transport, Government of India, and given in the publication 
Basic Road Statistics . Information on civil aviation are compiled by 
the Director-General of Civil Aviation, Government of India, and 
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published in the Monthly Newsletter of Civil Aviation. Statistics on 
posts and telegraphs are compiled by the Director-General of Posts 
and Telegraphs and are presented in the Statistical Abstract (annual) 
published by the CSO. 

A9 Miscellaneous statistics 

Mineral production : Statistics regarding mineral production and 
distribution are available in : 

(1) Annual Report of the Chief Inspector of Mines , 

(2) Indian Minerals Tear Book , 

(3) Mineral Production of India (monthly as well as quarterly), 

(4) Review of Mineral Production in India (quinquennial) 
and (5) Monthly Coal Bulletin. 

The Indian Bureau of Mines is mainly responsible for the 
compilation of mineral statistics in India. 

Educational statistics : Data regarding education may be available 
from the following publications issued by the Ministry of Education, 
Goverment of India : 

( 1 ) Education in India , 

(2) Education in Universities in India 
and (3) Education in the States in India . 

Financial and banking statistics : The following publications from 
the Reserve Bank of India give various data on this subject : 

(1) The Reserve Bank of India Bulletin (monthly), 

(2) Report on Trend and Progress of Banking in India (annual) 
and (3) Statistical Tables Relating to Banks in India (annual). 

National income : The National Income Unit under the CSO is 
responsible for the preparation of official estimates of the annual 
national income and social accounts of India. The office works 
under the guidance of a committee set up by the Government and 
advised by international experts. It publishes the Annual Report on 
the National Income of India. 

Besides the publications mentioned earlier, we should mention 
the Abstracts published by the CSO, which give summary data 
regarding all topics of interest. The publications are : 

(1) Statistical Abstract , India (annual) 
and (2) Monthly Abstract of Statistics. 
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jV. B. For an explanation of the terms and symbols used in die 
tables, the reader is referred to the following sections of the text : 

1. Section 9.15 (for Table I). 

2. Section 14.6 (for Tables II-V). 

3. Section 21.6 (for Table VI). 

4. Section 27.5 (for Table VII). 
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1.51 .1275830 5344783 

1.52 .1256646 .9357445 
•153 .1237628 .9369916 

1.54 .1218775 .9382198 

1.55 .1200090 .9394292 

1.56 .1181573 .9406201 

1.57 .1163225 .9417924 

1.58 .1145048 .9429466 

1.59 .1127042 .9440826 
160 .1109208 .9452007 

1.61 .1091548 .9463011 

1.62 .1074061 .9473839 

1.63 .1056748 .9484493 

1.64 .1039611 .9494974 
165 .1022649 .9505285 

1.66 .1005864 .9515428 

1.67 .0989255 .9525403 

1.68 .0972823 .9535213 

1.69 .0956568 .9544860 

1.70 .0940491 .9554345 

1.71 .0924591 .9563671 

1.72 .0908870 .95728.38 

1.73 .0893326 .9581849 
174 .0877961 .9590705 

1.75 .0862773 .9599408 

1.76 .0847764 .9607961 

1.77 .0832932 .9616364 

1.78 .0818278 9624620 
179 .0803801 9632730 
1.80 .0789502 .9640697 
1.81. .0775379 .9648521 

1.82 .0761433 .9656205 

1.83 .0747663 .9663750 

1.84 .0734068 .9671159 

1.85 .0720649 .9678432 

1.86 .0707404 .9685572 
187 .0694333 .9692581 

1.88 .0681436 .9699460 

1.89 .0668711 .9706210 

1.90 .0656158 .9712834 

1.91 .0643777 .9719334 

1.92 .0631566 .9725711 

1.93 .0619524 .9731966 

1.94 .0607652 .9738102 

1.95 .0595947 .9744119 

1.96 .0584409 .9750021 

1.97 . OS 73038 .9755808 

1.98 .0561831 .9761482 

1.99 .0550789 .976704? 
200 .0539910 .9772499 


2.01 .0529192 .9777844 

2.02 .0518636 .9783083 

2.03 .0508239 .9788217 

2.04 .0498001 .9793248 

2.05 .0487920 .9798178 

2.06 .0477996 .9803007 

2.07 .0468226 .9807738 

2.08 .0458611 .9812372 

2.09 .0449148 .9816911 

2.10 .0439836 .9821356 

2.11 .0430674 .9825708 

2.12 .0421661 .9829970 

2.13 .0412795 .9834142 

2.14 .0404076 .9838226 

2.15 .0395500 .9842224 

2.16 .0387069 .9846137 

2.17 .0378779 .9849966 

2.18 .0370629 .9853713 

2.19 .0362619 .9857379 

2.20 .0354746 .9860966 

2.21 .0347009 .9864474 

2.22 .0339408 .9867906 

2.23 .0331939 .9871263 

2.24 .0324603 .9874545 
225 0317397 .9877755 

2.26 .0310319 .9880894 

2.27 .0303370 .9883962 
2:28 .0296546 9886962 

2.29 .0289847 .9889893 

2.30 .0283270 .9892759 

2.31 .0276816 .9895559 
'2.32 .0270481 .9898296 

2.33 .0264265 .9900969 

2.34 .0258166 .9903581 

2.35 0252182 .9906133 

2.36 .0246313 .9908625 

2.37 .0240556 .9911060 

2.38 .0234910 .9913437 

2.39 .0229374 9915758 

2.40 .0223945 9918025 

2.41 .0218624 9920237 

2.42 .0213407 9922397 

2.43 .0208294 .9924506 

2.44 .0203284 9926564 

2.45 .0198374 .9928572 

2.46 0193563 .9930531 

2.47 .0188850 9932443 

2.48 0184233 .9934309 

2.49 .0179711 9936128 

2.50 .0175283 9937903 


2.51 3)170947 .9939634 
252 .0166701 .9941323 

2.53 .0162545 .9942969 

2.54 .0158476 .9944574 

2.55 .0154493 .9946139 

2.56 .0150596 .9947664 

2.57 .0146782 .9949151 

2.58 .0143051 .9950600 

2.59 .0139401 .9952012 

2.60 .0135830 .9953388 

2.61 .0132337 .9954720 

2.62 .0128921 .9956035 

2.63 .0125581 .9957308 

2.64 .0122315 .9958547 

2.65 .0119122 9959754 

2.66 .0116001 .9960930 

2.67 .0112951 .9962074 

2.68 .0109969 .9963189 

2.69 0107056 .9964274 

2.70 .0104209 .9965330 

2.71 .0101428 .9966358 

2.72 0098712 .9967359 

2.73 .0096058 .9968333 

2.74 .0093466 .9969280 

2.75 .0090936 .9970202 

2.76 .0088465 .9971099 

2.77 0086052 .9971972 

2.78 .0083697 .9972821 

2.79 .0081398 .9973646 

2.80 .0079155 .9974449 

2.81 0076965 9975229 

282 .0074829 .9975988 

283 .0072744 .9976726 

2.84 .0070711 .9977443 

2.85 .0068728 .9978140 

2.86 .0066793 .9978818 

2.87 .0064907 .9979476 

2.88 .0063067 9980116 

2.89 0061274 .9980738 

2.90 0059525 .9981342 

2.91 .0057821 .9981929 

2.92 .0056160 9982498 

2.93 .0054541 9983052 

2.94 .0052963 9983589 

2.95 .0051426 .9984111 

2.96 0049929 9984618 

2.97 .0048470 9985110 

2.98 0047050 9985588 

2.99 .0045666 9986051 
3.00 0044318 .9986501 
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TABLE I (Contd.) 


r +(r) #( t ) t <f>(r) 0(t) r <t>(r) 


3.01 .0043007 

3.02 .0041729 

3.03 .0040406 

3.04 0039276 

3.05 .0038098 

3.06 .003695) 

3.07 .0035836 

3.08 0034751 

3.09 .0033695 

3.10 .0032668 

3.11 .0031669 

3.12 .0030698 

3.13 .0029754 

3.14 .0028835 

3.15 .0027943 

3.16 0027075 

3.17 .0026231 

3.18 .0025412 

3.19 .0024615 
320 0023841 


.9966938 

.9987361 

9987772 

.9988171 

.9988558 

. 9988933 

.9989297 

.9969650 

.9989992 

.9990324 

.9990646 

.9990957 

.9991260 

.9991553 

.9991836 

.9992112 

.9992378 

.9992636 

0992886 

.9993129 


12 1 .0023089 .9993363 

322 .0022358 .9993590 

323 .0021649 .9993810 

324 .0020960 .9994024 
305 4)020290 .9994230 
326 .0019641 9994429 

307 .0019010 .9994623 

308 0018397 .9994810 

309 0017803 9994991 

300 .0017226 9995166 

301 .0016666 -9995335 

302 .0016122 0995499 

303 .0015595 9995658 

304 .0015084 .9995811 

305 .0014587 .9995959 

306 0014106 9996103 

307 .0013639 .9996242 

308 .0013187 .9996376 

309 .0012748 9996505 

3.40 .0012322 .9996631 


3.41 0011910 9996752 

3.42 0011510 9996869 
3;43 .0011122 .9996982 

3.44 .0010747 9997091 

3.45 .0010383 9997197 

3.46 0010030 .9997299 

3.47 .0009689 9997398 

3.48 .0009358 9997493 

3.49 0009037 .9997585 

3.50 0008727 -9997674 

3.51 .0008426 9997759 

3.52 0008135 .9997842 

3.53 0007853 .9997922 
354 0007581 9997999 

3.55 .0007317 9998074 

3.56 .0007001 9998146 
357 .0006814 .999821S 

3.58 0006575 -9998282 

3.59 0006343 9998347 
360 0006119 9998409 


* Abridged from Tabic 1 of Biometnka Table \ for Statisticians, Vol. I, with the 
kind permission of the Biometrika Trusties 


TABLE II. Distribution of Normal Drwatb 


Values oj r a 


a 

0.05 

0.025 

0.01 

0.005 

f« 

1.645 

1.960 

2.326 

2.576 
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TABLE III. x* Distribution* 
Values of Xj,» 


\ 

0.995 

0.99 

0.973 

0.95 

0.05 

0.025 

0.01 

0.005 

1 

0.000 

0.000 

0.001 

0.004 

3.841 

5.024 

6.635 

7879 

2 

0.010 

0.020 

0.051 

0.103 

5.991 

7278 

9210 

10.597 

3 

0.072 

0.115 

0216 

0.352 

7.815 

9248 

11.345 

12.838 

4 

0207 

0297 

0.484 

0.711 

9.488 

11.143 

13.277 

14.860 

5 

0.412 

0.554 

0.831 

1.145 

11270 

12,832 

15.086 

16750 

6 

0.676 

0272 

1237 

1.635 

12.592 

14.449 

16.812 

18.548 

7 

0.989 

1.239 

1.690 

2.167 

14.067 

16.013 

18.475 

20278 

8 

1.344 

1.646 

2.180 

2.733 

15.507 

17.535 

20.090 

21.955 

9 

1.735 

2.088 

2.700 

3.325 

16.919 

19.023 

21.666 

23.589 

10 

2.156 

2.558 

3247 

3.940 

18207 

20.483 

23209 

25.188 

11 

2.603 

3.053 

3216 

4.575 

19.675 

21.920 

24.725 

26.757 

12 

3.074 

3.571 

4.404 

5226 

21.026 

23237 

26217 • 

28.300 

13 

3.565 

4.107 

5.009 

5.892 

22262 

24.736 

27.688 

29.819 

14 

4.075 

4.660 

5.629 

6271 

23.685 

26.119 

29.141 

31.319 

15 

4.601 

5229 

6262 

7261 

24.996 

27.488 

30.578 

32801 

16 

5.142 

5212 

6.908 

7.962 

26296 

28.845 

32.000 

34.267 

17 

5.697 

6.408 

7.564 

8672 

27.587 

30.191 

33.409 

35.718 

18 

6.265 

7.015 

8231 

9.390 

28.869 

31.526 

34.805 

37.156 

19 

6.844 

7.633 

8.907 

10.117 

30.144 

32252 

36.191 

38582 


7.434 

8260 

9.591 

10.851 

31.410 

34.170 

37.566 

39.997 

21 

8.034 

8297 

10283 

11.591 

32.671 

35.479 

38.932 

41.401 

22 

8.643 

9.542 

10.982 

12238 

33.924 

36.781 

40289 

42.796 

23 

9260 

10.196 

11.688 

13.091 

35.172 

38.076 

41.638 

44181 

24 

9.886 

10.856 

12.401 

13.848 

36.415 

39.364 

** 42.980 

45.558 

25 

10.520 

11.524 

13.120 

14.611 

37.652 

40.646 

44.314 

46.928 

26 

11.160 

12.198 

13.844 

15279 

38.885 

41.923 

45.642 

48290 

27 

11.808 

12279 

14.573 

16.151 

40.113 

43.194 

46.963 

49.645 

28 

12.461 

13.565 

15.306 

16.928 

41237 

44.461 

48.278 

50.993 

29 

13.121 

14.256 

16.047 

17.708 

42.557 

45.722 

49.588 

52 336 

30 

13.787 

14.953 

16.791 

18493 

43.773 

46.979 

50.892 

53.672 

40 

20.706 

22.164 

24.433 

26.509 

55.759 

59242 

63.691 

66.766 

50 

27.991 

29.707 

32.357 

34.764 

67.505 

71.420 

76.154 

79.490 

60 

35.535 

37.485 

40.482 

43.188 

79.082 

83.298 

38.379 

91.952 

70 

43275 

45.442 

48.758 

51.739 

90.531 

95.023 

100.425 

104215 

80 

51.172 

53.540 

57.153 

60291 

101.879 

106.629 

112.329 

116221 


59.196 

61.754 

65.647 

69.126 

113.145 

118.136 

124.116 

128.299 

100 

67.328 

70.065 

74222 

77.929 

124.342 

129.561 

135307 

140.169 


For larger values of y, the variable 'J2X i — •J‘2w—l may be used as a 
normal deviate. * 

* Abridged from Table 8 of Biometrika Tables fir Statisticians, Vol. I, with 
the kind permission of the Biometrika Trustees. 
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TABLE IV, t Distribution* 
Values of t ai ¥ 



0.05 

0.025 

0.01 

0.005 


6.314 

12.706 

31.821 

63.6S7 

2 

2.920 

4703 

6765 

9.925 

3 

2753 

3.182 

4.541 

5841 

4 

2.132 

2.776 

3747 

4.604 

5 

2.015 

2.571 

3765 

4.032 

6 

1.943 

2.447 

3.143 

3.707 

7 

1.895 

2.365 

2.998 

3.499 

8 

1 1.860 

£306 

2896 

3755 

9 

1.833 

2762 

2821 

3750 


! 1.812 

2228 

2764 

3.169 

ii 

1.796 

2701 

2.718 

3.106 

12 

1.782 

2.179 

2.681 

3.055 

13 

1.771 

2.160 

2.650 

3812 

14 

1.761 

2.145 

2.624 

2.977 

15 

1.753 

2.131 

2.602 

2.947 

16 

1.746 

2.120 

2.583 

2.921 

17 

1.740 

2.110 

2.567 

2898 

18 

1.734 

2.101 

2.552 

2878 

19 

1729 

2.093 

2739 

2861 


1.72S 

2.086 

2728 

2.845 

21 1 

1.721 

2.080 

2.518 

2831 

22 I 

1717 

2.074 

2708 

2819 

23 

1714 

2.069 

2.500 

2807 

24 

1.711 

2.064 

2.492 

2.797 

25 1 

1.708 

2.060 

£485 

2.787 

26 

1.706 

2.056 

2.479 

2.779 

27 

1.703 

2.052 

2.473 

2.771 

28 

1.701 

2.048 

2.467 

2.763 

29 

1.699 

2 045 

2.462 

2.756 

30 

1.697 

2.042 

2.457 

2.750 

40 I 

1.684 

2.021 

2.423 

2.704 

60 

1.671 

2.000 

2.390 

2.660 

120 

1.658 

1.980 

2.358 

2717 

CO 

1.645 

1.960 

2.326 

2.576 


♦Abridged from Table 12 of Biometrika Tables for Statisticians , Vol. I, with the 
kind permission of the Biometrika Trustee*. 
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TABLE V. F Dibtmbutio** 


3 « 

A CO 


n$.3$3£^$K8338S::S5&3$3£K£$$§3$i 

gO|fi0 u >^ ( O(*)(MN(NiMNMNrj^Np4«JMM« a> «H^px^*NMM 

gIsisssssaaaaasaiswsBssasa 

p3S35SI9i3S®83aSSHSaBSSK 

-^as;s^ 8 ss!s^i?a»aa=^sss 8 !??s 3 !s* 

PO|Q6iA^i»}nK»NNNNN^NMNNNNp«M^p4H^^JM 

513533I3S58S33SS333S3385S5532 


o, 3 §« 383 S( 33 t! 8 a 8333 ti 3 (? 3 = 33383!!!3 

•2g»»O^«O«»)»0«ONNNNNNMWNNNNMNNN«^«^ 

||35SS53SSS832233asS3333SIS23 

§1533333333588353383839338353 

23315333388853833335339393333 


-^sMaMssssaasMsssras^^sH-.ss 

3»«^^^io«w«o«(4nnnnnn«mnnncmmcmnmnm 

W*1 

pssawMSBBffiaaasssassaasa 

§§833588333533338555883833933 

sg;i333333S533398S8888§5583839 



:^33S323358»3!3335393$JS33 


-* N « ,r “*'®*'« >0 'SSS23SSJSS5232!8aa888?88 8 


For other values of v k and r b one may use linear interpolation, taking 1/vi and 1/v* as the independent variables. 




table y (Contd.) 
Values of F. 01 ; v i . ■ 


8 


g gv ^ g os *0 »0 ^ eo « H «Hf M c5 CM W N M M M ci CJ *4 *4 

§^9RgjS5:£Jft5:SSS?S52^gS?S^S!^^S|S3;J5a 

8\ 8 2 ^ ** 10 "* ^ ** *° **»' •*> c* w ** <^i M C'i M cm cm -i «-5 .-! 


8^S3R?2So5^2g«qfe^SSS3:S?R«SRfe^SS 

^gso^o^t^vom^>-r*er'^crj<^H<^ff>» , opf»CMcv , NcviCMfNiCMCMCs , «-i 

sss^fc^sssss^ss^^s^sgssKgssss 

^ gj vo 2 W no »o ^ ^ *o «o eo to irj *o ro *o cm ra oi m oi c>* oi cm o* 
g gj J o? Pv >d »o W> ^ ^ *o *o »o ro eo ro *o »o «o M M M c4 w c^i 

S?SJffi^feSS}qS§Sg2gSSR553S5^E5^3.8SS.5?S| 

S 8i ft 2 S ** ^ 1/5 *° '* ^ *■ ^ *** *° *° *** «*> «*> «0 «*i «0 w CO M CM CM M*CM 

§a^SSgRS!^3:3^2:SgRSSH«^^2S2fegKS5! 

gv jx 2J O tv vo »o ift ^ ^r ^i? ^ ro co ro co «o «o co «o to «o eo c^ 04 ci 


§^feS5?^»2s^s?^38s5R;8S5s::^sasg;a; .a< 

ggjjv2g°OvdM:>«ov > ^-^ , ^^*^^roeO« , 0«0<^ ' XOCOCOCMCMCM gjfc 

a355f1^Sa55ggS.8^^^^2^^S?^as^?miR8 14 

^ggN^tOOOOKvdmiOU^^^^^^^^COCOCOCOCOCOCOCOVOMcj SjJ 

S8^a^R83SSSS8^*5^Ki£;2888^8=5^S |l 

l^gsMinooor^vd'Oioioto^^-'Q’^’^r^'^t’^'cotorocoeoeQcocoro “ g 

aRKSg28S5Sg^5FiS8^!SR895?^^88«8^ *5 

w>OiN*^H T3flD 

9&$g$£33$£^3S£$$3S3a3R3fe55~3$ !-i 

Jg>gjvor4o\°6t>*'0'0'0 M, i»o i o»oiou>uSu>^^^^r^^^-^eo«o 

28S38^S33a^^Sg^.^SSS8R^^«n“SRS I 1 

Rgjgoo«oOo\oootfKt^sdvosovo\o>d>Otoioiou>»Oio»o»n^^r^ *3«£ 

.5pSSS^833SffiS58» ll 


^Mfo^Mj^otsooao-ca jj 2225;228RIS8.88?8§ p 



TABLE VI. Random Sampling Numbers* 


4652 

3819 

8431 

2150 

2352 

2472 

0043 

3488 

9031 

7617 

1220 

4129 

7148 

1943 

4890 

1749 

.2030 

2327 

7353 

6007 

9410 

9179 

2722 

8445 

0641 

1489 

0828 

0385 

8488 

0422 

7209 

4950 

8479 

6062 

5593 

6322 

9439 

4996, 

1322 

4918 

9917 

3490 

5533 

2577 

4348 

0971 

2580 

1943 

6376 

9899 

9259 

5117 

1336 

0146 

0680 

4052 

7287 

0983 

3236 

3252 

0277 

8001 

6058 

4501 

0592 

4912 

3457 

8773 

5146 

2519 

3931 

6794 

6499 

9118 

3711 

8838 

0691 

1425 

7768 

9544 

0769 

1109 

7909 

4528 

8772 

1876 

2113 

4781 

8678 

4873 

2061 

1835 

0954 

5026 

2967 

6560 

0178 

7794 

6488 

7364 

4094 

1649 

2284 

7753 

3392 

0963 

6364 

5762 

0322 

2592 

3452 

9002 

0264 

6009 

1311 

5873 

5926 

8597 

9051 

8995 

4039 

7732 

8163 

2798 

1984 

1292 

0041 

2500 

9376 

7365 

7987 

1937 

2251 

3411 

6737 

0367 

3039 

3780 

2137 

7641 

4030 

1604 

2517 

9211 

8971 

8653 

1855 

5285 

5631 

2649 

6696 

5475 

0373 

4153 

5199 

5765 

2067 

6627 

3100 

5716 

909 2 

4773 

0002 

7000 

7800 

2292 

2933 

6125 

2464 

1038 

3163 

3509 

7155 

2029 

2538 

7080 

3027 

6215 

3125 

5856 

9543 

3660 

0255 

5544 

5754 

9247 

1164 

3283 

1865 

5274 

5471 

1346 

4358 

3716 

6949 

8502 

1573 

5763 

5046 

7135 

7178 

8324 

8379 

7365 

4577 

’ 4864 

0629 

510Q 

5035 

5939 

3665 

2160 

6700 

7249 

1738 

2721 

3318 

0220 

3611 

9887 

4608 

8664 

,2185 

7290 

9058 

1735 

7435 

6822 

6622 

8286 

8901 

5534 

7886 

5182 

7595 

0305 

4903 

3306 

8088 

3899 

3354 

8454 

7386 

1333 

5345 

6565 

3159 

3991 

3415 

7671 

0846 

7100 

1790 

9449 

6285 

2525 

3918 

5872 

7898 

6125 

2268 

1898 

0755 

6034 

6138 

9045 

6950 

8843 

6533 

0917 

6673 

5721 

3825 

1704 

2835 

4677 

4637 

7329 

3156 

3291 

1349 

0417 

9311 

9787 

1284 

0769 

8422 

1077 

4234 

0248 

7760 

6j04 

2754 

4044 

0842 

9080 

6880 

3201 

7044 

3657 

5263 

0374 

7563 

6599 

0714 

5008 

5076 

1134 

5342 

1608 

5179 

0967 

3448 

6421 

3304 

0583 

1260 

0662 

7257 

0766 

5711 

7343 

7539 

3684 

9397 

5335 

4031 

1486 

2588 

3301 

0553 

2427 

3598 

2580 

7017 

9176 

8581 

4253 

7404 

5264 

5411 

3431 

3092 

8573 

8475 

6322 

3949 

9675 

6533 

1133 

8776 

2216 

0272 

5624 

8549 

5552 

7469 

2799 

2822 

9620 

7383 

7795 

5*939 

2652 

4456 

6993 

2950 

8573 

5126 

2089 

7729 

0945 

3901 

4445 

7117 

8186 

2064 

3760 

0939 

7319 

5939 

3432 

2030 

4752 

9315 

8185 

7805 

6294 

7072 

6491 

4012 

1016 

6814 

8752 

3462 

6001 

3302 

3895 

7371 

3432 


424 




TABLE VI (Contd.) 


4433 

0247 

9747 

0412 

3893 

2S03 

2972 

4154 

9193 

7314 

1501 

4702 

7030 

9601 

0630 

3727 

4246 

0693 

6041 

0931 

2952 

4968 

8239 

7729 

6974 

1051 

8966 

5157 

2154 

9558 

7646 

3043 

5673 

1602 

8741 

0513 

8713 

6108 

7329 

7698 

7370 

7319 

* 4104 

6025 

4209 

5042 

4501 

7824 

6934 

0165 

3319 

6222 

4129 

6524 

4322 

9422 

1S92 

6953 

7868 

5874 

. 080S 

1138 

9428 

0189 

4683 

7 249 

1996 

0956 

8325 

4001 

2261 

8844 

4206 

3295 

1732 

6780 

8409 

6957 

529 2 

5041 

5885 

3316 

1187 

1217 

3912 

1107 

7220 

0035 

2584 

4222 

9438 

9652 

0338 

9712 

8715 

9587 

1275 

5976 

4273 

4895 

5751 

3112 

5082 

6050 

6801 

1709 

0038 

1231 

5222 

2473 

8909 

9970 

6853 

9282 

1196 

0347 

3135 

5902 

2384 

7929 

3210 

4345 

4448 

0229 

0371 

8269 

4448 

3348 

1684 

5742 

1897 

2503 

1656 

5702 

4613 

4108 

2391 

2897 

3406 

AQAA 
•tO** *7 

8756 

8011 

0246 

3663 

2543 

3913 

1429 

6379 

3369 

9040 

5983 

0436 

6793 

5986 

8153 

0769 

3347 

4014 

7007 

9018 

8118 

*64: 

9668 

3408 

8878 

3534 

5549 

6929 

4970 

2717 

9943 

1136 

9504 

0519 

5240 

0991 

4496 

1109 

8238 

9173 

6244 

7230 

0991 

1463 

9022 

5050 

5383 

9582 

1326 

2516 

5589 

4051 

4816 

1007 

1067 

2866 

7916 

2674 

5578 

1675 

8897 

4869 

3221 

3266 * 

3567 

3365 

3675 

2195 

-42 34 

7491 

8194 

5072 

6555 

0799 

1940 

1232 

6933 

5786 

6675 

7853 

8325 

9408 

3252 

6799 

0502 

3633 

7793 

1529 

4067 

5459 

8641 

3247 

6440 

9450 

8896 

1441 

7718 

4849 

3192 

5958 

1248 

0405 

4572 

6861 

3737 

9558 

1025 

8707 

3110 

1168 

6046 

5837 

6243 

6745 

2362 

7710 

8822 

3604 

7844 

2085 

7923 

7979 

0648 

9003 

8680 

1201 

2536 

0308 

8733 

9722 

4556 

4684 

5327 

1250 

9502 

0340 

9894 

0438 

2677 

9200 

3798 

0605 

8037 

7474 

0516 

8715 

8398 

5552 

2688 

7601 

3408 

6525 

2710 

4547 

9156 

1623 

8552 

8348 

7934 

1530 

3523 

6882 

4334 

7237 

8713 

5638 

7620 

3148 

4508 

3123 

4023 

4560 

2104 

4716 

7582 

4576 

8105 

7527 

9082 

2426 

6503 

8499 

3100 

2209 

3406 

6314 

6910 

8051 

0085 

0711 

9557 

8428 

4332 

9685 

6492 

7422 

3822 

3407 

5603 

5431 

0083 

7074 

6929 

7054 

2193 

9184 

4815 

0566 

1214 

8483 

2282 

0916 

5392 

1390 

7100 

.4578 

5107 

7946 

4502 

2765 

4635 

6166 

3085 

4297 

8619 

0912 

6917 

5364 

0495 

3715 

6053 

1723 

0114 

8257 

4650 

9901 

3296 

3067 

3040 

0852 

2939 

4015 

6927 

7710 

1348 

5573 

7270 

6840 

74h\) 

5933 

6472 

3750 

3132 

2603 

5574 

1528 

8104 

5520 

7279 

7940 


♦Reproduced from Tracts for Computers, No. XV {Random Sampling Numbers, 
arranged by L. H. C. Tippett), pp 12-13, with the kind permission of the 
Department of Statistics, University College, London. 
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INDEX 


Adjusted death rate {see standardised 
death rate) 

Aggregative index, simple, 284 

— weighted, 286 
Alpha test of intelligence, 274 
Amount of information, 88-90 
Analysis of covariance, 35, 107-118 

— for a one-Way layout, 109-1 1 1 

— for an RBD, 111-113 

— for any complete block design, 
113 

— some facts about, 1 18 
Analysis of variance, 3-44 

— effects of the violation of the 
assumptions, 43-44 

— for testing linearity of regression, 
36-38 

— in the study of relationship, 35-43 
c — one-way classification, 6-14 

— two-way classification, 14-34 
AOQL , 380-381 

ASX, 381 

Autocorrelation, 334-335 
Autoregression equations, 334 

Beta test of intelligence, 274 
Bias, 135-137 

— due to defective sampling tech- 
nique, 136 

— due to faulty demarcation of 
sampling units, 137 

— due to non-response, 1 36 

— due to substitution, 137 

— due to wrong choice of statistic, 
137 

— in index numbers, 295-297 

— interviewer, 136 

— observational, 136 

— prestige, 136 

— procedural, 135-136 

— response, 136 

— sampling, 136-137 


r-chart, 370-372 

Census, complete, 129, 131-132 

— data, 165-166, 181 
Chain index, 289-290 
Change-over design, 67-68 
Code numbers, 135 
Cohort, 198 

Comparative mortality index, 190-191 
Completely randomised design, 56-58 
Component method, 236 
Confounding, 82-97 

— complete, 85 

— partial, 85, 89-95 

Consumer price index number, 280, 291- 
292, 295-297, 298-300 
Consumer’s risk, 380 
Control charts, 362-373 

— for fraction defective, 368-370 

— for mean, 363-365 

— for number of defectives, 367- 
368 

— for number of defects, 3 JO-372 

— for range, 366-367 

— for s.d., 365-366 
Control limits, lower, 360 

— upper, 360 

Correlation between two time series, 
338-339 

Correlogram, 334-338 
Cost function, 131, 148, 153-154 
Cost of living index number (see consu- 
mer price index number) 

Critical difference, 1 1 
Cross-over design (see change-over 
design) 

Cyclical fluctuations, 309, 329-333 

Demand curve, 342-343, 344-348 

Edgeworth-Marshall formula, 286 
Effect of test-length on test-parameters, 
264-265, 272-273 
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INDEX 


Elasticity of demand 

— income-elasticity, 350 

( — price-elasticity, 343-344 

Engel curve, 348-349, 350-353 
Engel's law, 349 
Equilibrium price, 343 
Error control (see local control) 

Error score, definition of, 260 

Error variance, 263 

Errors in index number, 287-288 

— formula error, 288 

— homogeneity error, 288 

— sampling error, 288 

Errors in measurement, some mathema- 
tical methods for, 169-170 
Expectation of life, 197-198 

— complete, 197 

— curtate, 198 
Experiment, 49 
Experimental error, 49-50 
Experimental unit, 49 
Exploratory survey ( see pilot survey) 

Factor, 273-274 

— general, 273-274 

— group, 274 

— specific, 274 
FactoriaP experiment, 68-103 

— in a single replicate, # 98 

— 2 a -experiment, 69-78 

— 2 8 -experiment, 78-95 

— 2*-experiment, 95-97 
Family budget enquiry, 292 
Fisher's diagram, 51 

Fisher's ideal index number, 287 
Fisher, Irving, 287, 288 
Fisher, R.A., 52 
Free-hand curve-fitting, 310 

g-factor, 274 
Gompertz curve, 319 
Graduation formulae, 228-236, 313-319 
Graeco- Latin square, 66-67 
Group average method, 318-319 
Group factor theory, 274 
Group test of intelligence, 274 
Guard areas, 54 


Index number, 280 

— of wholesale prices in India 
(revised series), 297-298 

Inductive inference, 129 
Intelligence quotient (/(£), 275 
Intelligence tests,*273-276 
Interaction effects, 71, 79 

— generalised, 96 
Interpenetrating subsamples, 172 
Interval scale, 245 

Interview method, 133 

Intrablock subgroup, 9b 

Irregular fluctuations, 309-310, 333, 334 

Kuczynski, R.R., 199 

Lag correlation, 339 
Lahiri, D.B., 167 
Laspeyres’ formula, 286 
Latin square design, 61-66 

— orthogonal Latin squares, 63 

— standard squares, 62 

— transformation set, 62 

Least significant difference (see critical 
difference) • 

Life table, 195-212 

— abridged, 200, 205-211 

— complete, 196-200 

— Grevi lie’s method, 206-209 
— King's method, 200^205-206 
— Reed and Merrell's method, 
209-210 

Linear hypothesis, 5 
Link index, 290 
Link relatives method, 326-327 
Local control, 50, 53-54 
Logistic curve, 224-231, 319 

— fitting of, 226-231 

— Pearl and Reed's method, 226- 
228 

— Rhode’s method, 229-231 
Loss function, 1 30 

Mail questionnaire method, 133 
Main effects, 70-71, 78-79 
Makeham's formula, 233-236 

— fitting of, 234-236 
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Mean chart, 363-365 
Mental age, 275 
Mental ratio, 275 
Migration, 182, 237 
Missing-plot technique, 119-120 

— in RBD, 124 ' 

Model, linear 

— fixed effects, 4, 6- 1 1 , 1 4- 1 8, 24-27 

— linear hypothesis (see fixed effects) 

— mixed effects, 4, 19-20, 28-30 

— of analysis of variance, 4 

— of test theory, 259-260 

— random effects, 4, 11-13, 18-19, 
27-28 

— variance components (see random 
effects) 

Modified exponential curve, 318-319 
Monthly averages method, 320 
Moving averages, 310-313, 321-323, 

331-333, 335-336 

National Sample Surveys (NSS), 170-172 
Norm, 274 

OC curves, 381 

Official statistics, Indian, 399-414 

— agricultural, 404-408 

— industrial, 410-4 1 1 

— labour, 412-413 

— miscellaneous, 414 

— population, 400-404 

— price, 408-4 lu 

— trade, 411-412 

— transport and communications, 
413-414 

Orthogonality of a design, 82-83 

Paasche’s formula, 286 
Parallel tests, 261-262 
p-chart, 368-370 
Periodograxn analysis, 329-331 
Pilot survey, 134, 149, 154 
Polynomial fitting, 313-317 
Population, 129, 131, 141-142 

— existent, 142 

— finite, 141 

— • hypothetical, 142 

— infinite, 141 


Population projection, 236-238 
Power test, 267 

Precision (see amount of information) 
Price relative, 280 
Primary table, 135 
Principles of designs, 50-54 
Principles of t ample surveys, 130-131 
Producer’s risk, 380 

Questionnaire, 133 

Radix (see cohort) 

Random sampling numbers series, 138 
141 

— “A Millon Random Digits’’, 139 

— advantages of, 138-139 
— Fisher and Yates’ 139 
— Kendall and Smith’s, 139 
— Tippett’s, 139 

Randomisation, 52 
Randomised block design, 58-61 
Range chart, 366-367 
Rates of vital events, 182-183 

— age-specific fertility rate, 214 

— case fatality rate, 195 

— cause of death rate, 191-192 

— crude birth rate, 212-213 

— crude death rate, 183- !84 

— crude rate of natural increase, 
216-217 

— general fertih y rate, 213 

— gross reprodu* tion rate, 217-218 

— infant mortality rate, 193-194 

— maternal mortality rate. 192 

— morbidity incidence rate, 222* 
223 

— morbidity prevalence rate, 223 

— net reproduction rate, 218-221 

— specific death rate, 184-186 

— standardised death rates, 187- 
190 

— total fertility rate, 2 1 5 
Ratio estimates, 160-162, 164-165 
Ratio scale, 245 

Ratio-to-moving average method, 322- 
323 

Ratio- to-trend method, 323-325 
Rational sub-groups, 358-359 
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Regression analysis, 35-43, 116-117 

— homogeneity of a group of regre- 
ssion coefficients, 1 16-1 17 

— test for multiple linear regre ss ion 
model, 40-43 

Regression estimates, 162-165 
Reliability, definition of, 263-264 

— Kuder- Richardson method, 268- 
270 

— methods of estimation of, 265-270 

— parallel test method, 266 

— rational equivalence method, 270 

— split-half method, 267-268 

— test-retest method, 266-267 
Replication, 50, 52-53 
Reporting, 135 

Sample survey, 129 

Sampling, different types of, 142-169 

— circular systematic, 158 

— double, 160-165 

— mixed, 142 

— multiphase, 159-160 

— multistage, 151-157 

— non-probabilistic, 142 

— objective, 142 

— probabilistic, 142 

— purposive, 165-166 

— quota, 169 

— simple random, 142-145 

— stratified random, 145-151 

— subjective, 142 

— systematic, 157-159 

— with probability proportional to 
size, 166-168 

Sampling enquiries, 129-130 
Sampling frame, 134 
Sampling inspection by attributes, 379- 
388 

— double, 38J-384 

— multiple, 38^-385 

— sequential, 385-387 

— single, 381-383 

Sampling inspection by variables, 388- 
391 

— with known s d., 390 

— with unknown ad., 390-391 
Sampling unit, 134 


Scaling procedures, 245-259 

— for qualitative answers, 256 

— for rankings or ratings 254-255 
— Likert’s method, 254 

— product scale, 256-259 

— test items/ 246-247 

— test scores, 247-253 

— equivalent scores, 249-250 

— linear derived scores, 248 

— percentile scaling, 247 
e-scaling, 248 

— standard scores, 248 

— ^-scaling, 248-249 

— 5-scaling, 248 

Schedule of enquiries (ste questionnaire) 

Scrutiny of data, 135 

Seasonal fluctuations, 308, 320-327 

— changing pattern, 328 
Secular trend, 307-308, 310-320 
Semi-average method, 320 

Serial correlation ( see autocorrelation) 

Series of experiments, 120-122 

Simple indet numbers, 284 

Size and shape of plots and blocks, 54-55 

Slutaky-Yule effect, 333 • 

Spearman- Brown formula, 265 

Specification limits, 373 

Split -plot design, 98-107 

s.d. chart, 365-366 

Standard error of measurement, 263 

Stationary population, 197 

Stationary time series, 333 

— different schemes for oscillations 
in, 333, 334 

Stonng of information, 135 4 

Supply curve, 343-344 
Survivorship, 236-237 

Tabulation of data, 135 

Techniq ue of random sampling, 137-141 

Tests for index numbers, 288-290 

— circular test, 290 

— factor-reversal test, 289 

— time-reversal test, 288-289 
Tests for random sampling numbers 

series, 139-140 

— frequency test, 140 

— gap test, 140 
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Tests (cantd.) 

— poker test, 140 

— serial test, 140 
Time series, definition of, 305 

— components of, 306-310 

— preliminary adjustments of data, 
305-306 

Tolerance limits, 373 
Treatment, 49 
Trend (see secular trend) 

True score, 260,262 
Two-factor theory, 273-274 

Unbiassed estimator, best linear, 143, 
146, 153 

Unweighted index numbers (see simple 
index numbers) 

Uses of index numbers, 300-301 


Validity, definition of, 270 

— different concepts of, 271-272 

— concurrent validity, 271 

— construct validity, 272 

— content validity, 271 

— predictive validity, 27 1 

— estimation of, 270-272 
Variance function, 131, 147, 153 
Vital events, 181 

Vital index, 216-217 
Vital statistics, 181 
Vital statistics registers, 181 


Wholesale price index number, 280 


Yates* method, 75*76, 82 



